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A B S T R A C T   

This paper deals with uncertainty quantification of transcranial electric stimulation (TES) of realistic human 
head model. The head model taken from Visible Human Project consists of 9 subdomains: scalp, skull, CSF, grey 
matter, white matter, cerebellum, ventricles, jaw and tongue. The deterministic computation of quasi-static 
induced electric scalar potential features boundary element method (BEM). Conductivities of each subdomain 
are modelled as uniformly distributed random variables and stochastic analysis features a non-intrusive sto-
chastic collocation method (SCM). The input uncertainties impact only the magnitude of the electric scalar 
potential and not the position of the potential extrema. Skin and brain conductivities play the most important 
role, while CSF conductivity has negligible impact on the output potential variance. The significance of the skull 
conductivity is not high for the chosen input parameter setup. In the previous work authors considered 3- 
compartment head model which consisted of scalp, skull and brain compartments. The presented model is a 
step forward in SCM+BEM TES analysis, primarily in terms of model complexity. Comparing the results of the 
two analyses it can be concluded that the uncertainty in the added tissues’ conductivities do not impact the 
variation of the output electric potential.   

1. Introduction 

Transcranial electric brain stimulation (TES) is a non-invasive brain 
stimulation technique used for treatment of various neurological and 
psychiatric disorders such as depression, anxiety and Parkinson’s dis-
ease. Electrodes application on the head surface induces the current flow 
through the head tissues causing the modulation of spontaneous 
neuronal activity. TES techniques applied according to protocols and 
procedures are reported to be well tolerated [1]. However, in order to 
better understand the character of the current distribution in the human 
head, TES procedures are simulated computationally [2]. The results are 
then used in the design of TES electrodes and protocols because different 
electrode positions stimulate different parts of the cortex. 

Unfortunately, human head models suffer from uncertainties in the 
input parameter setup due to several reasons. Generally, uncertainties 
can be divided into reducible and irreducible ones [3]. The uncertainty 
which can be reduced by increasing our knowledge, e.g. by performing 
more experimental investigations and/or developing new physical 
models is called epistemic or systematic uncertainty. On the other hand, 
the aleatory or statistical uncertainty cannot be reduced as it rises 

naturally from the observations of the system. Some additional experi-
ments in this case can only be used to better characterise the variability. 
When it comes to human head models, both morphology and electric 
tissue properties (electric permittivity and conductivity) can be sources 
of uncertainty. Namely, tissue property databases list several values for 
one parameter of interest. This is because the direct measurements on 
living humans are not ethically acceptable, hence, reported values 
originate from various ex vivo and in vitro measurements [4,5]. In 
addition to this, tissue properties vary due to differences in size and 
shape of each individual’s head and general health condition [6,7,8]. 
The uncertainties originating from limited measurement procedures can 
be considered as epistemic and those coming from inter-subject vari-
ability as aleatory. 

One way to alleviate this problem is a stochastic-deterministic 
approach to TES simulation which requires validated deterministic 
code and an efficient non-intrusive stochastic method. Intrusive sto-
chastic methods assume the change of formulations and rewriting the 
solver accordingly, which is a demanding task and very often impossible 
for anatomically realistic geometries. The non-intrusive stochastic 
approach is based on post-processing of a number of deterministic 
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simulations. The stochastic method is efficient if the total number of 
simulations is relatively low while keeping the precision and accuracy of 
the estimation of stochastic features for the model output. The 
stochastic-deterministic analysis of TES is still scarce in the literature. 
Some examples can be found in the work of Schimdt et al. who inves-
tigated the impact of uncertain head tissue conductivity in the optimi-
zation of transcranial direct current stimulation for an auditory target 
[9]. They found that an uncertain conductivity profile can have a sub-
stantial influence on the prediction of optimal stimulation protocols for 
stimulation of the auditory cortex. Likewise, Saturnino et al. investi-
gated the impact of conductivity uncertainty in the computation of 
electric field in the head tissues for cases of TES and TMS (i.e. trans-
cranial magnetic stimulation) [10]. Contrary to TES, TMS has been 
widely analysed by means of stochastic-deterministic methods, e.g. in 
[11,12,13,14,15]. Furthermore, deterministic codes for bio-
electromagnetics applications such as TES are mostly based on finite 
element method (FEM) and such deterministic modelling of various TES 
scenarios are covered in e.g. [16,17,18,19,20]. 

