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G R A P H I C A L A B S T R A C T

H I G H L I G H T S

Novel model for translation and orientation dynamics of inhomogeneous ellipsoidal particles.
The effect of varying the density ratio and aspect ratio on particle dynamics is studied.
Significant impact on the rotational motion compared to homogeneous ellipsoids.
Relevant practical applications include particle respiration dynamics.
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A B S T R A C T

We present a novel model for tracking particles (based on Lagrangian particle tracking) with inhomogeneous
mass distribution. Without loss of generality, the presented approach captures inhomogeneity by assuming an
offset spherical inclusion in an elongated ellipsoidal particle matrix. The model is first validated on simplified
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Particle deposition flow configurations such as particles settling in vacuum or air as well as suspended in simple shear and
laminar pipe flow, where we achieved an excellent agreement with the available reference results. Furthermore,
we investigate the impact of the inclusion parameters on the particle motion. Finally, the deposition of
inhomogeneous particles in a simplified bifurcation is analyzed. We conclude that the consideration of
inhomogeneity significantly alters the translational and orientational dynamics of the particles. Consequently,
we advocate for the consideration of more realistic mass distributions to increase the accuracy of modeling
and predicting the motion of inhomogeneous particles in flows for real-world applications.
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1. Introduction

Particles in flows are ubiquitous in nature and technology. They
range from sludge flocs in wastewater treatment to airborne pollutants
such as pollen, dust particles, and fibers to microplastics. In reality,
hese particles are rarely perfectly shaped or display a perfectly homo-
eneous mass distribution. Although research in the field of particles
uspended in flows spans decades and numerous sophisticated studies
an be found in the literature, targeting a wide field of applications
anging from wastewater treatment, [1], to aerosols carrying potential
iruses, [2–5], insufficient attention has been paid to the large field
f non-spherical and inhomogeneous particles. Despite the fact that
aturally occurring particles (blood cells, pollen, dust, fibers) as well
s man-made particles (microplastics, asbestos fibers, tire abrasion) are
arely perfect spheres, particles are mostly simplified as spherical in
he majority of references, as this greatly reduces the complexity in
escribing their motion, [6,7]. Authors often resort to shape factors

applied to spherical particles that alter the drag force when mod-
eling non-sphericity, [8], but this mostly fails to accurately predict
particle motion, [9]. Another commonly used approach to modeling
on-spherical particles is to approximate the realistic particle as a
rolate spheroid, [1], which is the most studied non-spherical particle

shape. In this context, Jeffery, [10], was the first to study single
llipsoids suspended in viscous shear flow and proposed force and
orque expressions in uniform shear flow under Stokes conditions.
effery, [10], further showed that the motion of the spheroid can be

described by periodic orbits and concluded that the initial orientation
affects the final state of the particle. Brenner extended the work of
Jeffery, [10], to ellipsoids suspended in arbitrary flow conditions, [11,
12]. Like Jeffery [10], Brenner [11,12] also assumes that the inertia
of the particles and of the fluid is negligible, [13]. However, for large
Reynolds numbers, as shown by Karnis et al. [14,15], inertial effects
are important, as the non-spherical particle motion deviates from the
results of the Jeffery model. Several authors observed that elongated
ellipsoidal particles accumulate in viscous sublayers and tend to gather
in areas of low-velocity, [16–18], similar to their spherical counterpart.
Furthermore, these spheroids have been found to preferentially align
with the mean flow, especially in near-wall regions, [13]. In numerical
nd experimental studies, Tian et al. [19] investigated the motion

of high aspect ratio prolate ellipsoids in laminar pipe flows. Tian
t al. [19], found that the particle aspect ratio, the density ratio of par-
icles to fluid and the shear rate of the flow are crucial parameters that
ignificantly change the particle motion. Other authors investigated the
lignment of fiber- and disk-shaped particles in near-wall turbulence in
 channel flow, see Cui et al. [20]. Cui et al. [20], found the forma-

tion of three preferred alignment patterns around ensemble-averaged
vortices.

Recently, Ravnik et al. [21], numerically studied asbestos fibers
n flows and pointed out the importance of an appropriate shape
pproximation. They found that it is not sufficient to approximate
he asbestos fibers by a simple ellipsoidal shape, as the force and
orque values obtained deviate strongly from the real particle shape

values. More recently, Wedel et al. [9], performed particle simulations
onsidering superellipsoidal shapes and investigated the effects of non-
phericity in various flow conditions. The authors showed that the use
f the presented superellipsoidal models for drag and torque allows
he calculation of particle trajectories with superior accuracy compared
2 
to simplified non-spherical particle approximations, [9]. Despite the
intensive research on non-spherical particle shapes in the field of
ellipsoids and superellipsoids, most authors considered homogeneous
articles, while the research on inhomogeneous particles is sparse.
owever, particles are never perfectly homogeneous, such as sludge

flocs, dust particles, or even glass fibers produced by mechanical cut-
ing processes. Cui et al. [22], targeted the modeling of sludge-flocs and

considered inhomogeneity by assuming a spherical inclusion. However,
he authors used a simplified approach, by neglecting the coupling of

translational and rotational motion in their approach.
Nonhomogeneous mass distribution is also crucial for various bio-

ogical organisms such as for example micro-swimmers, which gained
ignificant importance in the scientific field in recent years. The lo-

comotion of various gyrotactic swimmers, including certain plank-
ton species, is influenced by their ability to generate gravitational
torque, e.g. from an inhomogeneous mass distribution, [23]. This lo-
comotion tactic is called gyrotaxis, which results from the interplay
f gravitational and viscous torques acting on the swimmers when
uspended in a flow. Gyrotaxis is among the most widely studied
otile response of micro swimmers. For example, Marchioli et al. [23],

numerically investigated the dynamics of small spherical and bottom-
heavy gyrotactic swimmers dispersed in open-channel flow turbulence
using direct-numerical-simulation-based Eulerian–Lagrangian simula-
tions. Moreover, Qui et al. investigated the motion of spherical gyrotac-
tic swimmers suspended in turbulent flows, [24]. The study examined
how gyrotaxis affects the orientational dynamics of the swimmers.
The findings revealed that the correlation between the time scales
of gyrotaxis and turbulence plays a critical role in determining the
fficiency of the swimmers’ vertical movement through the suspension.

Recently, Rautenbach et al. [25], studied Lagrangian Sensor Par-
ticles (LSP) as used in characterizations of stirred tank reactors. In
this context, the authors especially examined the effects of mass-center
offset, i.e. the shift between center of mass from the geometric center,
on the flow-following capabilities of the LSPs. The authors conclude
that the internal mass distribution of the LSP has strong impact on its
motion and can thus be considered a crucial parameter to optimize the
LSP design.

Also in the field of lung studies, where deposition and distribution
in realistic human lung replicas are investigated, accurate predictions
are crucial as the ability to predict localized concentrations of inhaled
oxic fibers can provide decision-makers with critical information to

improve measures for human protection, [26]. This awareness of the
harmful effects associated with inhaled asbestos originally motivated
research into the transport and deposition of fibers within the hu-
man airways. More recently, the increased use of carbon nanotubes
nd other man-made fibers, alongside the potential of using inhaled
iodegradable fibers as drug carriers, has revitalized interest in this
opic, [27]. Biodegradable fibers could optimize the targeted delivery of

medication, offering the ability to penetrate deeper into the lungs than
their spherical counterparts and potentially improving the treatment
of lower respiratory regions, [28]. The pharmaceutical applications
require even higher precision of predictions of local distribution of the
nhaled dose and hence the demands for the precision of numerical
imulations of the fiber flow are growing. However, up to this day these

particles are generally simply assumed to be homogeneous, [26].
As a motivation, we consider real fibers employed in studies of

human airway replicas [29] that were prepared by crushing glass
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Fig. 1. Glass fibers under microscope employed in lung deposition studies.
Fig. 2. Glass fiber traveling in laminar pipe flow (Re ≈ 500) with particle long axis oriented perpendicular to the streamwise direction. Frames are presented in 𝛥𝑡 = 0.00015 s
intervals.
wool in a mechanical press.1 This type of glass wool is designed
for thermal insulation of attics and other confined spaces. Workers
applying this material are at risk of exposure through inhalation if
proper personal protection is not used, making the study of these
fibers relevant to real-world scenarios. As shown in Fig. 1, although
glass fibers are usually considered straight and rigid, they often exhibit
attached inhomogeneities that can influence their flow behavior, see
Fig. 2, where a glass fiber travels in laminar pipe flow with its particle
long axis orientated perpendicular to the streamwise direction. This
paper presents a method specifically designed to address the effects of
such inhomogeneities on fiber motion.

In order to contribute to a better understanding of the flow of
real fibers, this work aims to extend the model proposed by Cui
et al. [22], to address the lack of research in the field of particles with
inhomogeneous density distribution with a special focus on glass fibers
suspended in air. Note that the proposed model takes into account
the fully coupled dynamics of inhomogeneous particles, compared to
the reference model of Cui et al. [22], which is formulated in the
geometric center of the particle, but neglecting the coupling between
the translational and rotational dynamics.

