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The paper reports on the development of a numerical model for the simulation of a lyophilization process in a vial. Lac-

tose and mannitol-water mixtures are used as the working media. Experimental analysis of the lyophilization dynamics

inside a single vial in a laboratory scale lyophilizer is reported, with the main focus on the primary drying phase. In

order to assess the primary drying kinetics, the temperature distribution along the vertical axis of the samples is mea-

sured. In the numerical model, a one-dimensional (1D) vial approximation is used, and governing equations of the heat

and water vapor transport with moving front between the frozen and the porous part of the filling are solved by a finite

difference method in a time stepping nonlinear iteration procedure. A dedicated mapping of heat transfer boundary

conditions, derived for the axisymmetric vial case, is applied for the case of the 1D vial geometry approximation. The

main difference in the drying of lactose and mannitol solutions lies in the fact that the lactose shows undercooling

effects during the primary drying phase, which is not the case for the mannitol solution. This effect is a consequence of

shrinking behavior of the lactose porous cake, leading to a loss of contact with the vial side and hence to a decrease in

the overall heat input to the vial. In order to account for the shrinking process in the numerical model, a linear approx-

imation of the decrease of the heat transfer from the vial side wall during the simulation is introduced. The comparison

of the numerical and experimental results shows that the developed numerical model is able to accurately capture the

movement of the sublimation front, dividing the frozen from the porous part of the filling, at typical locations inside the

vial, accompanied also by an accurate capturing of the temperature levels inside the drying material, with the derived

numerical model also able to reproduce the temperature drop during the primary drying of the lactose solution.

KEY WORDS: lyophilization, freeze-drying, vial, heat and mass transfer, finite difference method, subli-
mation, mannitol, lactose

1. INTRODUCTION

Lyophilization is one of the most time and energy consuming separation processes, used in the pharmaceutical in-
dustry. It is based on drying in form of a direct phase change of a frozen solvent into a gaseous state; therefore, it
is characterized by low temperature levels and extremely low system pressures in the order of 10 Pa. Because the
lyophilization is performed at relatively low temperatures, the base material is preserved with all its quality, whichis
the reason why the lyophilization is mostly used in the food,chemical, pharmaceutical, and biotechnology industries
(Cornu et al., 2000; Gan et al., 2004; Sheehan and Liapis, 1998). In the food industry, the product is usually placed
freely on the trays, whereas in the pharmaceutical industrythe product (solution) is predominantly filled in vials.
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NOMENCLATURE

cp,1 effective specific heat [J/kg]
for the porous region

cp,2 effective specific heat [J/kg]
for the frozen region

cp,g specific heat [J/kg] for a mixture
of water vapor and inert gas

ρ1 effective density [kg/m3]
of the porous region

ρ2 effective density [kg/m3]
of the frozen region

ρ1,p density [kg/m3] of porous cake
in Region 1

∆Hv enthalpy of vaporization [J/kg]
∆Hs enthalpy of sublimation [J/kg]
λ1 thermal conductivity [W/m K]

of the porous region
λ2 thermal conductivity [W/m K]

of the frozen region
λgas thermal conductivity [W/m K]

of gas
~Nv mass flux [kg/m2s] of water

vapor in porous region
~Ni mass flux [kg/m2s] of inert

gas in porous region
C concentration of adsorbed water

in porous region [kg/kg]
C⋆ equilibrium concentration of

adsorbed water in
porous region [kg/kg]

vn speed of movement of the
sublimation front [m/s]

Nv,n normal mass flux [kg/m2s] of
water vapor in porous region

kg water desorption rate [s−1]
ǫ porosity of the cake in Region 1 [–]
ǫglass emissivity of glass [–]
ǫshelf emissivity of shelf [–]
Mv molecular weight of water [kg/kmol]
Mi molecular weight of inert

gas [kg/kmol]
R ideal gas constant [8314 J/kmol K]
pv partial water vapor pressure in

Region 1 [Pa]
pi partial inert gas pressure

in Region 1 [Pa]

pc system pressure [Pa]
p⋆v equilibrium partial water vapor

pressure at sublimation front [Pa]
T temperature [K]
Tshelf shelf temperature [K]
Tbot glass temperature at the bottom

of the vial [K]
Ttop temperature at the top of the

porous region [K]
t time [s]
C01 model parameter for relative

Darcy flow permeability [–]
C1 model parameter for relative

Knudsen flow permeability [m]
C2 ratio of bulk diffusivity in the porous

medium to free gas bulk diffusivity [–]
Dv,i diffusivity of a binary mixture of water