This paper should be considered as a follow up of the work published 
in [21] and [22]. In these two papers a stochastic-deterministic 
modelling of transcranial electric stimulation featuring the determin-
istic boundary element method and stochastic collocation method was 
presented for the first time to the best of the authors’ knowledge. While 
[21] featured a cylindrical representation of human head with 
geometrical parameters modelled as random variables, the work in [22] 
was based on anatomically realistic 3-compartment human head model. 
The conductivities of scalp, skull and brain were modelled as uniformly 
distributed random variables and the output of interest was distribution 
of electric scalar potential. The results indicated that the impact of the 
skull’s conductivity is less significant when compared to scalp and skull 
conductivities for most of the observation points. The deterministic part 
was compared with FEM based codes used in [9] and [20] showing a 
good potential of BEM in terms of computational efficiency. Also, the 
presented stochastic collocation method was comparable to polynomial 
chaos based approach published in [9]. In this paper the same 
SCM+BEM stochastic-deterministic approach is used, but with a more 
complex model geometry, hence the novelty refers to a more complex, 
9-subdomain human head model. 

The paper is organized as follows. The formulation and human head 
model are presented in section II along with the short mention of the 
deterministic boundary element method. Section III outlines the basic 
principles used for stochastic analysis. Computational results are given 
in section IV and finally some conclusions regarding the present and the 
on-going work are given in the final section. 

2. Formulation and human head model 

Transcranial electric brain stimulation is modelled as a quasi-static 
electromagnetic problem which means that electric permittivity of 
biological tissues is neglected [19,23]. Biological tissues in quasi-static 
approximation are modelled as volume conductors whose inductive 
component of the impedance is neglected, while resistances, capaci-
tances, and voltage sources are distributed throughout a given 3-dimen-
sional domain [19]. Hence, a human head is modelled as a typical 
passive volume conductor whose subdomain tissue excitability is 
ignored. Therefore, the governing equation for the electric scalar po-
tential φ is formulated through Laplace equation [19,22]: 

∇⋅(− σ∇φ) = 0 (1)  

where σ is the tissue conductivity. 
Dirichlet’s type of boundary condition, φ = ± φ0, is prescribed at the 

electrode area and Neumann’s type for the rest of the domain, -σ(∂φ/∂n) 
= 0 [22]. 

The head model depicted in Fig. 1 is a 9-subdomain model of a fe-
male head based on a model prepared and published by Noetscher et al. 

in [16] and Elloian et al. in [17]. The model originates from a Visible 
Human Project (VHP) of the U.S. National Library of Medicine [24,25]. 
Also, a detailed description of the model can be found in Makarov et al. 
[26]. The depicted model consists of 9 tissues: scalp, cerebrospinal fluid 
(CSF), skull, brain grey matter, white matter part of cerebrum, cere-
bellum, ventricles, jaw and tongue. 

Guidelines for standard electrode position nomenclature define 
different electrode setups depending on the cortex region that is to be 
treated [27]. The electrode position chosen in the present work is 
marked with green and red circles (top of the head and forehead in 
Fig. 1, respectively). This setup corresponds to Cz-Fpz electrode setup 
defined by 10/20 electroencephalogram standard for electrode place-
ments [27]; Cz is the central midline electrode and Fpz is the frontopolar 
midline electrode. The electrodes are of circular shape with the applied 
potential of φ=±1 V. 

The source for conductivity values is an examination of a large 
number of studies published in the tissue properties database [28]. The 
conductivities are modelled as random variables (RV) uniformly 
distributed in the range defined by their maximal and minimal values 
reported in [28] (Table 1). Note that ventricles are filled with 

Fig. 1. The 9 subdomains of head model with Cz-Fpz electrode position.  

Table 1 
Conductivity values for 9 subdomains. Maximum and minimum values are re-
ported in [28]. The average value is computed as σavg=(σmax+ σmin)/2 and co-
efficient of variation is given as CV (%)= 100*(σmax– σavg)/σavg. The table lists 
two types of indexes: the Roman numeral denotes the anatomical subdomains in 
the head while Arabic numeral denotes random variable index (RV index). 
Maximal RV index is 8 due the same conductivity value for ventricles and CSF. 
After the OAT analysis the jaw’s conductivity is eliminated from stochastic 
dimensionality which reduces total RV index to 7.  