2. Lagrange particle tracking of inhomogeneous ellipsoidal parti-
cles

2.1. Notation

In this work, we employ bold italic font to express tensors of various
orders. Bold italic lowercase letters such as 𝒂 represent first-order

1 The fibers were prepared by crushing Supafil® Loft glass wool (Knauf
Insulation GmbH, Simbach am Inn, Germany). The fiber diameter was 3.8
±1.4 μm and length 37.1 ±20.9 μm, see Fig. 1.
3 
tensors (vectors), while bold italic uppercase letters such as 𝑨 are used
for second-order tensors. We can express the coordinate representation
in Cartesian coordinate systems with base vectors 𝒆′𝑖 , 𝒆𝑖 (𝑖 = 1, 2, 3) using
Einstein’s summation convention as

𝒂 = 𝑎′𝑖 𝒆
′
𝑖 = 𝑎𝑖 𝒆𝑖 and 𝑨 = 𝐴′

𝑖𝑗 𝒆
′
𝑖 ⊗ 𝒆′𝑗 = 𝐴𝑖𝑗 𝒆𝑖 ⊗ 𝒆𝑗 , (1)

where 𝑎′𝑖 , 𝑎𝑖 and 𝐴′
𝑖𝑗 , 𝐴𝑖𝑗 are the corresponding coefficients in the

coordinate system 𝒆′𝑖 , 𝒆𝑖, respectively. The tensor coefficients 𝑎′𝑖 , 𝑎𝑖 and
𝐴′
𝑖𝑗 , 𝐴𝑖𝑗 can be arranged in coefficient matrices, which we denote by

underlined italic letters:

𝑎′ =

⎡

⎢

⎢

⎢

⎣

𝑎′1
𝑎′2
𝑎′3

⎤

⎥

⎥

⎥

⎦

, 𝑎 =

⎡

⎢

⎢

⎢

⎣

𝑎1
𝑎2
𝑎3

⎤

⎥

⎥

⎥

⎦

and 𝐴′ =

⎡

⎢

⎢

⎢

⎣

𝐴′
11 𝐴′

12 𝐴′
13

𝐴′
21 𝐴′

22 𝐴′
23

𝐴′
31 𝐴′

32 𝐴′
33

⎤

⎥

⎥

⎥

⎦

,

𝐴 =

⎡

⎢

⎢

⎢

⎣

𝐴11 𝐴12 𝐴13

𝐴21 𝐴22 𝐴23

𝐴31 𝐴32 𝐴33

⎤

⎥

⎥

⎥

⎦

. (2)

Note that the employed notation is consistent with our previous work,
[30]. The rotation matrix 𝑅 transforming coefficients with respect to
the base vectors 𝒆𝑖 to coefficients with respect to the base vectors 𝒆′𝑖 is
expressed as

𝑅 =
⎡

⎢

⎢

⎣

𝑅11 𝑅12 𝑅13
𝑅21 𝑅22 𝑅23
𝑅31 𝑅32 𝑅33

⎤

⎥

⎥

⎦

with 𝑅𝑖𝑗 = 𝒆′𝑖 ⋅ 𝒆𝑗 and 𝒆′𝑖 = 𝑅𝑖𝑗 𝒆𝑗 . (3)

The corresponding rotation tensor 𝑹 = 𝒆′𝑗⊗𝒆𝑗 mapping 𝒆𝑗 into 𝒆′𝑗 = 𝑹⋅𝒆𝑗
has therefore coordinate representation 𝑹 = [𝒆′𝑗 ⋅𝒆𝑖] 𝒆𝑖⊗𝒆𝑗 = 𝑅𝑗 𝑖 𝒆𝑖⊗𝒆𝑗 ,
i.e. the coefficient matrix of 𝑹 is the matrix transpose 𝑅𝑡 of the rotation
matrix 𝑅. Taken together, coefficient matrices of vectors and second
order tensors transform as
′ ′ 𝑡
𝑎 = 𝑅𝑎 and 𝐴 = 𝑅𝐴𝑅 . (4)
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Fig. 3. Sketch of an inhomogeneous prolate ellipsoid with a spherical mass inclusion.
Here, G denotes the body fixed center of geometry, C the barycenter, S the center
of the spherical inclusion, and P an arbitrary point. The density of the inclusion is
denoted by 𝜌s, while the enclosing ellipsoid matrix has a density of 𝜌e. The particle
long axis is 𝑎1, while the particle minor axes are 𝑎2 and 𝑎3, respectively. For a prolate
spheroidal particle 𝑎2 = 𝑎3. Here  and  denote the integration domains for the entire
ellipsoid and the spherical inclusion. Note that the particle frame of reference (pFoR)
is indicated by �̃�𝑖 , 𝑖 = 1, 2, 3.

2.2. Kinematics of a rigid body

We present a novel approach for the modeling of realistic particles
of non-spherical shape and with inhomogeneous mass distribution,
as observed commonly in real-world applications (glass or asbestos
fibers, [21], sludge flocs, [1]), to compute their translational and
orientational dynamics. This approach serves as an extension of the
model presented by Cui et al. [1], in which the inhomogeneity in pro-
late spheroids is modeled by spherical regional inclusions of different
densities. Cui et al. target sludge flocs and therefore use a simplification
in which the translational and orientational motion are treated as
decoupled. As will be shown later, this simplification holds for the
sludge flocs considered. However, for fibers in air, the assumption is
not justified. In agreement with Cui et al. [1], we focus on spherical
inclusions with density 𝜌s and diameter 𝑑s = 2𝑟s, see Fig. 3. Note
that the presented approach is easily extendable to arbitrarily shaped
inclusions. As displayed in Fig. 3, we denote the body fixed particle
geometric center as G, the barycenter as C, the center of the spherical
inclusion S and an arbitrary point as P. Note that by introducing an
inhomogeneity located at 𝒓S, the barycenter C no longer coincides with
the particle geometric center G, see Fig. 3.

In the following, we will denote position vectors from the origin of
the inertial frame of reference (iFoR) using bold 𝒓 with the terminating
point as a subscript. Furthermore, position vectors with origin in either
G, C or S are indicated by ̃[⋅], ̄[⋅] or ̌[⋅], respectively. In the geometric
center G we may append the particle frame of reference (pFoR) with
orthonormal triad �̃�𝑖 (𝑖 = 1, 2, 3) moving with the particle to later
express vectors and tensors in coordinate representation. Recall the
Euler representation for the kinematics of an arbitrary point P on the
rigid body

𝒓P = 𝒓C + �̄�P, 𝒗P = 𝒗C + �̄�P,𝒂P = 𝒂C + �̄�P, (5)

with

�̄�P = �̄�𝑡P× ⋅ 𝝎 = 𝝎× ⋅ �̄�P×, �̄�P = �̄�𝑡P× ⋅ �̇� + 𝝎2
× ⋅ �̄�P×. (6)

In Eqs. ((5),(6)), the barycenter velocity of the particle is denoted
by 𝒗C and the particle’s angular velocity by 𝝎, while 𝒂C and �̇� denote
the barycenter translational and angular acceleration of the particle,
respectively. Herein we use the notation for the skewsymmetric spin
4 
tensor, indicated by [⋅]×, of an axial vector, to express the vector
product of two vectors in various alternative but equivalent ways:

𝒂 × 𝒃 = 𝒃𝑡× ⋅ 𝒂 = 𝒂× ⋅ 𝒃. (7)

The coordinate representation of a skew symmetric spin tensor 𝑎× reads
as

𝑎× =
⎡

⎢

⎢

⎣

0 −𝑎3 𝑎2
𝑎3 0 −𝑎1

−𝑎2 𝑎1 0

⎤

⎥

⎥

⎦

. (8)

By specializing P to G and by reordering terms and using the alternative
notation for the vector product, the acceleration of the barycenter C
is eventually expressed in terms of the acceleration of the center of
geometry G, the angular velocity and angular acceleration and the
position vector pointing from G to C, as an intermediate result, as

𝒂C = 𝒂G + �̃�𝑡C× ⋅ �̇� + 𝝎 ×
[

�̃�𝑡C× ⋅ 𝝎
]

. (9)

Remark 2.1. In this work, we described the orientation of a particle
in space by quaternions 𝑞 =

[

𝑞0, 𝑞1, 𝑞2, 𝑞3
]𝑡. The quaternions (Euler

parameters) can be determined from the Euler angles (𝜑𝑖, 𝑖 = 1, 2, 3)
using

𝑞 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑞0
𝑞1
𝑞2
𝑞3

⎤

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

cos
[

0.5
[

𝜑1 + 𝜑3
]]

cos
[

𝜑2∕2
]

cos
[

0.5
[

𝜑1 − 𝜑3
]]

sin
[

𝜑2∕2
]

sin
[

0.5
[

𝜑1 − 𝜑3
]]

sin
[

𝜑2∕2
]

sin
[

0.5
[

𝜑1 + 𝜑3
]]

cos
[

𝜑2∕2
]

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(10)

and are subject to the constraint 𝑞20 +𝑞21 +𝑞22 +𝑞23 = 1, [31]. The rotation
matrix in the inertia frame then follows as

𝑅 =
⎡

⎢

⎢

⎣

𝑞20 + 𝑞21 − 𝑞22 − 𝑞23 2[𝑞1𝑞2 + 𝑞0𝑞3] 2[𝑞1𝑞3 − 𝑞0𝑞2]
2[𝑞1𝑞2 − 𝑞0𝑞3] 𝑞20 − 𝑞21 + 𝑞22 − 𝑞23 2[𝑞2𝑞3 − 𝑞0𝑞1]
2[𝑞1𝑞3 + 𝑞0𝑞2] 2[𝑞2𝑞3 − 𝑞0𝑞1] 𝑞20 − 𝑞21 − 𝑞22 + 𝑞23

⎤

⎥

⎥

⎦

.