vapor and inert gas [m2/s]
Kvo equivalent heat transfer

coefficient [W/m K]
Kvt equivalent heat transfer coefficient at

the top of domain [W/m K]
Kvs equivalent heat transfer coefficient at

the side of domain [W/m K]
Kvb equivalent heat transfer coefficient at

the bottom of domain [W/m K]
Kvc equivalent contact conduction heat

transfer coefficient [W/m K]
Kv Knudsen diffusivity for water

vapor [m2/s]
Ki Knudsen diffusivity for inert

gas [m2/s]
Kmx Knudsen diffusivity for a mixture of

water vapor and inert gas [m2/s]
µmx viscosity of mixture of water vapor

and inert gas [kg/ms]
k1, k3 bulk diffusivity constant
k2, k4 self diffusivity constant
σ the Stefan–Boltzmann constant
αc accommodation coefficient [–]
F12 view factor
hfill height of the vial filling [m]
l integral conduction length [m]
ṁv water vapor mass flux [g/h]
Rp mass transfer resistance [cm2 torr h/g]
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In order to better understand the scale-up process in lyophilization, extensive research has been invested into the
derivation of advanced theoretical (Kasper et al., 2013; Pikal et al., 1984), and computational models (Mascarenhas et
al., 1997; Song and Nam, 2005), to name just a few. The advanced models typically rely on using partial differential
equations (PDE) of heat and mass transfer (Sadikoglu and Liapis, 1997), including the sorption and sublimation
models (Mascarenhas et al., 1997; Song and Nam, 2005). In Mascarenhas et al. (1997) the lyophilization model was
solved using the finite element method (FEM) with arbitrary Lagrangian–Eulerian (ALE) scheme, and Song and Nam
(2005) developed the finite volume method based model to solve the mathematical model described by Sheehan and
Liapis (1998) to solve the problem of skim milk freeze-drying in a vial. Recently, the development of computational
models for the case of the vial was extended to the computational determination of the design space (Giordano et
al., 2011) and to including the derived vial models into a general computational fluid dynamics framework, with
vial models serving as the heat and mass transfer sinks and sources (Zhu et al., 2018). In both latter cases, the core
of the predictive computational model is the lyophilization model for a single vial, which first needs to account for
all the phenomena, that determine the lyophilization dynamics, and second is computationally effective in order to
allow reasonably fast calculation of various lyophilization cases. The latter is also the reason for the need for further
development of one-dimensional (1D) geometrical models oflyophilization, which should include all the relevant
physics that influence the validity of the models.

In the present work, a numerical model, based on the finite difference method, of the conjugate heat and mass
transfer problem in a 1D approximation of a vial filling that is able to reproduce the effect of the porous cake shrink-
ing on the lyophilization dynamics, is presented, togetherwith a comparison to experimental results. The influence of
different physical behavior of drying solutions, lactose and mannitol water solutions in our case, on drying character-
istics is discussed, especially in connection with the numerical solution of the governing equations.

2. COMPUTATIONAL MODEL

Lyophilization is a heat and mass transfer problem with a moving interface, separating the frozen part (denoted by 2)
from the porous part (denoted by 1) with no ice. In the porous domain, we have a conjugate heat and mass transfer
problem, and in the frozen part, the process is driven by heattransfer only. In the frozen part of the solution, heat
transfer is governed by the conduction process only and the conservation of energy for the frozen part reads as

ρ2cp,2
∂T

∂t
︸ ︷︷ ︸

accumulation

= λ2∇
2T

︸ ︷︷ ︸

diffusion

. (1)

In the porous region, heat transfer is governed by convection and conduction, and the desorption process gives rise to
the heat source:

ρ1cp,1
∂T

∂t
︸ ︷︷ ︸

accumulation

+ ~∇ ·
(

( ~Nv + ~Ni)cp,gT
)

︸ ︷︷ ︸

convection

= λ1∇
2T

︸ ︷︷ ︸

diffusion

+∆Hvρ1,p
∂C

∂t
︸ ︷︷ ︸

desorption

. (2)

At the sublimation front, separating the frozen from the porous part of the domain, the following compatibility con-
dition must be satisfied:

λ2
∂T

∂n

∣
∣
∣
∣
2

+ vnρ2cp,2T
︸ ︷︷ ︸

interface term

= λ1
∂T

∂n

∣
∣
∣
∣
1

+ vnρ1cp,1T
︸ ︷︷ ︸

interface term

− ∆HsNv,n
︸ ︷︷ ︸

sublimation

− Nv,ncp,gT |1
︸ ︷︷ ︸

convection

(3)

with vn being the normal velocity of the interface,

vn = −
Nv,n

ρ2 − ρ1
. (4)
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Mass conservation is computed only for the porous part, where the inert gas and water vapor are present. For water
vapor, the conservation of mass reads as