SUBDOMAINS CONDUCTIVITY VALUES RV 
INDEX 

Name index [σmin, σmax] 
(S/m) 

σavg (S/ 
m) 

CV 
(%) 

i = 1… 
d;d = 7 
or 8 

cerebellum 
(white matter 
part) 

I [0.22, 1.31] 0.765 71.24 1 1 

ventricles II [1.59, 1.8] 1.695 6.19 2 2 
cerebrospinal 

fluid ¼ CSF 
III [1.59, 1.8] 1.695 6.19 2 2 

grey matter ¼ GM IV [0.109, 
0.481] 

0.295 63.05 3 3 

jaw V [0.00185, 
0.00588] 

0.003865 52.13 4 (-) 

scalp (skin) VI [0.09, 0.25] 0.17 47.59 5 4 
tongue VII [0.02, 0.67] 0.345 94.20 6 5 
cerebrum ¼ WM 

(white mater) 
VIII [0.0644, 

1.20] 
0.632 89.87 7 6 

skull IX [0.256, 
0.384] 

0.32 20 8 7  
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cerebrospinal fluid, thus the conductivity of both subdomains is treated 
as one parameter, i.e. the tissues are considered to be one subdomain. 
Furthermore, since only one study measured the skull conductivity, we 
considered 20% uniform distribution around the published value. 

When input conductivities are prescribed with fixed values (σavg from 
Table 1), a deterministic case of eq. (1) is solved. For a non-intrusive 
stochastic analysis a validated and trust-worthy deterministic numeri-
cal method is of a paramount importance. BEM is a rather novel 
approach for TES modelling. It is successfully applied to TES application 
in case of cylindrical head representation in [21] and for 3-layered head 
model in [22], hence, there can be found a more detailed description of 
BEM for TES application. Also, general mathematical description of BEM 
numerical approach can be found elsewhere, e.g. in [29]. 

3. Methods of stochastic analysis 

3.1. Computation of stochastic mean and standard deviation 

A non-intrusive stochastic collocation method (SCM) is a method of 
choice for the propagation of uncertainties present in input conductiv-
ities to the output electric scalar potential. By following the SCM algo-
rithm published in [30] and [31], the electric scalar potential, φ, 
obtained by a full model, i.e. eq. (1), can be approximated by its sur-
rogate φ constructed by the following expression: 

φ =
∑n

k
pk(σ)⋅φk (2)  

where φk is the value of electric scalar potential from the k-th deter-
ministic BEM computation, k = 1, …n, σ=[σ1, σ2, …, σd] is a vector of 
input conductivities modelled as RVs, d is their total number, and Pk(σ) 
is k-th basis function. 

The surrogate from eq. (2) is easily introduced into well-known ex-
pressions for stochastic moments thus leading to formulas for the first 
two stochastic moments of the electric scalar potential [31]: Mean or 
expectation of the electric scalar potential denoted by Exp(φ): 

Exp(φ) ≈
∑n

k=1
φk⋅ωk (3)  

standard deviation and variance as measures of dispersion denoted by 
Std(φ) and Var(φ), respectively: 

[Std(φ)]2 = Var(φ) ≈
∑n

k=1
φ2

k ⋅ωk − [Exp(φ)]2 (4)  

In eq. (3)-(4) ωk is the weight of the k-thD-dimensional input point 
computed as ωk =

∫
Ω[Pk(σ)∙f(σ)]dΩ; f(σ)=

∏
i f(σi) is the joint proba-

bility density function, f(σi) is the i th uniform probability density 
function defined by the data in Table 1; i = 1, 2, …d. 

Hence, depending on the choice of basis function in eq. (2) and 
integration rule for computation of the weight ωk, different variants of 
stochastic collocation are constructed. In this paper the following choice 
is made. For one-dimensional stochastic problem, i.e. σ=[σi], i = 1, 2, … 
or d, the basis function is of Lagrange type and the simulation points are 
chosen according to a Clenshaw-Curtis (CC) or Gauss-Legendre (GL) 
integration rule for the domain [σi-min, σi-max]. For D-dimensional sto-
chastic model the sparse grid algorithm is used in order to construct the 
D-variate basis function preserving the Lagrange basis and CC quadra-
ture rule in each dimension. The reason for CC integration rule in D- 
dimensional problem is the fact that underlying integration nodes 
exhibit nested property which reduces the total number of simulations, n 
with respect to GL quadrature rule. More details can be found in [30]. 

3.2. Sensitivity analysis 

Once the process of computation of mean and variance of electric 
scalar potential is defined it is possible to carry out the sensitivity 
analysis (SA) based on the variance computation. The aim is to 

investigate to which extent the variability of each input conductivity 
impacts the dispersion of the output potential around its expected value. 