(11)

In addition, the evolution of the quaternions is related to the angular
particle velocity in the particle frame 𝜔′ as

𝑑 𝑞∕𝑑 𝑡 =
⎡

⎢

⎢

⎢

⎢

⎣

𝑑 𝑞0∕𝑑 𝑡
𝑑 𝑞1∕𝑑 𝑡
𝑑 𝑞2∕𝑑 𝑡
𝑑 𝑞3∕𝑑 𝑡

⎤

⎥

⎥

⎥

⎥

⎦

= 1
2

⎡

⎢

⎢

⎢

⎢

⎣

−𝑞1 −𝑞2 −𝑞3
𝑞0 −𝑞3 𝑞2
𝑞3 𝑞0 −𝑞1

−𝑞2 𝑞1 𝑞0

⎤

⎥

⎥

⎥

⎥

⎦

𝜔′. (12)

Remark 2.2. The Stokes number St k describes the ratio of the charac-
teristic particle response time 𝜏p to a characteristic time of the flow 𝜏f
and can be obtained using the volume-equivalent sphere diameter 𝑑eq,
a characteristic length 𝐿0 and a characteristic flow velocity 𝑢0 as

St k =
𝜏p
𝜏f

=
𝜌p
𝜌f

𝑑2eq𝑢0
18𝜈f𝐿0

with 𝜏p =
𝜌p
𝜌f

𝑑2eq
18𝜈f

and 𝜏f =
𝐿0
𝑢0

. (13)

Here, 𝜌p denotes the average particle density (𝜌p = 𝑚∕𝑉 , where 𝑚
denotes the resulting particle mass and 𝑉 the particle volume), while
𝜌f and 𝜈f denote the fluid density and kinematic viscosity, respectively.
The terminal velocity 𝒗t of a spherical particle settling in Stokes flow
is given by [32]

𝒗t =
𝑑2eq
18𝜈f

𝜌p − 𝜌f
𝜌f

𝒈. (14)

The particle Reynolds number Rep is defined as follows:

Rep =
𝑑eq|𝒖r el|

𝜈f
, (15)

where 𝒖r el = 𝒖 − 𝒗C denotes the relative velocity between the particle
barycenter 𝒗C and the fluid 𝒖.

In the experimental work of Di Giusto et al. [33], the authors
investigated the rotational dynamics of neutrally buoyant spheroidal
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and cylindrical particles suspended in simple shearing flows in the
small-inertia regime (Rep = St k ≲ 1). The authors found that for
these weakly inertial ellipsoids, while exhibiting no significant effect on
the period of rotation, a systematic drift away from the Jeffery orbits
and towards limiting stable orbits is reported, necessitating suitable
corrections. Note that in the following, we will only consider cases
where the particle Reynolds number is mostly Rep ≪ 1. Rep ≈ 1
are observed only instantaneously at the injection time if the relative
particle is released with zero initial velocity as here the relative velocity
|𝒖r el| is maximal. Thus, we expect no drift from the Jeffery orbits due
to inertia effects throughout the conducted simulations.

2.3. Inertia of a rigid body

To start with, we define the density distribution as
𝜌 = 𝜌e in ∖ ,
= 𝜌e + 𝛥𝜌s in  . (16)

wherein we use 𝛥𝜌s to indicate the difference of the density in the
pherical inclusion  and the ellipsoid  . Here  and  denote the
ntegration domains for the entire ellipsoid and the spherical inclusion.
hen the resulting mass for the particle, the homogeneous (reference)
llipsoid and the mass difference between the spherical inclusion and
he inhomogeneous ellipsoid read

𝑚 = ∫
𝜌d𝑣 = 𝑚e + 𝛥𝑚s = ∫

𝜌ed𝑣 + ∫
𝛥𝜌sd𝑣 (17)

The tensor of inertia of a rigid body with respect to its barycenter
eads

𝑱 C = ∫
𝜌�̄�𝑡P× ⋅ �̄�P×d𝑣. (18)

This expression follows directly from the expression of the rotational
part of the kinetic energy of a rigid body and our above notation for
he vector product

∫
𝜌|�̄�P|

2d𝑣 = 𝝎 ⋅ ∫
𝜌�̄�𝑡P,× ⋅ �̄�P×d𝑣 ⋅ 𝝎 (19)

Then the Steiner theorem renders for the tensor of inertia with respect
to the center of geometry (please note the positive sign since we use
he transpose on one of the skewsymmetric spin tensors)

𝑱G = 𝑱 C + 𝑚�̃�𝑡C× ⋅ �̃�C×. (20)

Observe that from a practical standpoint it is easiest to directly compute
the tensor of inertia with respect to the center of geometry from

𝑱G = 𝑱 e + 𝛥𝑱 s + 𝛥𝑚𝑠�̃�𝑡S× ⋅ �̃�S× (21)

with tensor of inertia of the homogeneous (reference) ellipsoid with
respect to the center of geometry 𝑱 e as

𝑱 e = ∫
𝜌e�̃�𝑡P× ⋅ �̃�P×d𝑣 (22)

and the difference tensor of inertia of the spherical inclusion with
espect to its own barycenter 𝑱 s as

𝛥𝑱 s = ∫
𝛥𝜌𝑠�̌�

𝑡
P× ⋅ �̌�P×d𝑣. (23)

From this, the tensor of inertia with respect to the barycenter 𝐽C of the
igid body may be retrieved by combining Eqs. ((20),(21)).

Remark 2.3. The moment of inertia matrix of the homogeneous
llipsoidal particle in the pFoR can be obtained as [34]

𝐽 ′
e =

1
5
𝑚e

⎡

⎢

⎢

⎣

2𝑎23 0 0
0 𝑎23

[

1 + 𝜆2
]

0
0 0 𝑎23

[

1 + 𝜆2
]

⎤

⎥

⎥

⎦

, (24)

where for prolate spheroids the aspect ratio renders 𝜆 = 𝑎1∕𝑎3 with the
semi-major axis denoted as 𝑎 and the semi-minor axis as 𝑎 = 𝑎 . The
1 2 3 𝝎

5 
moment of inertia tensor of the spherical inclusion difference in the
FoR renders

𝛥𝐽 ′
s =

2
3
𝛥𝑚s

⎡

⎢

⎢

⎢

⎣

𝑟2s 0 0

0 𝑟2s 0

0 0 𝑟2s

⎤

⎥

⎥

⎥

⎦

, (25)

with the inclusion radius 𝑟s.

2.4. Kinetics of a rigid body

In the following, we will express the kinetics of a rigid body,
oth with respect to (a) the barycentric and (b) the geometric center.
bserve that both formulations are valid and their equivalence will
e demonstrated in the following. However, each formulation requires
areful consideration of the respective translational and rotational dy-
amics.

(a) with respect to the barycenter C
The translational and rotational balance of momentum read with

respect to the barycenter C as

𝑭 = 𝑚𝒂C, (26)

𝑻 C = 𝑱 C ⋅ �̇� + 𝝎 ×
[

𝑱 C ⋅ 𝝎
]

. (27)

For a unified representation they may be compacted into a (uncoupled)
system as
[

𝑭
𝑻 C

]

=
[

𝑚𝑰 𝟎
𝟎 𝑱 C

]

⋅
[

𝒂C

�̇�

]

+
[

𝟎
𝝎 ×

[

𝑱 C ⋅ 𝝎
]

]

. (28)

Here, 𝑻 C denotes the resulting torque exerted on the particle with
espect to its barycenter and 𝑭 is the resulting force exerted on the
article.

(b) with respect to the geometric center G
With respect to the center of geometry G the translational and

otational balance of momentum read2

𝑭 = 𝑚𝒂G + 𝑚�̃�𝑡C× ⋅ �̇� + 𝝎 ×
[

𝑚�̃�𝑡C× ⋅ 𝝎
]

, (29)

𝑻 G = 𝑚�̃�C× ⋅ 𝒂G + 𝑱G ⋅ �̇� + 𝝎 ×
[

𝑱G ⋅ 𝝎
]

. (30)

For a unified representation they may be compacted into a (coupled)
system as
[

𝑭
𝑻 G

]

=
[

𝑚𝑰 𝑚�̃�𝑡C×
𝑚�̃�C× 𝑱G

]

⋅
[

𝒂G

�̇�

]

+

[

𝝎 ×
[

𝑚�̃�𝑡C× ⋅ 𝝎
]

𝝎 ×
[

𝑱G ⋅ 𝝎
]

]

, (31)

Here, 𝑻 G denotes the resulting torque exerted on the particle with
respect to its geometric center.

2.5. Force and torque exerted on a rigid body

In the following, we will discuss (a) the resultant force 𝑭 as well
s (b) the resultant torque 𝑻 with respect to the barycenter and the
eometric center. Observe, that careful consideration of the acting
orces and torques is required for the respective formulation. The
ndividual forces contributing to 𝑭 and their point of application in
he inhomogeneous particle are displayed in Fig. 4.