ǫ
Mv

R

∂

∂t

(pv
T

)

︸ ︷︷ ︸

accumulation

+ ~∇ · ~Nv
︸ ︷︷ ︸

convection

= − ρ1,p
∂C

∂t
︸ ︷︷ ︸

desorption

, (5)

and for the inert gas it is as follows:

ǫ
Mi

R

∂

∂t

(pi
T

)

︸ ︷︷ ︸

accumulation

+ ~∇ · ~Ni
︸ ︷︷ ︸

convection

= 0. (6)

Mass fluxes of the water vapor and the inert gas are computed asfollows:

~Nv = −
Mv

RT
[k1

~∇pv + k2pv(~∇pv + ~∇pi)], (7)

~Ni = −
Mi

RT
[k3

~∇pi + k4pi(~∇pv + ~∇pi)], (8)

wherek1, k2, k3, andk4 represent diffusivities:

k1 =
C2D

0
v,iKv

C2D
0
v,i +Kmx(pv + pi)

, (9)

k3 =
C2D

0
v,iKi

C2D
0
v,i +Kmx(pv + pi)

, (10)

k2 = k4 =
KvKi

C2D
0
v,i +Kmx(pv + pi)

+
C01

µmx

, (11)

Kv = C1

√

RT

Mv

, (12)

Ki = C1

√

RT

Mi

, (13)

Kmx =
pv

pv + pi
Kv +

pi
pv + pi

Ki, (14)

D0
v,i = Dv,i(pv + pi). (15)

The desorption process takes place in the already dried region during the drying process on the surface of the porous
solid structure. For the mass conservation Eq. (5) the rate of desorption has to be determined. In our case, the hyphen-
ate kinetics model was used,

∂C

∂t
= kg (C

⋆ − C), (16)

wherekg represents the mass transfer coefficient andC⋆ is the equilibrium water concentration. The equilibrium
water concentration can be written in the following form (Ravnik et al., 2018):

C⋆ = 0.01exp{2.3 [1.36− 0.036(T − T0)]}, (17)

whereT0 is the initial temperature of the frozen material.
The presented Eqs. (1)–(6) were discretized by applying thefinite difference method and solved for a simplified,

1D geometrical representation of the vial filling (Ravnik etal., 2018). The central differencing scheme was used for
the spatial derivatives and the backward Euler scheme was used for the temporal derivatives. The 1D approximation
was chosen in order to keep the computing time as short as possible, as the final goal of developing the lyophilization
model is its incorporation into a full three-dimensional (3D) model of production lyophilizers having thousands of
vials (Zhu et al., 2018), with the 1D model applied separately for each of the vials.
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3. BOUNDARY CONDITIONS AND MODEL PARAMETERS

To obtain the solution, appropriate boundary conditions have to be specified. The computational domain represents
both the porous and the frozen part of the filling with the sublimation front in between. On the top of the computational
domain, the water vapor pressure was set equal to the partialwater pressure in the drying chamberpv,0. At the
sublimation front, the water vapor pressure is equal to the saturation pressure at the temperature of the interface:

p⋆v = 133.32Pa· exp

(

23.9936−
2.19∆Hv

T

)

. (18)

When the primary drying stage is terminated, only the porousregion exists, and at the vial bottom the water vapor
flux through the vial bottom has to be zero, i.e.,∂pv/∂y = 0. Similarly, the boundary conditions for the inert gas are
zero flux at the sublimation front,∂pi/∂n = 0, and on the top of the computational domain the inert gas pressure was
set equal to the inert gas partial pressure in the drying chamberpi,0.

Because the central position of the vial on the shelf was considered the vial sidewall boundary conditions could
be set as adiabatic. The 1D numerical model therefore includes two vial surfaces, where heat is supplied to the vial:
the bottom and the top surface. At the top surface, the heat radiation from the upper shelf, which is partially obstructed
due to the presence of the stopper, as well as from the chamberwalls, governs the supplied heat flux. At the bottom,
a combination of heat radiation in the gap between the vial bottom and the shelf as well as heat conduction through
the gas and at the contact area with the shelf transfer heat tothe vial. In order to promote sublimation of the frozen
solvent, which acts as an intensive heat sink at the sublimation interface, enough heat has to be supplied to the vial
filling in order to keep a nearly constant temperature in the frozen part, enabling a good control over the lyophilization
process.