The first approach to carry out SA is to simply compare variances of 
all 1-dimensional cases, a so called “one-at-a-time” (OAT) approach 
[31]. The higher the variance of i th 1-dimensional case the bigger the 
impact of the i th conductivity. 

However, OAT approach cannot detect if interactions amongst the 
variables have some significant impact on the output. Based on 
Hoeffding decomposition of total variance in D-dimensional stochsastic 
case, Sobol defined a set of indices that cover all possible input 
parameter interactions and their impact on the output value [32]. The 
first order Sobol index gives the information about the impact each input 
variable has on the output [33]: 

S1i =
Varσ∼i

[
Expσ∼i (φ|σi)

]

Var[φ|σ1, σ2,…σn]
(5) 

S1 here denotes the first order index, while the integer i in the 
subscript denotes the input parameter, i.e. S13 is the 1st order index for 
the σ3. The tilde “~” sign in the equations means “all ecxept”, and the 
vertical line “|” denotes the conditional expectation and conditional 
variance. 

Higher order Sobol indices (S2, S3, …, S7) give information about the 
impact of interactions amongst the parameters, e.g. S212 is the second 
order sensitivity index (S2) that gives information about the interaction 
between the first two parameters (1 and 2 in the subscript, i.e. σ1 and σ2 
– the interaction between the cerebellum and white matter 
conductivities). 

However, computation of higher order sensitivity indices may be 
time consuming, hence a total effect index is computed instead. Total 
effect index gives the information about the impact each input param-
eter has on the output along with its own interaction with other pa-
rameters considering all possible combinations. The formula is as 
follows [33]: 

STi = 1 −
Aarσ∼i

[
Wxpσ∼i (φ|σ∼i)

]

Var[(σ1, σ2,…σn)]
(6)  

If S1 and ST indices for i th parameter are of the same value then, the i th 
parameter interaction with other parameters is negligible. Parameters 
whose ST is very small can be completely neglected as RVs and should be 
modelled as fixed/deterministic values instead. Also, parameters whose 
OAT impact is very small can be eliminated as RVs. 

Note that conditional variances and expectations in eq. (5)-(6) are 
computed by means of stochastic collocation method. The described 
approach is popularly called the ANalysis Of VAriance approach in the 
literature (ANOVA) [33]. 

4. Computational results 

4.1. Computational mesh analysis 

In order to establish that the computational grid of the presented 9- 
layer head model does not influence the results, electric potential is 
simulated on different grids each time using the same conductivity 
parameter settings (the average conductivity values). Triangular ele-
ments are used and the resulting meshes count between 36 and 87 
thousand degrees of freedom (nodes and centres of elements). Potential 
profiles obtained using different meshes are compared in Fig. 2 and 
small differences can be observed between them. In order to save 
computational time, the subsequent calculations are performed with 45 
thousand degrees of freedom mesh. 

4.2. Convergence of stochastic collocation method 

The analysis starts with 8-dimensional stochastic problem since 
ventricles and CSF are treated as one subdomain in terms of electric 
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conductivity value. Stochastic computations are carried out firstly ac-
cording to OAT approach, i.e. keeping 7 conductivities at fixed value and 
modelling only one of them as RV at a time. The indexing of the “sto-
chastic” subdomains in this case corresponds to i = 1, 2, …8 as denoted 
in Table 1. 

Gauss-Legendre (GL) quadrature is used for computation of sto-
chastic moments in OAT analysis. The convergence is tested by changing 
the number of collocation points (CP), i.e. deterministic simulations (n 
= 3, 5, 7 & 9). Different n sizes are also called the Design of Experiment 
or DoE. The potential expectation and standard deviation are depicted in 
Fig. 3 for different n sizes in case when the only RV is CSF conductivity, i. 
e. i = 2. The convergence for both expectation and standard deviation is 
satisfactory. 

Furthermore, the error function (Er) and Euclidean norm are 
computed according to the following expressions: 

Er =‖ Ai+1
j − Ai

j ‖
/
‖ Ai

j ‖, i = 1.2,…N − 1

‖ Ai
j ‖=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑J

J=1

⃒
⃒
⃒Ai

j

⃒
⃒
⃒

2
√ (7)  

where A corresponds to either Exp(φ) or Std(φ) at j-th observation point 
of interest. N stands for total number of different DoEs used for sto-
chastic analysis (different n sizes). For example, in OAT analysis there 
are four DoEs, i.e. n = 3, n = 5, n = 7, n = 9, therefore N = 4. 