(a) Resultant Force 𝑭

2 The former follows directly from inserting the previous intermediate result
C = 𝒂G + �̃�𝑡

C×�̇� + 𝝎 ×
[

�̃�𝑡
C× ⋅ 𝝎

]

. The latter follows from the external torque
xpressed with respect to the center of geometry 𝑻 G = 𝑻 C + �̃�C × 𝑭 using the

above expression for 𝑭 , recalling the relation 𝑱 G = 𝑱 C + 𝑚�̃�𝑡
C× ⋅ �̃�C× and using

he identity �̃�C× ⋅
[

𝝎 ×
[

�̃�𝑡
C× ⋅ 𝝎

]]

= �̃�C ×
[

𝝎 ×
[

𝝎 × �̃�C

]]

= 𝝎 ×
[

�̃�C ×
[

𝝎 × �̃�C

]]

=
[

̃𝑡 ̃
]

× 𝒓
C× ⋅ 𝒓C× ⋅ 𝝎 .
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Fig. 4. Sketch of the forces contributing to the resultant 𝑭 acting on an inhomogeneous
prolate ellipsoid with a spherical mass inclusion. Here, 𝑭 g denotes the gravity force,
𝑭 b denotes the buoyancy force and 𝑭 d denotes the drag force. As indicated, 𝑭 b and
𝑭 d act on the geometrical center G, while 𝑭 g acts on the barycenter C. Note that in
this sketch the gravitational direction is pointing in the direction of −𝒆2.

The resultant force acting on a rigid body is independent from
the reference point.3 As shown in Wedel et al. [30], for a micron-
sized ellipsoidal rigid body immersed in Stokes flow with 𝜌p ≫ 𝜌f the
dominant force contributions are drag 𝑭 d, gravity 𝑭 g and buoyancy
𝑭 b, while additional force contributions such as pressure gradient and
added mass can be considered negligible, which is especially true for
particles suspended in air. It was further shown that even if 𝜌f ≈ 𝜌p,
the two latter force contributions are way smaller than drag, buoyancy
and gravity contribution if the Stokes number is St k ≪ 1 and thus still
negligible. It is important to note that the gravity contribution acts on
the barycenter C, while the drag and buoyancy contribution act on
the geometrical center G. To summarize, the resultant force for the
considered applications is obtained as

𝑭 = 𝑭 g + 𝑭 b + 𝑭 d. (32)

These expand as

𝑭 g = +∫
𝜌𝒈d𝑣 = 𝑚𝒈 (33)

𝑭 b = −∫
𝜌f𝒈d𝑣 = −𝑚f𝒈 (34)

𝑭 d = ∫𝜕
𝒕d𝑎 = ∫𝜕

[

�̄� + �̃�
]

d𝑎 = ∫𝜕
�̄�d𝑎 = 𝜋 𝜇f𝑎3𝑲 ⋅

[

𝒖 − 𝒗G

]

. (35)

The expression of the drag resistance tensor 𝑲 in the pFoR can be found
in the Appendix. Note that the traction 𝒕 can be decomposed into a
surface average �̄�, i.e. a constant vector, and a fluctuation contribution
�̃� as

𝒕 = �̄� + �̃� with �̄� ∶= 1
sur (𝜕) ∫𝜕

𝒕 d𝑎 and 𝟎 ≡ ∫𝜕
�̃� d𝑎. (36)

Thus, in Eq. (35) the resultant of the traction variation vanishes,
i.e. ∫𝜕 �̃�d𝑎 = 𝟎, and consequently only �̄� contributes to the drag
force. Observe also the velocity of the center of geometry 𝒗G of the
particle in the drag expression. This may be re-expressed in terms of
the barycenter velocity by

𝒗C = 𝒗G + �̃�𝑡c× ⋅ 𝝎. (37)

(b) Resultant Torque
The resultant torque acting on a rigid body generally depends on

the reference point. In the following, we will express the torque (b1)
in the barycenter as well as (b2) in the geometric center. Furthermore,
the Jeffery torque is discussed in (b3).

(b1) with respect to the barycenter C

3
 Nevertheless individual forces contributing to the resultant 𝑭 may act on
either the geometrical center G or the barycenter C.

6 
The resultant torque 𝑻 C with respect to the barycenter C consists of
a gravity 𝑻 g

C, a buoyancy 𝑻 b
C, a drag 𝑻 d

C and a Jeffery contribution 𝑻 j

and reads as

𝑻 C = 𝑻 g
C + 𝑻 b

C + 𝑻 d
C + 𝑻 j (38)

with the gravity, buoyancy, and drag contribution

𝑻 g
C = +∫

𝜌�̄�P × 𝒈d𝑣 = 𝟎, (39)

𝑻 b
C = −∫

𝜌f �̄�P × 𝒈d𝑣 = �̄�G × 𝑭 b, (40)

𝑻 d
C = +∫𝜕

�̄�P × �̄�d𝑎 = �̄�G × 𝑭 d. (41)

(b2) with respect to the geometric center G
For a micron-sized ellipsoidal rigid body immersed in Stokes flow

the resultant torque 𝑻 G with respect to the center of geometry G
consists of a gravity 𝑻 g

G, a buoyancy 𝑻 b
G, a drag 𝑻 d

G and a Jeffery
contribution 𝑻 j and reads as

𝑻 G = 𝑻 g
G + 𝑻 b

G + 𝑻 d
G + 𝑻 j (42)

with the gravity, buoyancy, and drag contribution

𝑻 g
G = +∫

𝜌�̃�P × 𝒈d𝑣 = �̃�c × 𝑭 g, (43)

𝑻 b
G = −∫

𝜌f �̃�P × 𝒈d𝑣 = 𝟎, (44)

𝑻 d
G = +∫𝜕

�̃�P × �̄�d𝑎 = 𝟎. (45)

Observe that the sum of the gravity, buoyancy, and drag contributions
in (b1) and (b2) due to �̃�C = −�̄�C satisfies the condition 𝑻 G = 𝑻 C+�̃�C×𝑭 .

(b3) Jeffery torque
Finally, the Jefferey contribution to the torque is a free couple and

thus independent of the reference point. It results as

𝑻 j = ∫𝜕
�̃�P × �̃� d𝑎 = ∫𝜕

�̄�P × �̃� d𝑎 = 2 �̃�sk w
𝑎 vol(), (46)

where the Jefferey traction (fluctuation) as the integral over the trac-
tion fluctuations over the boundary is ∫𝜕 �̃� 𝑑 𝑎 = 𝟎. Note that the
superscript sk w indicates the skew-symmetry of the specific tensor,
while the subscript 𝑎 denotes the axialvector. Thus, the Jeffery torque
is invariant to the reference frame, i.e. 𝑻 j

G = 𝑻 j
C

4, since the Jeffery
traction satisfies ∫𝜕 �̃� d𝑎 = 𝟎 and expands in terms of a spatially constant
Cauchy-type stress as �̃� = �̃� ⋅ 𝒏.

Remark 2.4. In the particle frame of reference the Jeffery torque can
be obtained using

𝑇 j= 𝜋 𝜇f 𝑐3
⎡

⎢

⎢

⎢

⎣

𝛱 ′ ⋅

⎡

⎢

⎢

⎢

⎣

𝑑′f 32
𝑑′f 13
𝑑′f 12

⎤

⎥

⎥

⎥

⎦

+𝛺′ ⋅

⎡

⎢

⎢

⎢

⎣

𝑤′
f 32 − 𝜔′

1

𝑤′
f 13 − 𝜔′

2

𝑤′
f 21 − 𝜔′

3

⎤

⎥

⎥

⎥

⎦

⎤

⎥

⎥

⎥

⎦

, (47)

where 𝛺′ is the rotation resistance coefficient matrix and 𝛱 ′ the defor-
mation resistance coefficient matrix in the pFoR. In addition, 𝑑′f 𝑖𝑗 and
𝑤′

f 𝑖𝑗 with 𝑖, 𝑗 = 1, 2, 3 denote the coefficients of the deformation rate
tensor and spin tensor in the particle frame of reference. Note that the
deformation rate and spin tensor are obtained using 𝒅f = 0.5 [∇𝒖 + ∇𝒖𝑡]
and 𝒘f = 0.5 [∇𝒖 − ∇𝒖𝑡], respectively. The expression for the resistance
tensor coefficients in 𝛱 ′ and 𝛺′ are provided in the Appendix.

4 Assume the Jeffery traction to depend on the reference point. Then we
have 𝑻 j = ∫𝜕 �̄�P × �̃� 𝑑 𝑎 = ∫𝜕

[

�̃�P − �̃�C

]

× �̃� = ∫𝜕
�̃�P × �̃� 𝑑 𝑎

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
𝑻 j

−�̃�C × ∫𝜕
�̃� 𝑑 𝑎

⏟⏟⏟
𝟎

= 𝑻 j, see

Fig. 3 The result then proves 𝑻 j as independent of the reference point.
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Fig. 5. Gravitational settling of prolate spheroids with 𝜆 = 6 and volume-equivalent diameter 𝑑eq = 1 μm in vacuum. The initial orientation is 𝜑1 = −45◦ , 𝜑2 = 𝜑3 = 0◦. The
spherical inclusion has size of 𝑑s = 0.2𝑑eq, density ratio �̂� = 𝜌s∕𝜌e = 1.25 and is positioned at 𝑟s =

[

0.8 𝑎1 , 0, 0
]

. Note that the displayed position always denotes the geometric center
position (𝑥𝑖, 𝑖 = 1, 2, 3). Employed nondimensional parameters �̂�𝑖 = 𝑥𝑖∕𝑑eq , 𝑖 = 1, 2 and 𝑡 = 𝑡𝑣r ef∕𝑑eq. Here, 𝑣r ef is obtained using 𝑣r ef = 𝑡max𝑔, where 𝑡max = 0.1 s and 𝑔 = 9.81 m∕s2.
Comparison of: geometric center formulation, barycenter formulation, homogeneous ellipsoid (�̂� = 1).
3. Demonstrative examples

In this section, the equivalence of the formulations of the Eqs. ((26),
(27)) with respect to the geometrical center and with respect to the
barycenter is demonstrated on two simple cases.