The overall heat fluxQ̇, transferred from the interior of the drying chamber walls and shelves to a vial, can
in general be expressed as proportional to the heat transfercoefficientKv, cross-sectional area of the vialAv, and
temperature difference between the exteriorTsh and the interior of the vialTv, as follows:

dQ

dt
= KvoAv(Tsh− Tv). (19)

It has to be noted that theKvo is an equivalent heat transfer coefficient, which in generalincludes contributions from
all heat transfer mechanisms: conduction, radiation, and convection. The contribution of convection to the overall
heat transfer is negligible, because of the low pressure employed and the resulting rarefied environment; therefore,
the heat convection is not included in the specification of boundary conditions.

In order to develop a numerical model, suitable for the use inscale-up procedures and in the design space con-
struction, models for the localKv values have to be specified (see Fig. 1). Because different heat transfer mechanisms

FIG. 1: Simplified vial geometry with heat transfer inputs
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depend on different system parameters, each transfer mechanism has to be specified separately. In the case of heat
radiation, the change in temperature of the plates directlyinfluences the heat flux, and in the case of heat conduction
through the gas phase, an increase in the system pressure leads to an increase in conduction heat transfer through the
gas. Solely the contact heat conduction at the direct contact between the vial bottom and the plate remains the same
for all system conditions. In the following, the models for the localKv values, valid for the applied vial geometry, are
presented.

In order to obtain the heat transfer coefficient by the contact conduction applicable to the contact area only, the
Kvc is considered equal to

Kvc = Kvc,exp
Av

Acontact
, (20)

where the coefficientKvc,exp was set as 3.67 W/mK (Scutella et al., 2017a). The values for the contact area were
determined experimentally by setting the inked vial, half filled with water, on the sheet of paper, followed by a
computer analysis of the obtained image. In our case, theAcontactwas 15.7% of the vial bottom area. In this way the
Kvc value obtained was 23.38 W/mK.

In the gap between the plate and the vial bottom heat conduction through the gas as well as heat radiation between
the two surfaces are present, i.e.,

Kvb = Kvbr +Kvbc. (21)

The contribution from the heat radiation according to the form of Eq. (19) is set as

Kvbr = σ F12b (Tshelf+ Tbot)(T
2
shelf+ T 2

bot). (22)

The view factor was set as

F12,b =
1

[1+ (1/ǫglass− 1) + (1/ǫshelf− 1)]
(23)

and by settingǫglass= 0.78 andǫshelf = 0.18 (Scutella et al., 2017a), we obtain

F12,b = 0.17. (24)

The contribution from heat conduction from the gas is (Scutella et al., 2017a)

1
Kvbc

=
1

C2 pc
+

lb
λamb

(25)

or

Kvbc =
C2 pc

1+ (lb/λamb)C2pc
, (26)

with pc = pv,0 + pi,0 the system pressure and the integral conduction length set as

lb =
1
3
hbot, (27)

with hbot being the maximum distance between the bottom and the plate,in our casehbot = 0.5 mm. The parameter
C2 takes into account the free molecular flow heat transfer coefficientΛo

C2 = Λo

(
αc

2− αc

)[
273.15
Tgas

]0.5

(28)

with water vapor free molecular heat conductivityΛo = 1, 99 [W/m2Pa] and

λamb = 0.025 [W/m K]. (29)

The mean value of theαc is dependent on the technical system, used for lyophilization; in our case it was set as
αc = 0.49.
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At the side wall of the vial the heat conduction through the gas as well as heat radiation between the surfaces are
present, i.e.,

Kvs = Kvsr +Kvsc. (30)

The heat conduction includes thermal heat conduction as well as the Knudsen layer conductivity (Pikal et al., 1984),
in the gas phase, but since the glass wall of the vial is not included in the geometrical model, also the simplified form
(parallel plates) of the contribution from the heat conduction through the side wall of the vial is accounted for, i.e.,

1
Kvsc

=
1

C2pc
+

lss
λamb

+
δglass

λglass
(31)

with the integral conduction length set as

lss =
1
3
hfill (32)

and
δglass= 0.7 [mm], (33)

λglass= 1.1 [W/m K]. (34)

The contribution from the heat radiation, i.e., theKvsr for the central position of the vial, is estimated to be closeto
0, as the direct vicinity of the vial is occupied by the surrounding vials at roughly the same temperature T, therefore,
the radiation temperature difference is close to zero, leading to the value ofKvsr = 0.