The results for Er in OAT analysis are depicted in Fig. 4. It can be 

Fig. 2. Comparison of potential profiles left-to-right (left panel) and front-to-back (right panel) obtained using different computational meshes. Only small differ-
ences between meshes are observed. Due to high conductivity of cerebrospinal fluid, we observe constant potential in this region. 

Fig. 3. The influence of the total number of deterministic simulations (n) on results of OAT analysis. The RV is the cerebrospinal fluid’s conductivity (i = 2). The 
panels show potential expectation (left) and potential standard deviation (right) along the chosen x axis. The number of collocation points (n) has larger influence on 
higher order moment, i.e. standard deviation. 

Fig. 4. The convergence for expectation and standard deviation of electric 
potential computed according to eq. (7). n is total number of simulations, Exp is 
potential expectation and Std is potential standard deviation. 
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observed that the error for potential expectation is negligible for all 
DoEs, while the error for standard deviation decreases to value of 
0.0381. 

Since the variance of jaw conductivity is very small (depicted in Fig 5 
in the later section), the number of subdomains for the D-dimensional 
stochastic problem is reduced from d = 8 to d = 7. The 7-dimensional 
stochastic problem is treated by means of a sparse grid SC. The 
maximal total number of simulation points is 589 which corresponds to 
a 9CP Clenshaw-Curtis (CC) integration rule in each dimension. The 3CP 
and 5CP CC quadrature in each dimension result in 15 and 113 total 
number of simulations, respectively. Hence, the convergence of the 
stochastic collocation method is tested by comparing the 15, 113 and 
589 designs of experiment (DoEs) and results are depicted in Fig. 5. The 
expectation and standard deviation curves for sample sizes n = 113 and 
n = 589 are close to each other, while n = 15 has poor convergence. The 
Fig. 5 indicates that DoE with 113 simulations can be used for stochastic 
analysis. The results in Fig. 5 are depicted for two axes in head model: 
front-to-back and left-to-right, however the conclusions are valid for all 
points of observation. 

The Er results for potential expectation and standard deviation along 
the x and y axis in case of 7-dimensional stochastic model are depicted in 
Fig. 6. It can be observed that the error decreases to values below 0 for 
both expectation and standard deviation. 

4.3. OAT analysis 

Once the convergence of the proposed stochastic-deterministic 
approach is confirmed to be satisfactory the stochastic analysis of the 
output electric scalar potential can be carried out. The results for the 
standard deviations of 8 one-dimensional cases are depicted in Fig. 7 for 
observation points along x and y axis, where x axis is orientated across 
the head (left-to-right) while the y axis is orientated along the head 
model (front-to-back). Examining the distributions of 8 standard de-
viations it is clear that the jaw conductivity has a negligible impact while 
scalp, grey matter and white matter conductivities have the highest 
impact. 

Fig. 8 shows average conductivity values and their respective co-
efficients of variation given in Table 1 compared to the maximal po-
tential variance for every head subdomain after OAT stochastic analysis 

of individual tissues. The negligible impact of jaw conductivity is 
obvious, once again. Although the jaw conductivity varies 52.13% 
around its average, evidently its expected value is too small in order to 
significantly impact the variability of the output scalar potential. 
Therefore, it is excluded from the stochastic dimensionality and the 
following results are obtained for a 7-dimensional stochastic model as 
shown in Table 1. The highest influence pertains to scalp and brain 
tissue conductivities (white and grey matter). CSF conductivity is very 
high, yet its influence is not as important as expected which could be due 
to its low coefficient of variation (CV). This result is in accordance to 
findings in [9] and [10]. The similar conclusion can be stated for tongue 
conductivity; its impact does not follow its very high CV of 94.2%. 

4.4. Confidence intervals and stochastic moments 

Confidence interval (CI) of ± 3∙Std(φ) is chosen in order to represent 
the spread of the possible potential values with a confidence level of 
99%. Hence, confidence intervals computed as CI = Exp(φ) ± 3∙Std(φ) 
are depicted in Fig. 9 for two different profiles (observation points are 
along x and y axis, respectively). The width of CI is rather evenly 
distributed along x axis which is orientated from the left to the right side 
of the head. On the other hand, the width of the CI along y axis which is 
orientated front-to-back tends to decrease since CI is the widest around 
the electrode area. 