3.1. Settling in vacuum

In our first validation case, we employ prolate spheroids that settle
in vacuum. Thus, the only force acting on the particle under investiga-
tion is gravity. Note that the direction of gravity is in the 𝑥2 direction.
As the conservation of angular momentum states, the momentum of
a rotating object does not change unless it is subjected to an external
torque. Consequently, both homogeneous and inhomogeneous particles
should preserve their initial angular velocity of zero. In this context,
we investigate both the geometric center formulation, as well as the
barycenter formulation, see Section 2.4. The density ratio of the spheri-
cal inclusions is set to �̂� = 𝜌s∕𝜌e = 1.25, where the homogeneous particle
density is 𝜌e = 2560 k g∕m3. The aspect ratio of the prolate spheroid is
chosen as 𝜆 = 6 and the volume-equivalent diameter of the particles
as 𝑑eq = 1 μm. The spherical inclusion is located at 𝑟s =

[

0.8 𝑎1, 0, 0
]

and has a diameter of 𝑑s = 0.2𝑑eq. The initial Euler angles are set to
𝜑1 = −45◦, 𝜑2 = 𝜑3 = 0◦.

As displayed in Fig. 5 (a–b), the trajectory of the homogeneous
particle is identical to that of the inhomogeneous particles (barycenter
and geometric center formulation). Moreover, we observe an excellent
agreement between the barycenter and geometrical center formulation.
As shown in Fig. 5 (c–d), the particle’s initial orientation is preserved
(no rotation during settling) while settling in vacuum as they are
initialized with a zero angular velocity and are not subjected to any
external torque during settling.
7 
3.2. Settling in air

Next, we examine inhomogeneous, prolate spheroids that settle in
air. The predominant forces acting on the particle under investigation
are therefore gravity and drag force. The particles used have the same
properties as in Section 3.1. With density 𝜌f = 1.208 k g∕m3 and kine-
matic viscosity 𝜈f = 1.491e-05 m∕s2 of air, we obtain a terminal velocity
of the corresponding homogeneous particle of 𝑣t = 7.7426e-05 m∕s
(see Eq. (14)), resulting in a maximum particle Reynolds number of
Rep max = 5e-06 ≪ 1.

As before, we compare both the center of gravity and the barycenter
formulation, where the position compared is always the geometric
center (𝑥𝑖, 𝑖 = 1, 2, 3). The following two initial orientations are
examined: 𝜑1 = ±45◦, 𝜑2 = 𝜑3 = 0◦.

As presented in Fig. 6 (a–d), we observe strong differences between
the homogeneous particle and the inhomogeneous particles (geometri-
cal and barycenter formulation) in both translational and orientational
dynamics. While the homogeneous particle travels in the observed time
𝑡 ≈ 5800 for 711 𝑑eq in 𝑥1, the inhomogeneous particle only reaches
133 𝑑eq in 𝑥1, see Fig. 6 (a). In addition, the inhomogeneous particle
travels 667 𝑑eq further in the direction of gravity, see Fig. 6 (b). These
differences in trajectory are caused by the altered particle orientation as
shown in Fig. 6 (c,d). As displayed, the homogeneous particle remains
in its original orientation during settling, while the inhomogeneous
particle aligns the longitudinal particle axis with the gravitational
direction, thus reducing the acting drag force. Moreover, we observe
a perfect agreement between the barycenter and the formulation of the
geometric center.

Next, we inject the particle with 𝜑1 = +45◦, 𝜑2 = 𝜑3 = 0◦ and
analyze the effects on the translational and orientational dynamics
due to an altered initial orientation. Fig. 7 (a,b) illustrates the strong
influence of the spherical inclusion on the particle trajectory, which is
a result of the change in the orientation dynamics of the particles, see
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Fig. 6. Gravitational settling of prolate spheroids with 𝜆 = 6 and volume-equivalent diameter 𝑑eq = 1 μm in air. The initial orientation is 𝜑1 = −45◦ , 𝜑2 = 𝜑3 = 0◦. The spherical
inclusion has size of 𝑑s = 0.2𝑑eq, density ratio �̂� = 𝜌s∕𝜌e = 1.25 and is positioned at 𝑟s =

[

0.8 𝑎1 , 0, 0
]

. Note that the displayed position always denotes the geometric center position
(𝑥𝑖, 𝑖 = 1, 2, 3). Employed nondimensional parameters �̂�𝑖 = 𝑥𝑖∕𝑑eq , 𝑖 = 1, 2 and 𝑡 = 𝑡𝑣t∕𝑑eq with 𝑣t for the homogeneous particle (�̂� = 1) from Eq. (14). Comparison of: geometric
center formulation, barycenter formulation, homogeneous ellipsoid (�̂� = 1).
Fig. 7 (c,d). As shown in Fig. 7 (c,d) (𝜑1 = +45◦), we observe a change
in the orientation dynamics between homogeneous and inhomogeneous
particles compared to Fig. 6 (c,d) (𝜑1 = −45◦), which is caused by the
modified initial orientation. However, regardless of the changed initial
orientation, the inhomogeneous particles reach a stable orientation of
the particle’s major axis at 𝑡 ≈ 4000 that coincides with the gravitational
direction. As displayed, the homogeneous particle remains again in its
initial orientation. Moreover, we observe a perfect agreement between
the barycenter and the geometric center formulation, also for the
altered initial position.

Taken together, both the barycenter and center of geometry formu-
lation are equivalent and are considered validated. In the upcoming
examples, only the geometrical center formulation is used for the
simulations.

4. Results and discussion

4.1. Influence of different inclusion densities

In the following, the motion of inhomogeneous prolate ellipsoids
with aspect ratio 𝜆 = 12 is investigated when settling in air. The
volume-equivalent diameter of the particles is set to 𝑑eq = 1 μm
(Rep max = 5e-06 ≪ 1) while the spherical inclusion for all considered
particles is located at 𝑟s =

[

0.6 𝑑eq, 0, 0
]𝑡 in the pFoR and has diameter

𝑑s = 0.2𝑑eq. The initial particle position is [0, 0, 0]𝑡 in the iFoR, while
the initial particle orientation is chosen as 𝜑1 = −45◦, 𝜑2 = 𝜑3 = 0◦.
For the inclusion, a density ratio �̂� = 𝜌s∕𝜌e in the range of �̂� =
[1, 1.25, 1.5 , 2 , 2.5, 5] is chosen. The particle is tracked for 𝑡 = 2 s.
Fig. 8 (a–d) presents both the orientation dynamics and translational
dynamics. As shown in Fig. 8 (a,b), the orientation dynamics is strongly
influenced by the inclusion density ratio �̂� = 𝜌s∕𝜌e. We observe that
the greater �̂�, the faster the particle aligns its long axis with the
gravitational direction and the faster the angular velocity decreases, see
Fig. 8(d). In addition, the faster the particle aligns with the direction
8 
of gravity, the less the particle travels in �̂�1 and the greater the settling
of the particle in �̂�2. Note that the motion in �̂�1 is a consequence of a
non-aligned particle as the drag force acting on the particle possesses
a contribution both in �̂�1 and �̂�2.

4.1.1. Influence of various aspect ratios with identical inclusion position
In the following we investigate the motion of inhomogeneous pro-

late ellipsoids of various aspect ratios, i.e. 𝜆 = 1.5, 3, 6, 12, when
settling in air. The volume-equivalent diameter of the particles is set
to 𝑑eq = 1 μm, while the spherical inclusion for all particles considered
is positioned at 𝑟s =

[

0.6 𝑑eq, 0, 0
]𝑡 in the pFoR and has diameter

𝑑s = 0.2𝑑eq. The initial particle position is [0, 0, 0]𝑡 in the iFoR, while
the initial particle orientation is chosen as 𝜑1 = −45◦, 𝜑2 = 𝜑3 = 0◦.
A density ratio 𝜌s∕𝜌e = 1.5 is employed for the spherical inclusion. The
particle is tracked for 𝑡 = 2 s.

As presented in Fig. 9 (a,b), all particles with inclusions (𝜌s ≠
𝜌e) reach the same final orientation, while the homogeneous particles
maintain their original orientation. We further observe that more elon-
gated particles take more time to reach the final particle orientation,
which is caused by an initial lower particle angular velocity, see
Fig. 9 (d). Note that the slower alignment of the long axis with the
gravitational direction directly affects the trajectory of the particle,
see Fig. 9 (c), where the more elongated particles travel significantly
farther in the �̂�1 direction. Here, we include two homogeneous refer-
ence ellipsoids with aspect ratio 𝜆 = 1.5, 12. Furthermore, Fig. 9 (c)
highlights that all considered inhomogeneous particles travel less in
the �̂�1 direction than their homogeneous counterparts. While the ho-
mogeneous particle with aspect ratio 𝜆 = 12 reaches �̂�1 ≈ 947, the
inhomogeneous particle with 𝜆 = 12 only travels up to �̂�1 ≈ 410.
Note that due to the alignment with the gravitational direction, the
considered inhomogeneous particles with 𝜆 < 6 travel less far in �̂�1
than the homogeneous reference ellipsoid with 𝜆 = 1.5.
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Fig. 7. Gravitational settling of prolate spheroids with 𝜆 = 6 and volume-equivalent diameter 𝑑eq = 1 μm in air. The initial orientation is 𝜑1 = +45◦ , 𝜑2 = 𝜑3 = 0◦. The spherical
inclusion has size of 𝑑s = 0.2𝑑eq, density ratio �̂� = 𝜌s∕𝜌e = 1.25 and is positioned at 𝑟s =

[

0.8 𝑎1 , 0, 0
]

. Note that the displayed position always denotes the geometric center position
(𝑥𝑖, 𝑖 = 1, 2, 3). Employed nondimensional parameters �̂�𝑖 = 𝑥𝑖∕𝑑eq , 𝑖 = 1, 2 and 𝑡 = 𝑡𝑣t∕𝑑eq with 𝑣t for the homogeneous particle (�̂� = 1) from Eq. (14). Comparison of: geometric
center formulation, barycenter formulation, homogeneous ellipsoid (�̂� = 1).