At the top of the vial, the heat is transferred through the radiation and through conduction mechanisms:

Kvt = Kvtr +Kvtc. (35)

The radiation contribution is
Kvtr = σ F12,t (Tshelf+ Ttop)(T

2
shelf+ T 2

top). (36)

Due to the presence of the rubber stopper, obstructing the direct heat radiation from the top shelf, the value of the
view factor was set as (Scutella et al., 2017b)

F12,t = 0.12. (37)

The contribution of heat conductivity through the gas is

Kvtc =
C2pc

1+ (lt/λamb)C2 pc
(38)

with
lt = hdist − hvial1. (39)

For the case of the applied vial the values werehdist = 73 mm andhvial1 = 26 mm, resulting in

lt = 47 mm. (40)

Based on these models the heat transfer coefficient for the top surface was calculated asKvt = 0.91 W/m2K at the
central position of the shelf. At the vial bottom, the heat transfer conditions were calculated asKvb = 9.52 W/m2K.
The value of the side wall heat transfer wasKvs = 4.55 W/m2K for the frozen part andKvs = 0.91 W/m2K for the
porous (dry) part of the filling. Since the final part of the primary drying, when all the ice is removed, is included in
the computation, the heat transfer conditions at the bottomof the vial must change, as the ice/glass contact is now
replaced by porous cake/glass contact; therefore, a significant drop in heat transfer occurs. In the model, the value of
Kvb = 1 W/m2K was set, although a more detailed study on the value of this parameter should be made in the case of
including also the secondary drying phase into the computations. Finally, the obtained overall heat transfer coefficient
valueKvo (Eq. 19) was 15.1 W/m2K.
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The initial conditions for the temperature were taken to beT0 = 228 K. The system pressure in the lyophilization
chamber, applied at the experimental tests, was set at 12 Pa.The corresponding boundary conditions for species
transport equations were calculated based on the findings ofPikal et al. (1984), where a water vapor mass fraction of
0.85 was found to be established during the primary drying; hence, the partial pressure of the water vapor was set as
pv,0 = 10.2 Pa and of inert gaspi,0 = 1.8 Pa. The initial total pressure in the dried region is thenpc = pi,0+pv,0 = 12
Pa, which is equal to the system pressure.

The general model parameters are summarized in Table 1.
The Table 2 lists the formulation specific material properties. In our previous research (Ravnik et al., 2018), the

dependence of the drying kinetics on the Knudsen diffusivity parameterC1 was reported. Because there is a difference
in the crystal size for the mannitol and the lactose cake withthe latter forming larger crystals, hence promoting the
vapor diffusivity in the dried porous part of the filling, this should be reflected in the value of theC1 (Table 2), which
depends on the average pore size (Ravnik et al., 2018). As canbe seen from the Table 2, a 20% lower value ofC1 was
assigned in the case of the mannitol than in the case of the lactose. An in-depth study based on an extensive analysis
of SEM data of the final cake porous structure would further help to improve the value of this parameter.

The heat conduction of the porous cake was computed based on the porosity value as

λ1 = ǫλgas+ (1.0− ǫ)λsolid (41)

with
λgas= 680[12.98 · 10−8(pi + pv) + 39.806· 10−6]. (42)

4. EXPERIMENTAL STUDY

All the experimental runs were made in a laboratory size lyophilizer, Christ-Epsilon 2-6, with three shelves. The
freeze-drying chamber was loaded with 115 vials on each of the three shelves. The Nuova Ompi DIN ISO 10R
borosilicate glass vial, with 22 mm of the outer diameter and1 mm of glass thickness, was used in the experiments.

TABLE 1: Value of different variables in the lyophilization model

Variable Value or model

C01 [m2] Song and Nam (2005) 7.219· 10−15

C2 Mascarenhas et al. (1997) 0.4428

C∗ Mascarenhas et al. (1997) 0.01exp2.3[1.36− 0.036(T − T0)]

cp,g [J/kgK] 1674.7

D0
v,i [kg/ms3] Song and Nam (2005) 0.00014931[T 3(1/Mv + 1/Mi)]

0.5

ǫ 0.95

hfill 11.5 mm

∆Hv [kJ/kg] Sheehan and Liapis (1998) 2840.2

∆Hs [kJ/kg] Sheehan and Liapis (1998) 2687.4

kg [s−1] Mascarenhas et al. (1997) 11.08 · 10−5

k2, k4 0

kb [m2 kg s−2 K−1] 1.38064852· 10−23

Mi [kg/kmol] 29

Mv [kg/kmol] 18

µmx [kg/ms] Song and Nam (2005) 18.4858[T 1.5/(T + 650)]

p⋆v [Pa] Mascarenhas et al. (1997) 133.32 · exp(23.9936− 2.19∆Hv/T )
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TABLE 2: Material properties of lactose and mannitol