Distributions of mean and standard deviation of electric scalar po-
tential on the surface of head model subdomains are depicted in Figs. 10 
and 11. The standard deviation distribution follows the trend of the 
expected electric scalar potential, i.e. the points with maximal absolute 
value of expected potential have the highest variance, and therefore the 
highest standard deviation. This is important finding; the character of 
the potential distribution remains the same, i.e. the points of maximal or 
minimum potential won’t change the position to some greater extent 
due to the uncertain input parameter. The uncertainties impact only the 
magnitude of the electric scalar potential at certain observation point of 
interest. This is in accordance with results reported in [10]. 

The highest standard deviation is observed in the close area around 
the electrodes. Also, when observation points move from one subdomain 
to another, again the largest deviation is observed under the electrodes. 
The maximal dispersion of the potential, i.e. standard deviation, is of 

Fig. 5. The influence of the number of deterministic simulations n = 15, 113, 589, for the 7-dimensional stochastic model. The panels show potential expectation and 
potential standard deviation along the x axis (left) and y axis (right). The number of collocation points has larger influence on the higher order moment, i.e. 
standard deviation. 
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Fig. 6. The convergence for expectation and standard deviation of electric potential computed according to eq. (7) for observation points along the a) x axis and b) y 
axis. n is total number of simulations, Exp is potential expectation and Std is potential standard deviation. 

Fig. 7. Comparison of electric potential standard deviation for left-to-right (left panel) and front-to-back (right panel) profiles obtained using OAT study of different 
tissue conductivities. Five control points are used. 

Fig. 8. Comparison of: average conductivity values (a), coefficient of variation (b) and maximal electric potential standard deviation found using the OAT stochastic 
analysis of individual tissues (c). Five collocation points were used for the latter. Note that ventricles and CSF are the same region. 
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order ~50 mV in scalp, skull, CSF and brain (brain representing the 
white matter part of cerebrum and grey matter) while in cerebellum, 
ventricles, jaw and tongue it is of order ~10 mV (subdomains in Fig. 10 
vs. Fig. 11). The range of values for expected electric potential and po-
tential standard deviation is larger for the 5 subdomains depicted in 
Fig. 10 compared to 4 regions in Fig. 11. 

The results from Figs. 10 and 11 are summarized in Fig. 12 and 
compared to the input conductivities. When comparing the CSF and 
ventricles, their conductivities are represented by the same RV but 
maximal standard deviation is much lower in the ventricles area which 
is due to their physical position with respect to the electrodes placement. 
When moving from scalp to inner domains the mean potential decreases, 
but standard deviation is larger in the first 4 subdomains. Moreover, the 
largest value of standard deviation is observed in the skull. 

4.5. ANOVA sensitivity analysis 

The first order sensitivity index (S1) is depicted in Fig. 13 for x and y 
profiles. Note that more control points, i.e. deterministic simulations 
could be needed for more accurate computation of S1 index. Namely, in 
eq. (5) and (6) conditional expectations and variances are computed 
several times in order to obtain S1 which could lead to the propagation 
of the numerical error present in the computation of expectation and 
variance values in the first step. Nevertheless, in order to use the 
maximum of 589 computations for the same analysis, one can observe 
the trend of S1 and relative relation of S1 between the conductivities of 7 
subdomains. Thus, it can be concluded that scalp, grey matter and ce-
rebrum (white matter) have more significant impact on the output 
variance of electric scalar potential compared to other input parameters. 
When observing all other points of computation, which is omitted here, 
the conclusion is the same. This is in accordance with results reported in 
[22]. Note that the impact of the skull conductivity is denoted as 
“important” in [9] and [10] while here the skull conductivity is amongst 
the parameters with small impact. The possible reason for this rather 
different conclusions lies in different approaches to modelling the skull 
conductivity. Namely, the average value of σskull in this paper is higher 
by the order of magnitude compared to skull conductivity in [9] and 
[10] because here the property database from [28] is used as source of 
low frequency conductivity values in human body tissues. Note that, 
since only one reference for skull conductivity is reported in [28] the 
coefficient of variation CV = 20% is chosen. On the other hand in [9] 
and [10] the skull’s conductivity varies up to 90.8% and 60%, 
respectively. 