Fig. 8. Gravitational settling of homogeneous and non-homogeneous prolate ellipsoids with initial orientation 𝜑1 = −45◦ , 𝜑2 = 𝜑3 = 0◦ of various spherical inclusion density ratios
�̂�. The spherical inclusion is positioned at 𝑟s =

[

0.6 𝑑eq , 0, 0
]𝑡. Employed nondimensional parameters �̂�𝑖 = 𝑥𝑖∕𝑑eq , 𝑖 = 1, 2 and 𝑡 = 𝑡𝑣t∕𝑑eq with 𝑣t for the homogeneous particle

(�̂� = 1) from Eq. (14). Investigated �̂�: 1 (hom.), 1.25, 1.5, 2, 2.5, 5.

Powder Technology 452 (2025) 120424 
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Fig. 9. Gravitational settling of homogeneous and non-homogeneous prolate ellipsoids with initial orientation 𝜑1 = −45◦ , 𝜑2 = 𝜑3 = 0◦ of various aspect ratios (𝜆). The spherical
inclusion is positioned at 𝑟s =

[

0.6 𝑑eq , 0, 0
]𝑡. Employed nondimensional parameters �̂�𝑖 = 𝑥𝑖∕𝑑eq , 𝑖 = 1, 2 and 𝑡 = 𝑡𝑣t∕𝑑eq with 𝑣t for the homogeneous particle (�̂� = 1) from Eq. (14).

Homogeneous ellipsoid references with 𝜆: 1.5, 12. Inhomogeneous ellipsoids with 𝜆: 1.5, 3, 6, 12.
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4.1.2. Influence of various aspect ratios with varying inclusion position
In this example, the spherical inclusion size and density ratio is iden-

tical to the previous section, however, the inclusion positioned in the
pFoR is chosen as

[

0.8 𝑎1, 0, 0
]

and thus varies with changing particle
aspect ratio. By comparing Fig. 10 (a–b) to Fig. 9 (a–b) (Section 4.1.1),
we observe that for particles with an increased offset of the spherical
inclusion from the geometrical center, the alignment of the particle
long axis with the gravitational direction is reached significantly faster.
For example the particle with 𝜆 = 12 and particle inclusion at 𝑟s =
[

0.8 𝑎1, 0, 0
]𝑡 aligns its major axis with the gravitational direction at

𝑡 ≈ 4000, while the particle investigated in Section 4.1.1 with 𝜆 = 12 and
article position at 𝑟s =

[

0.6 𝑑eq, 0, 0
]𝑡 aligns at 𝑡 > 8000. This is also

highlighted by an increased particle angular velocity of the more elon-
gated particles such as 𝜆 > 1.5, see Fig. 10 (d) compared to Fig. 9 (d).
This faster alignment strongly impacts also the particle trajectory as
presented in Fig. 10 (c), where the inhomogeneous particles, due to
heir faster alignment with the flow, travel less in �̂�1 and further in �̂�2.

4.2. Effect of inclusion properties on the orientational motion

To study the overall effect of the inhomogeneity on the orientational
ynamics, a parameter variation of different aspect ratios, particle

inclusion positions, and inclusion diameters was conducted. A matrix of
imulations of the gravitational settlement of a particle with a constant
eq = 1 μm (Rep max = 5e-06 ≪ 1) for aspect ratios 𝜆 ∈ [1.5, 12], inclusion
adii 𝑟s ∈ [0.1𝑎2, 0.9𝑎2] and inclusion positions 𝑟s ∈ [0.1𝑎1, 0.9𝑎1] was
erformed for a non-dimensional time of 𝑡 = 500. The initial orientation
as the same as employed in the previous sections, i.e. 𝜑1 = −45◦,
2 = 𝜑3 = 0◦. The density ratio is kept at �̂� = 𝜌s∕𝜌e = 1.5 for
ll cases. The final orientation at 𝑡 = 500 is depicted in Fig. 11.

We observe a decreasing value of the direction cosine cos(𝑥1) with a
larger orientational change as the initial direction cosine was set to
cos(𝑥1) = 0.707. As demonstrated in previous cases, a small impact on
the rotation of particles with small inclusion diameters and increasing
aspect ratio is observed. Particles with large inclusion diameter and
10 
large inclusion offset are almost aligned to the gravitational direction
aving the direction cosine below cos(𝑥1) = 0.1. The highest density of

the isosurfaces in the direction of �̂�s causes the highest impact of the
onsidered variables on the rotational motion.

To better visualize the effect of these variables on the trajectory, sev-
eral plane sections of the 3D plot in Fig. 11 are created and presented
in the following. In Fig. 12 the final orientation for different inclusion
adii and offset for two aspect ratios of 6 and 12 is depicted. Comparing

both plots shows that the particle with a higher aspect ratio and the
same inclusion parameters rotates less. The higher slope of the contours
for small values of normalized inclusion position 𝑟s∕𝑎1 indicates a
greater impact on the rotation. We observe that the sensitivity of the
orientational dynamics on the inclusion position is increasing for larger
inclusions. Note that increasing the inclusion size, i.e. the inclusion
radius, impacts the trajectory stronger than enlarging the inclusion
ffset in the whole range.

Interesting observations are made when fixing the position 𝑟s∕𝑎1 of
the inclusion. Fig. 13 presents dependence of the final orientation on
the aspect ratio 𝜆 and normalized inclusion radius 𝑟s∕𝑎2. Shifting the
nclusion towards the top (𝑟s∕𝑎1 ↑) results in a faster rotation due to a

higher gravity torque which is in agreement with intuition. Analyzing
the shape of the contours yields that the relation between the aspect
atio and inclusion radius is almost linear. Thus, to maintain a constant
otational motion for a given inclusion position, the ratio between 𝜆 and
nclusion radius (𝑟s∕𝑎2) has to be approximately constant.

In Fig. 14 the final state of particles with equal normalized inclusion
ize 𝑟s∕𝑎2 for different aspect ratios and positions of the inclusion

(𝑟s∕𝑎1) are shown. As observed, a higher inclusion radius results in
a faster rotation, thus the values of the direction cosine are lower.
To obtain the same rotational motion with increasing aspect ratio the
nclusion must be shifted to the top along the contour lines. However,

note the nonlinear relationship.
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Fig. 10. Gravitational settling of homogeneous and non-homogeneous prolate ellipsoids with initial orientation 𝜑1 = −45◦ , 𝜑2 = 𝜑3 = 0◦ of various aspect ratios. The spherical
inclusion is positioned at 𝑟s =

[

0.8𝑎1 , 0, 0
]

. Employed nondimensional parameters �̂�𝑖 = 𝑥𝑖∕𝑑eq , 𝑖 = 1, 2 and 𝑡 = 𝑡𝑣t∕𝑑eq with 𝑣t for the homogeneous particle (�̂� = 1) from Eq. (14).
Homogeneous ellipsoid references 𝜆: 1.5, 12. Inhomogeneous ellipsoids 𝜆: 1.5, 3, 6, 12.
Fig. 11. Isosurfaces of cos(𝑥1) for 𝑡 = 500 visualized dependent on the aspect ratio 𝜆,
the normalized inclusion position 𝑟s∕𝑎1 and the normalized inclusion radius 𝑟s∕𝑎2.

4.3. Simple shear flow

Next, we insert a prolate spheroid of 𝜆 = 20 in simple shear
flow. Recall that simple shear flow has rotational (𝑤f ) and shearing
contributions (𝑑f ). Thus, the fluid velocity gradient ∇𝑢 can be expressed
as follows:

∇𝑢 =
⎡

⎢

⎢

⎣

0 �̇� 0
0 0 0
0 0 0

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

0 �̇�∕2 0
�̇�∕2 0 0
0 0 0

⎤

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

+
⎡

⎢

⎢

⎣

0 �̇�∕2 0
−�̇�∕2 0 0
0 0 0

⎤

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

, (48)
𝑑f 𝑤f
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where �̇� denotes the shear rate. We choose �̇� = +726 s−1 and investigate
two initial orientations, i.e 𝜑1 = ± 90◦, 𝜑2 = 𝜑3 = 0◦. In contrast
to the previous sections we will investigate the impact of the mass
ratios (inclusion size and density impact combined) on the translational
and orientational dynamics, which is defined as �̂� = 𝛥𝑚s∕𝑚e =
[0.05, 0.1, 0.15, 0.2] with 𝜌e = 2560 k g∕m3. The particle inclusion is
located at 𝑟s =

[

0.8𝑎1, 0, 0
]𝑡 and is of size 𝑑s = 0.15 𝑑eq.