Parameter Lactose Mannitol

C1 [m] 9 · 10−6 7 · 10−6

cp,1 [J/kgK] 1650 1715

cp,2 [J/kgK] 1893 2054

λsolid [W/m K] 0.118 0.101

λ1 [W/m K] Eq. (41) Eq. (41)

λ2 [W/m K] 2.806 2.661

ρsolid [kg/m3] 1589.6 1500

ρ1,p [kg/m3] 79.48 75.0

ρ2 [kg/m3] 957.3 952.8

ρ1 [kg/m3] 263 260

The vials were filled with 4 mL of the 5 wt% aqueous mannitol solution for the first set and 4 mL of the 6 wt%
aqueous lactose solution for the second set of experiments.The selected vial positions were the center vials placed
on the middle shelf of the lyophilizer. The temperatures of the product and the walls were measured with an external
measuring system comprised of thermocouples type T, a data acquisition unit (Agilent 34970A and 34901A) and
a personal computer (Sitar et al., 2018). The absolute expected uncertainty of the temperature measurements was
± 2◦C at the 95% confidence level, employing the coverage factor of 2 in the temperature range from−45◦C to
+50◦C. The temperatures of the product inside the vials were measured at three locations along the axis of the vial:
1.5, 5, and 8.5 mm from the vial’s bottom. In order to ensure a precise vertical height of the sensor position, a
dedicated thermocouple holder was inserted into the vial toenable a more precise and repeatable positioning of all
thermocouples.

The lyophilization protocol was as follows: decrease of theshelf temperature (5◦C to−45◦C, 1 h 40 min at 1
bar), freezing step (4 h at 1 bar and−45◦C), pressure decrease (1 bar to 0.120 mbar, 10 min at−45◦C), increase of the
shelf temperature (−45◦C to−18◦C, 54 min), primary drying (52 h), pressure decrease (0.120 mbar to 0.050 mbar,
10 min at−18◦C), increase of the shelf temperature (−18◦C to 40◦C, 1 h 56 min), and secondary drying (16 h).

The experimental results for the temporal change of the sublimation height position are presented in Fig. 5 for
the lactose solution and in Fig. 6 for the case of mannitol solution. The essential difference between the kinetics of
drying for lactose and mannitol can be explained from the experimental results of temperature histories at different
positions in the frozen material for the primary drying stage. In the case of the lactose solution, we have a significant
decrease in the temperature of the frozen material along almost the entire duration of the primary phase, with respect
to the lyophilization of the mannitol solution. This is especially significant in the final phase of the primary drying
when the sublimation of the remaining ice at the bottom of thevial is taking place. There is no such decrease in the
case of drying of the mannitol solution, where the temperature of the frozen filling gradually increases throughout the
duration of the primary stage. The reason for this behavior can be found after close inspection of the final, dried cake.
In the case of the mannitol, the cake occupies the entire initial volume of vial filling, without any visible gaps between
the porous cake structure and the vial side glass. In the caseof the lactose, the porous cake exhibits strong shrinkage
effect, as depicted in Fig. 2. A loss of direct contact of the filling cake with the sidewall occurs, which reduces
the heat input to the frozen material, but on the other hand, increases the effective outlet area for the sublimation
vapors. Because the sublimation process is driven by the pressure difference between the saturation pressure at the
sublimation front, which depends primarily on the temperature level, and the vapor partial pressure in the drying
chamber, the additional increase in the outer cake area, exposed to the interior of the vial, facilitates the higher
sublimation rates for the case of lactose, as can be depictedfrom Fig. 7 showing the interface position movement
for both cases. The sublimation energy, supplied from the shelf by all considered heat transfer mechanisms, for the
case of lactose, can not cover the entire consumed sublimation energy, resulting in a lower primary phase temperature
levels compared to the mannitol case.
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FIG. 2: Lactose cake with visible shrinkage effect

5. COMPUTATIONAL SETUP

The computational model, derived in Section 2, was implemented for the numerical simulation of lyophilization of
lactose and mannitol solutions. Because the lyophilization is a time and space dependent problem, first, grid density
and time step sensitivity studies for the case of mannitol solution were performed. Several grid densities were applied,
from 50 to 150 equidistantly placed grid points, with a lowerlimit of 10 points per porous or frozen region. Similarly,
the time step value was varied between 1 s and 10 s. After initial runs, a strong sensitivity of the computational results
to the time step value for the first 1000 s of drying was established, where a value of∆t = 1.0 s had to be used to
obtain numerically stable solutions. For the remaining part of the primary stage a much larger time step value could
be used (∆t = 1000.0 s was finally selected), also with the moderately dense computational grid (50 grid points).
This computational strategy greatly reduced the needed time for obtaining the numerical results.