5. Discussion 

This paper introduces the stochastic-deterministic modelling of a 
transcranial electric stimulation for 9-subdomain human head model. 
The presented work is a follow up of stochastic-deterministic modelling 
of a TES in case of 3-layer head model reported in [22]. In both cases an 
efficient combination of stochastic collocation and “in-house” boundary 
element method (SCM+BEM) is used for computation of stochastic 
moments for electric scalar potential in the human head and for sensi-
tivity analysis of the uncertain input conductivities. Compared to [22], 
where conductivities of skin, skull and brain were modelled as uniformly 
distributed random variables (RVs), the present work features the in-
clusion of other tissues, thus, the total of 9 subdomains are as follows: 
scalp (skin), skull, cerebrospinal fluid (CSF), grey matter, white matter, 
cerebellum, ventricles, jaw and tongue. The stochastic collocation en-
ables a non-intrusive approach to stochastic analysis, thus keeping the 
deterministic formulation unchanged. Furthermore, the boundary 
element method provides the exact geometrical description of the 
problem boundary by using the isoparametric transformations. Addi-
tionally, it is easier to produce 2D surface meshes of complex domains, 
such as the human brain, as compared to volume meshes required by e.g. 
FEM. The drawbacks and the strengths of the presented approach have 
been documented in [22]. 

The presented deterministic BEM for 9-layer human head showed 
good convergence and 45 thousand degrees of freedom mesh is chosen 
for further stochastic analysis. The stochastic method exhibits a satis-
factory convergence for the computation of expectation and standard 
deviation: a total of 113 deterministic simulations is considered as 
enough. The method’s performance is comparable to stochastic- 
deterministic approaches reported in [9] and [10] where general Poly-
nomial Chaos (gPCE) and finite element method (FEM) were used. 

Namely, Schmidt et al. in [9] considered a 4-layer head model with 
skull, skin, grey matter and white matter conductivities modelled as 
uniformly distributed RVs; the average conductivities were 1.6, 280, 
220 & 90 mS/m, while relative deviations were 90.8%, 51.3%, 50.6% 
and 52.6%. Their mesh resulted in 2.2 million degrees of freedom (dof) 
with residual error of 10− 7 while gPCE required 465 deterministic 
simulations, each simulation executed in 80 min. 

On the other hand, Saturnino et al. in [10] dealt with 6-layer head 
model with white matter, grey matter, cerebrospinal fluid, spongy bone, 
compact bone and scalp modelled as beta distributed RVs with their 
respective [min-max] as follows: [0.1–0.4] S/m, [0.1–0.6] S/m, 
[1.2–1.8] S/m, [0.015–0.040] S/m, [0.003–0.012] S/m and [0.2–0.5] 
S/m. Their model resulted in 4.1 million tetrahedra and 720 thousands 
of vertices. They reported that the gPCE method converged after 292 

Fig. 9. The confidence interval distribution along x and y profiles in the human head. Confidence interval is computed as CI= Exp(φ) ± 3∙Std(φ).  
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and 176 FEM simulations for focal tDCS and standard tDCS, respectively 
(tDCS stands for transcranial direct current stimulation). 

Note that, the present paper and [9–10] differ in the electrode setup 
as well as in the output value of interest; in [9] the induced current 
density and the anode/cathode currents are observed, while in [10] the 
distribution of the electric field is the output of interest. Nevertheless, 
the conclusions about the sensitivity analysis in the papers can be 
compared. 

The stochastic analysis of 9-subdomain TES shows that the points of 
potential extrema do not change their position due to the uncertain 
input parameter. The input uncertainties impact only the magnitude of 
the electric scalar potential which is in accordance with [10]. 
One-at-a-time (OAT) sensitivity analysis showed that jaw’s conductivity 
has a completely negligible impact on potential variance and standard 
deviation. It is interesting to note that many input parameters with very 
high coefficient of variation have small impact on the output potential 
variation. Furthermore, the CSF conductivity, even though very high, 

does not impact to greater extent the output potential which is also 
stated in [10], while in [9] the CSF is treated as a known input param-
eter, i.e. deterministic parameter. Nevertheless, the region of the CSF 
subdomain shows rather high values of potential expected value and 
variance/ standard deviation because of its high average conductivity. 
Note that CSF is a so called “super highway” for current flow, according 
to Bikson et al. [34]. 

Furthermore, the findings from [22] are confirmed: scalp, grey 
matter and cerebrum (white matter) have more significant impact on the 
output variance of electric scalar potential w.r.t to other input param-
eters. This is also in accordance with results reported in [9] and [10]. 

However, while conclusions about the distribution of the expected 
potential and variance/ standard deviation, as well as scalp and brain 
impact are the same as in [9–10], there is a significant difference in the 
conclusions regarding the impact of the skull conductivity. Namely, in 
the present paper and in [22] the impact of the skull’s conductivity is 
classified as not important when compared to skin and bran 

Fig. 10. Distribution of electric scalar potential mean and standard deviation on the surface of head subdomains (part 1). φa and φb stand for maximal negative and 
positive potential value, φs is minimal absolute potential value. 
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Fig. 11. Distribution of electric scalar potential mean and standard deviation on the surface of head subdomains (part 2). φa and φb stand for maximal negative and 
positive potential value, φs is minimal absolute potential value. 