As shown in Fig. 15 (a–d), the orientation dynamics of the pro-
late spheroids are strongly influenced by the inclusion density. It is
shown that the higher the spherical density inclusion, the longer the
time until the particle undergoes a full rotation. Thus, these particles
possess a smaller particle flipping frequency. Furthermore, Fig. 15 (a–
d) indicates that there is a critical particle mass ratio �̂�cr it in the
range of 0.1 < �̂�cr it < 0.15, where the particle nearly aligns with the
flow direction and no further particle flips are visible in the observed
time. This stable orientation could be identified as an equilibrium state
where the sum of all torques is zero. Moreover, we observe that for
particles with �̂� > �̂�cr it , the initial orientations of 𝜑1 = ± 90◦ lead to
identical particle orientation, thus the initial injection orientation of the
considered cases plays a negligible role for �̂� > �̂�cr it . Taken together,
particles with increasing �̂� drift away from the (homogeneous) Jeffery
orbit by exhibiting a significant effect on the period of rotation, until
finally reaching a stable orientation at �̂� → �̂�cr it . Thus (homogeneous)
Jeffery orbits are not able to describe the rotational dynamics of
inhomogeneous particles.

In the following, we investigate the dependency of the flipping time
𝑡f lipp of the particles on the spherical mass inclusion ratio �̂� = 𝛥𝑚s∕𝑚e
for four different aspect ratios (𝜆 = 10, 15, 20, 25), three different
inclusion diameters (𝑑 = 𝑑s∕𝑑eq = 0.075, 0.15, 0.3) as well a varying
inclusion positions on the particle semi-major axis ̂̃𝑟s1 = 𝑟s1∕𝑎1. Note
that in this linear shear flow example, we define the nondimension
flipping time depending on the shear rate �̇�, i.e. 𝑡f lipp = 𝑡f lipp∕𝑡r ef with
𝑡 = 1∕|�̇�|. As displayed in Fig. 16 (a,b), we observe that increasing
r ef
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Fig. 12. cos(𝑥1) for 𝑡 = 500 visualized in dependence on normalized inclusion position 𝑟s∕𝑎1 and normalized inclusion radius 𝑟s∕𝑎2 for aspect ratio 𝜆 = 6 (a) and 𝜆 = 12 (b).
Fig. 13. cos(𝑥1) for 𝑡 = 500 visualized dependent on the aspect ratio 𝜆 and normalized inclusion radius 𝑟s∕𝑎2 for the normalized inclusion position 𝑟s∕𝑎1 = 0.4 (a) and 𝑟s∕𝑎1 = 0.8 (b).
Fig. 14. cos(𝑥1) for 𝑡 = 500 visualized dependent on aspect ratio 𝜆 and normalized inclusion position 𝑟s∕𝑎1 for normalized inclusion radius 𝑟s∕𝑎2 = 0.3 (a) and 𝑟s∕𝑎2 = 0.6 (b).
p
t

0
2
l
𝜌

�̂� increases 𝑡f lipp significantly for all particles investigated. In addition,
we find that increasing the particle aspect ratio significantly reduces
he �̂�cr it , where 𝑡f lipp → ∞. Thus, a more elongated particle tends

to reach for lower inclusion masses a nonrotating state than a less
elongated particle with equal inclusion mass. Furthermore, we observe
that increasing 𝑑s and thus distributing the inclusion mass over a larger
volume (i.e. a smaller density), leads to an increase in 𝑡f lipp. Moreover,
we find that increasing the shift of the spherical inclusion from the
eometrical center of the particle leads to a strong decrease in 𝑡f lipp,
ee Fig. 16 (b).
t

12 
4.4. Laminar pipe flow

Next, we investigate the particle motion of an inhomogeneous
rolate ellipsoid in laminar pipe flow. The setup is consistent with
he setup employed in Wedel et al. [30] and Cui et al. [35]. The

circular channel has diameter 𝐷 = 4.2 mm and mean velocity �̄� =
.485 m∕s, [36]. The studied prolate spheroid has a density of 𝜌s =
560 k g∕m3 and aspect ratio of 𝜆 = 14 with semi-minor axis 𝑎3 = 0.5 μm
eading to 𝑑eq = 2.41e-06. The Reynolds number is Re = 137 (density
f = 1.208 k g∕m3, kinematic viscosity 𝜈f = 1.491 × 10−5 m2∕s). Note
hat 𝜌 ≫ 𝜌 . Furthermore, St k = 0.01 with characteristic particle
s f
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Fig. 15. Motion of prolate spheroidal ellipsoid (𝜆 = 20) in simple shear flow (�̇� = 726 s−1) with varying mass ratio of the inclusion. The spherical inclusion is of size 𝑑s = 0.15 𝑑eq
and the inclusion position is [

0.8𝑎1 , 0, 0
]

. The initial particle orientation is set to 𝜑1 = ± 90◦ , 𝜑2 = 0◦ , 𝜑3 = 0◦. The hydrodynamic torque acting on the particle in the initial
configuration is sketched using an orange arrow. Employed nondimensional parameter 𝑡 = 𝑡|�̇�|. Mass ratios �̂� = 𝛥𝑚s∕𝑚e: 0 (hom.), 0.05, 0.1, 0.15, 0.2.
Fig. 16. Influence of particle aspect ratios 𝜆, spherical inclusion size 𝑑in and inclusion position on the particle semi-major axis 𝑟s1 on the particle flipping time 𝑡f lipp. The homogeneous
density of the ellipsoid matrix is 𝜌e = 2560 k g∕m3 and the volume-equivalent diameter is set to 𝑑eq = 1 μm. Employed nondimensional parameter 𝑡 = 𝑡|�̇�| and �̂� = 𝛥𝑚s∕𝑚e. Studied
aspect ratios 𝜆 in (a): 10, 15, 20, 25 and particle inclusion size 𝑑 = 𝑑in∕𝑑eq: 0.075, 0.15, 0.3. Studied spherical inclusion position ̂̃𝑟s1 = 𝑟s1∕𝑎1 in (b):
0.9, 0.8, 0.7, 0.6, x 0.5.
response time 𝜏𝑝 = 0.046 ms. The initial position of the ellipsoid is set
to 𝑥2(0) = −1.65 mm in the plane 𝒆1 − 𝒆2 and its initial orientation is
chosen as 𝜑1 = −90◦, 𝜑2 = 𝜑3 = 0◦. At the initial particle position, the
flow vorticity is 𝜔f = 726 s−1. The initial velocity and angular velocity
of the particle are set to zero. Thus, we can estimate the maximum
particle Reynolds number of Rep max = 0.08. Note that this Rep max only
occurs directly at the beginning of the simulation as the initial particle
velocity is set to zero. Thus, throughout the simulation Rep ≪ 1 For
convenience, the setup is visualized in Fig. 17.

First, we compare the developed particle tracking of prolate el-
lipsoids with spherical inclusions with the numerical results of Tian
et al. [19] and Cui et al. [35] in the limit of homogeneous particles
(𝜌in = 𝜌hom) with aspect ratio 𝜆 = 14. As shown in Fig. 18, we achieve
a perfect agreement in the orientation dynamics with the reported
13 
results of Cui et al. [35], who assumed an average inflow velocity of
�̄� = 0.485 m∕s.

Next, we employ several mass inclusions with �̂� = 0 (hom.), 0.025,
0.05, 0.1 with inclusion diameter 𝑑s = 0.15 𝑑eq. To neglect the gravity
influence on the particle trajectory, the particle mass is kept constant
across all particles, i.e. when considering inclusions the homogeneous
mass is adjusted correspondingly.

As presented in Fig. 19 (a–b), the effect on the orientation dynamics
for the aspect ratio 𝜆 ≤ 14 is notable even for �̂� = 0.025. Furthermore,
we observe that with increasing mass ratio �̂�, the deviation of the par-
ticle orientation from the homogeneous ellipsoid reference increases,
which is consistent with our findings in Section 4.3. We observe that
0.05 < �̂�cr it < 0.1, as the particle with �̂� = 0.1 aligns with the flow
direction and no further rotational motion is observed.
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Fig. 17. Sketch of a circular tube of diameter 𝐷 = 4.2 mm and initial position of the inhomogeneous particle in the 𝒆1 − 𝒆2 plane. Note the exaggerated size of the suspended
prolate ellipsoidal particle for display purposes. The Reynolds number of the airflow is Re = 137 with average inlet velocity �̄� = 0.485 m∕s. The streamwise direction is in the 𝒆1
direction, while the gravitational direction points in the negative 𝒆2 direction. The particle is positioned at 𝑥2(0) = −1.65 mm out of the center plane in 𝒆2 direction with initial
orientation 𝜑1 = −90◦ , 𝜑2 = 𝜑3 = 0◦. The hydrodynamic torque acting on the particle in the initial configuration is sketched using an orange arrow.
Fig. 18. Particle orientation of homogeneous prolate ellipsoid (𝜌in = 𝜌hom) of 𝜆 = 14 of a prolate ellipsoidal particle in laminar pipe flow. Employed nondimensional parameter
𝑡 = 𝑡𝑣t∕𝑑eq with 𝑣t for the homogeneous particle (�̂� = 1) from Eq. (14). Reference results from the literature and present model: Tian et al. [19], Cui et al. (�̄� = 0.5 m∕s) [35],

Cui et al. (�̄� = 0.485 m∕s), [35], present model (�̄� = 0.485 m∕s).
ig. 19. Particle orientation of inhomogeneous prolate ellipsoids suspended in laminar pipe flow. Employed nondimensional parameter 𝑡 = 𝑡𝑣t∕𝑑eq with 𝑣t from Eq. (14) for the
omogeneous particle (�̂� = 0) with particle aspect ratio 𝜆 = 14. Investigation of spherical mass inclusion ratios �̂� = 𝛥𝑚s∕𝑚e with inclusion diameter 𝑑s = 0.15 𝑑eq and inclusion
osition 𝑟s1 = 0.8 𝑎1. Inclusion mass ratio �̂�: 0, 0.025, 0.05, 0.1.
s
3