The boundary conditions set up, presented in Section 3, can directly be applied only for a 3D or axisymmetric
vial geometry. In the case of 1D vial approximation, as used in this report, the application of the side wall heat
transfer input cannot be done directly. Therefore, the computed heat transfer coefficients were first transferred to their
equivalent values, defined on the basis of the outer cross-sectional area of the vial as the reference heat transfer area.
Furthermore, due to the moving of the sublimation front in the porous part of the filling, the high heat conductivity of
the ice is replaced by the gas conductivity, thus lowering the effective heat conduction of the porous part in relation to
the frozen part of the filling. This effect was taken into account when considering the redistribution of the sidewall heat
transfer to the top and the bottom heat transfer coefficientsby specifying the distribution coefficient, i.e., effectively
increasing the top and bottomKv values. Since the majority of the sidewall heat transfer originates from the warm
shelf, the following approximation of the side wall heat transfer coefficient was made: 90% was added to the heat
transfer coefficient value at the bottom and 10% to the heat transfer coefficient value at the top, which could be
justified by considering the predominant conduction heat transfer mechanism near the shelf. A detailed study of this
redistribution coefficient could be made based on an additional experimental study of the temperature distribution
in the radial direction. Another modification of boundary conditions was required in the case of the lactose, which
exhibits the shrinkage effect. In order to account for the loss of contact and hence a decrease in the heat input, a linear
decrease in the side wall heat input was applied, with the starting value ofKv,s computed for the full cake-glass wall
contact case (i.e., 4.55 W/m2K) and the final side wall heat input, calculated for the totalloss of cake contact with the
glass side wall, equal to 1.3 W/m2K.

The developed computational model allows the conjugate computation of the desorption process within the
porous region during the primary drying phase. In order to find out, whether the conjugate procedure is necessary, the
computation of the lactose lyophilization under ideal (no shrinkage effect) conditions was performed. In Fig. 3 the
temporal evolution of the area specific mass transfer resistanceRp is presented, defined as the average value for the
cross-section of the vial fillingAp by using the computed overall mass transfer rateṁv, obtained by integrating the
vapor mass flux rateNv,n over theAp:

Rp =
(p⋆v − pv)

ṁv

. (43)
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FIG. 3: Dry product resistanceRp versus time for desorption included (full model) and excluded (dC/dt = 0) from the primary
drying phase computation

In Figs. 3 and 4 two cases are depicted: the caseFull model stands for the computational results obtained by solving
the complete lyophilization model. The casedC/dt = 0 stands for the case, where the desorption process was not
activated when the ice was removed from the structure. In general, it is evident that the overall mass transfer resistance
of the process increases with progressing of the lyophilization. At the beginning the rate of increasing is the highest
and no visible differences between the active or inactive desorption are visible.

The differences become obvious towards the final stage of theprimary drying phase, which can be depicted from
the temporal development of the position of the sublimationinterface, presented in Fig. 4, where an increase of approx.
5% in the primary drying time can be observed. This is a resultof the conjugate computation of the desorption process
in the porous region within the primary drying phase which increases the mass transfer resistance (see Fig. 3). The
desorbed water increases the vapor pressure level inside the porous region and thus effectively decreases the pressure
difference in the vicinity of the sublimation interface, thus hindering the diffusion process of the sublimated vapor.
Following these findings, the desorption process was included in the computation of the primary drying phase.

FIG. 4: Sublimation front dynamics for desorption included (full model) and excluded (dC/dt = 0) from the primary drying
phase computation
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6. COMPARISON OF EXPERIMENTAL AND NUMERICAL RESULTS

The experimental setup allowed for a continuous monitoringof the temperature at three locations inside the vial. At
these three positions, an abrupt change in the temperature reading, occurring when the sublimation front has moved
across a chosen sensor, served as the determination of the sublimation front position at three time instants. The fourth
position, used for comparison of the experimental results with computational results, was defined as the end of the
primary drying phase. As they position for this case is 0 mm, the time instant, at which the primary phase ended,
was defined as the time when all three experimental temperature readings were within 0.5 K temperature difference.
Different approaches to the definition of the end of the primary drying phase to the one used in the present work were
reported in Patel et al. (2010); therefore, the values from the current study should be corrected if another approach to
the determination of the endpoint of the primary drying phase would be used. In order to highlight this fact, only an
approximate comparison of the computed endpoint and the endpoint from the experiment are depicted in Figs. 5 and
6 for a qualitative comparison.

FIG. 5: Comparison of temperatures at various positions between the experimental results (thin lines) and computational results
(thick lines), for the primary drying stage of lactose solution. The circles (Num. data) denote the time instants when the sublimation
front passes the sensor locations with the last circle denoting the end of the primary drying.