Fig. 12. Comparison of: average conductivity values (a), coefficient of variation (b), maximal standard deviation of electric scalar potential in each domain (c) and 
maximal expected potential for each subdomain (d). The results depicted in (c) and (d) are for 7-dimensional stochastic model. 
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conductivities. However, in [9] and [10] skull’s conductivity plays an 
important role. The reason for this disagreement lies in different ap-
proaches to modelling the skull conductivity; here, both the con-
ductivity’s average and coefficient of variation are much lower. 

Finally, in this work a simplified example of ±1 V electrode setup is 
considered and the output value of interest is electric scalar potential. In 
addition, the source of conductivity values is property database from 
[28] which is not the case for other reported stochastic analyses such as 
[9–10] which refer to different conductivity sources. Therefore, future 
work shall be orientated towards the investigations of different uncer-
tainty quantifications of skull conductivity and electrode setups. 

6. Conclusion 

Stochastic-deterministic modelling of TES for 9-subdomain human 
head featuring the stochastic collocation and boundary element method 
(SCM+BEM) has been undertaken in this paper. The conductivities of 
scalp (skin), skull, cerebrospinal fluid (CSF), grey matter, white matter, 
cerebellum, ventricles, jaw and tongue are modelled as uniformly 
distributed random variables and stochastic moments of the output 
electric scalar potential are computed. Also, sensitivity analysis is car-
ried out in order to rank input conductivities with respect to the influ-
ence their uncertainty has on variation of the electric scalar potential 
values. 

Uncertainty quantification of the output electric scalar potential 
shows that the input uncertainties impact only the potential magnitude, 
i.e. the points of potential extrema do not change their position due to 
the uncertain input parameter. For this reason, the higher standard 
deviation has been computed in the area below the electrodes. Sensi-
tivity analysis shows that scalp and brain (grey matter and white matter) 
conductivities have the most significant impact on variation of the 
electric potential values. In the previous work authors considered 3- 
compartment head model which consisted of scalp, skull and brain 
compartments. Therefore, the presented model is a step forward in 
SCM+BEM TES analysis, primarily in terms of model complexity. More 
subdomains require additional stochastic dimensions which increases 
overall complexity of the approach. Nonetheless, the SCM+BEM pro-
cedures have shown a satisfactory convergence. 

Furthermore, comparing the results of the two analyses (3- 
compartment an 9-subdomain models) it can be concluded that the 
impact of the added parameters, i.e. conductivities of the cerebrospinal 
fluid (CSF), cerebellum, ventricles, jaw and tongue can be neglected. 
This means that the stochastic dimensionality can be reduced to total of 
3 even for the 9-subdomain head model. 

The presented results are comparable to results obtained by different 
stochastic-deterministic approaches reported in the literature. Some 
strengths of the SCM+BEM method compared to other approaches have 

been discussed; while SCM allows relatively small number of deter-
ministic solutions, the BEM provides the exact geometrical description 
of the problem boundary through the isoparametric transformation. 

In the future work other electrode setups shall be considered and 
more realistic TES examples will be covered. Also, the comparison be-
tween different sources of conductivity values for head tissues will be 
carried out. 
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approach to conductivity uncertainty analysis in electric field calculations”. 
Neuroimage 2019;188:821–34. 

[11] Codecasa L, Di Rienzo L, Weise K, Gross S, Haueisen J. “Fast MOR-Based Approach 
to Uncertainty Quantification in Transcranial Magnetic Stimulation”. IEEE Trans 
Magn 2016;52(3). 

[12] L. Codecasa, L. Di Rienzo, K. Weise and J. Hausien, “Uncertainty quantification in 
transcranial magnetic stimulation with correlation between tissue conductivities”, 
in International Applied Computational Electromagnetics Society Symposium 
(ACES), Florence, Italy, 2017. 

[13] Weise K, Di Rienzo L, Brauer H, Haueisen J, Toepfer H. “Uncertainty Analysis in 
Transcranial Magnetic Stimulation Using Nonintrusive Polynomial Chaos 
Expansion”. IEEE Trans Magn 2015;51(7). 

Fig. 13. The first order sensitivity index for observation points along the axis x and y, left-to-right and front-to-back axis, respectively.  
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