FIG. 6: Comparison of temperatures at various positions between the experimental results (thin lines) and computational results
(thick lines), for the primary drying stage of mannitol solution. The circles (Num. data) denote the time instants when the subli-
mation front passes the sensor locations with the last circle denoting the end of the primary drying.
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In Fig. 5, a comparison of drying kinetics of the lactose solution with computational results for the primary
drying stage is shown. The temperature levels, obtained by the numerical simulation, are in the range of 2–4 K lower
than the experimental values. The marked circular points show when the sublimation front passed a sensor location.
The transition points in time at various positions in the vial filling show excellent agreement for the upper and middle
thermocouple positions, whereas in the case of the third (bottom) thermocouple position still a very good agreement
can be observed, all in the range of the estimated 2% error in experimental data. Also, in the numerical model, the
passing of the sensor locations is reached earlier than in the experiment. The exception is the position of the endpoint
of the primary drying, where the numerical result trails theexperimental value.

In the case of the mannitol solution, a comparison of the drying kinetics for the primary drying stage is shown in
Fig. 6. Again, the temperature levels, obtained by the numerical simulation, are approximately 1–2 K lower than the
experimental values, which is a better agreement then in thecase of the lactose. This was expected, as the mannitol
does not exhibit cake shrinkage and the boundary conditions, used in the computational model, remain valid along
the entire duration of the primary drying phase. On the otherhand, the transition between the primary and secondary
drying stage occurs earlier than in the experiment; however, a very good agreement in the predicted time could be
observed.

The comparison of the sublimation front position inside thevial filling is depicted in Fig. 7. The agreement of
the results is very good considering that the estimated 2% error in temperature values could lead to a 2 h difference in
the experimental determination of the sublimation front position. In Table 3 a quantitative comparison of results for
the sublimation front position is also presented, with position y = 0.0 mm denoting the end of the primary drying. As
already stated, the agreement between numerical and experimental results is very good for all the sensor positions. In
the table also a quantitative comparison of primary drying endpoints is included, as the determination of the endpoint
of the primary drying is one of the most discussed topics in experimental analysis of lyophilization, Patel et al. (2010),
and can lead to large differences in reported results. On theother hand, the numerical endpoint can be exactly defined
as the time instant when all the ice is removed. In Table 3, thecomparison of these two values, which shows a good
agreement, can therefore only serve as a qualitative assessment of the accuracy of the numerical model in the primary
drying endpoint determination.

7. CONCLUSION

In the present work, a comparison of experimental and computational results for the case of lyophilization of two
different pharmaceutical solutions, the lactose and mannitol water solutions, was presented. The numerical model for
the solution of the coupled heat and mass transfer problem inthe frozen and partially dried porous part was coupled
to submodels of the boundary conditions, governed by the shelf temperature and system pressure as the main process

FIG. 7: Numerical results for the interface position movement within the primary drying stage
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TABLE 3: Comparison of the results for sublimation front dynamics position at
characteristic points

Mannitol
Height Time [h] Temperature [◦C]
y [mm] Exp. Num. Exp. Num.

8.5 9.3± 1.2 9.01 −28.7± 1.0 −29.54
5.0 19.9± 1.2 20.82 −26.8± 1.0 −27.66
1.5 29.9± 1.2 33.33 −25.6± 1.0 −26.72
0.0 appr. 42 38.09 — −24.70

Lactose
Height Time [h] Temperature [◦C]
y [mm] Exp. Num. Exp. Num.

8.5 6.6± 1.2 6.15 −30.0± 1.0 −33.52
5.0 18.4± 1.2 15.67 −30.0± 1.0 −31.69
1.5 30.5± 1.2 28.23 −31.0± 1.0 −32.98
0.0 appr. 32 33.83 — −32.77

parameters. The derived boundary conditions, valid for an axisymmetrical vial geometry, were transferred into their
equivalent values, defined on the basis of the vial outer cross-sectional area, and then redistributed to the top and
the bottom of the computational domain of the 1D vial approximation. In performed experiments, for the case of the
lactose solution shrinkage of the cake during the primary drying was observed, leading to the occurrence of a gap
between the vial wall and the cake. This effect was introduced into the model by a linear decrease of the side wall
heat transfer value during the primary drying phase. The reported computational results show that the derived 1D
numerical model is capable of accurately capturing the lyophilization dynamics inside a vial, and is hence suitable for
the use as a vial submodel in the context of a 3D-CFD model of the lyophilization process in the lyophilizer drying
chamber.
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