Fig. 19 (c,d) shows the influence of the spherical inclusion on the
article trajectory. We observe that a particle with larger mass ratio
ravels further in streamwise direction (𝑥 ) and possesses a decreased
1 4

14 
ettling velocity in 𝑥2. For example, the particle with �̂� = 0.1 travels
788 𝑑eq further in 𝑥1 compared to the particle with �̂� = 0.05 and
846 𝑑 more than the particle without inclusion. The larger afloat time
eq
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Fig. 20. Sketch of the simplified bifurcation model with the diameter of the parent and daughter airways set as 𝐷 = 6 mm. The setup is consistent with the setup employed by
Feng and Kleinstreuer, [37]. The gravitational direction is in streamwise direction, i.e. in 𝑥1 direction. The bifurcation angle is set to 𝛼 = 60 ◦. Point A denotes the position of the
bifurcation carina. The total length of the bifurcation in 𝑥1 is denoted as 𝐿1, while the maximum width in 𝑥2 is denoted as 𝐿2.
𝑚

of particles with mass inclusions is directly connected to an increased
alignment time of the particle with the streamwise direction as the
drag component in 𝑥1 is decreased, while the drag component in 𝑥2
is increased. Taken together, the drift away from the (homogeneous)
Jeffery orbit towards extended rotational period due to �̂� ↑ significantly
affects the particle trajectory. We identified that a particle with mass
inclusion has a prolonged alignment time of the long axis with the flow
direction and thus exhibit a longer afloat time than the homogeneous
counterpart.

5. Bifurcation airway

The final validation case refers to a simplified 3D bifurcating airway
as used by Feng and Kleinstreuer, [37], with diameters of the main
and secondary airways 𝐷 = 6 mm and a branching angle 𝛼 = 60 ◦.
The Reynolds number is set to Re = 500, which (according to Zhang
et al. [38]) mimics normal breathing conditions in the third generation
of an airway. A sketch of the bifurcation model employed is shown in
Fig. 20.

In this validation, we analyze the deposition efficiency for different
Stokes numbers (St k) by considering prolate spheroidal particles with
an aspect ratio 𝜆 = 20, particle density 𝜌s = 2400 k g∕m3 and an inclusion
mass ratio of �̂� = 0, see Zhang et al. [38].

To compare our results to Zhang et al. [39], Feng and Klein-
streuer, [37], and our previous model for homogeneous particles, see
Wedel et al. [30], we assume a uniform inflow velocity and consider 104
randomly distributed prolate spheroidal particles with aspect ratio 𝜆 =
20. The fibers are injected with zero initial velocity and angular velocity
and with a random orientation at the parent inlet location. Considering
a maximum Stokes number of St k = 0.5, the largest investigated particle
volume equivalent diameter is 𝑑eq = 1.8e-05 m. With an average inlet
velocity of 𝑢in = 1.263 m∕s, we can approximate the maximum particle
Reynolds number as Rep max = 1.5. However, note that Rep max only
occurs directly at injection time (particles are released with zero initial
velocity) as the relative velocity between the fluid and the particle is
maximal. Thus, throughout the rest of the simulation Rep ≪ Rep max.

We assume that the particles are deposited as soon as a particle–wall
contact is established so that both impaction and interception (particles
come close enough to the wall so that a particle edge touches the wall
surface) deposition mechanisms are considered. The latter mechanism
is particularly crucial for highly elongated particles. In agreement with
Zhang et al. [39], it is assumed that non-deposited particles leave the
geometry after ten times the average residence time of the flow.

As shown in Fig. 21, we achieve excellent agreement in deposition
efficiency between our inhomogeneous particle model with �̂� = 0 and
the reference results (i.e. Feng and Kleinstreuer, [37] as well as our
previous model for homogeneous particles, see Wedel et al. [9]). Con-
sequently, we consider the novel inhomogeneous particle deposition
model validated for �̂� = 0 (homogeneous particles).
15 
Next, we investigate the influence of two different inclusion masses,
i.e. �̂� = 0.025 and �̂� = 0.05. The spherical inclusion is positioned at
𝑟s =

[

0.8𝑎1, 0, 0
]

and is of size 𝑑s = 0.15 𝑑eq. In this context, the initial
position and orientation of the injected particles are randomly gener-
ated but identical for all investigated cases (�̂� = 0, 0.025, 0.05). Note
that the particle mass is identical for homogeneous and inhomogeneous
particles, i.e. 𝑚e is adjusted accordingly. As presented in Fig. 21(b),
we observe nearly identical deposition efficiency DE for smaller Stokes
numbers St k ≤ 1. However, towards larger St k the mass inclusion starts
to impact the deposition efficiency, where an increase in �̂� leads to a
decrease in DE.

As observed, modifying the inclusion mass in the spheroidal particle
allows for influencing the rotational period leading to a prolonged
alignment time of the particle long axis with the flow direction as
̂ ↑. Thus adjusting the mass inclusion of the inhomogeneous particles
enables tuning of the overall particle deposition efficiency DE.

Next, we investigate the influence of particle inclusion (�̂� = 0.05)
on particle deposition location for various Stokes number values.

In Fig. 22 the local deposition fraction of the particles is plotted
against the streamwise (𝑥1) and spanwise (𝑥2) coordinates. As shown
in Fig. 22 (a,b), for St k = 0.1 the particle deposition in 𝑥1 as well as 𝑥2
is slightly influenced by the spherical inclusion, however, the general
average deposition location is nearly identical. The particle deposition
directly after the bifurcation carina A, see Fig. 22 (a), is slightly
reduced for inhomogeneous particles compared to the homogeneous
counterpart. This trend intensifies for increasing St k, see Fig. 22 (b,c)
for St k = 0.2. For St k = 0.5, the deviations between homogeneous
and inhomogeneous particles are strongly pronounced and the average
particle deposition of inhomogeneous particles is shifted to the front of
the carina.

In general, discrepancies in the deposition fraction of homogeneous
and inhomogeneous particles are observed, highlighting the importance
of accounting for altered mass distribution. Note that investigating
different inhalation regimes (such as cyclic inhalation under resistance)
causing a turbulent flow field or deploying a realistic geometry of the
respiratory tract are conjectured to lead to even higher discrepancies,
which is one of the scopes of our future work.

Taken together, employing inhomogeneous particles offers further
tuning parameter to control the motion and deposition of particu-
late systems. Thus, inhomogeneous particles can offer potential espe-
cially in the field of targeted drug delivery, as increased control over
particle motion and deposition can lead to an increased efficiency
(and thus decrease the side-effects) of the transported drug. Taken
together, we observe that modeling realistic particles requires the con-
sideration of mass distribution as non-homogeneous mass distribution
can significantly impact the particle translational and orientational
dynamics.
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Fig. 21. Deposition efficiency DE [−] in a simplified bifurcation for prolate ellipsoid with 𝜆 = 20. DE denotes the ratio of deposited particles to injected particles. Zhang
et al. [39], Feng and Kleinstreuer, [37], Wedel et al. [9], present model. Inclusions �̂�: 0, 0.025, 0.05 .
6. Conclusion

In this work we investigate kinematics and dynamics of inhomo-
geneous ellipsoidal particles suspended in viscous fluid. A spherical
inclusion models the inhomogeneity in a prolate spheroidal matrix. This
approach serves as an extension to the simplified model proposed by
Cui et al. [22], in which the coupling of rotational and translational dy-
namics was neglected in the geometric center formulation. The model
is developed in both geometric and a barycenter formulation and both
versions are validated by various test cases. First, the inhomogeneous
particle settling in vacuum is investigated resulting in excellent agree-
ment between the two formulations. Second, we investigate the settling
behavior in stagnant air, where we also observe excellent agreement
between the barycenter and the geometric center formulation. Thirdly,
we investigate inhomogeneous particles in laminar pipe flow, where
identical results to the literature reference were obtained in the limiting
case of equal density between ellipsoid and inclusion. We found that
a spherical inclusion significantly changes the orientation dynamics
of the particles, with the effect being strongly dependent on the size
of the inclusion as well as the offset between the barycenter and the
geometric center. Finally, we investigated the deposition of ellipsoids
with spherical inclusions in a simplified 3D airway bifurcation. We
found that inclusions can influence the deposition efficiency and the
local particle deposition location, especially for larger Stokes numbers
St k > 0.1. In this context, we observed that an increase in inclusion
mass ratio �̂� leads to a decrease in the deposition efficiency. In future
work, we aim to apply the novel inhomogeneous ellipsoid model to
more complex flows, such as flows within a realistic human lung replica
as well as gyrotactic swimmers suspended in turbulent flows. In this
context, the model enables the study of inhalation and deposition of
imperfect glass fiber particles.
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Appendix. Tensor coefficients for prolate spheroidal ellipsoids

In this work, without loss of generality, we focus on the study of
prolate spheroidal ellipsoids. For these particles, the tensor coefficients
of 𝑲, 𝜫 and 𝜴 can be determined analytically and are functions of the
particle aspect ratio (𝜆 = 𝜆1). The coefficients of the 𝑲 tensor read in
the pFoR as

𝐾 ′
22 = 𝐾 ′

33 =
16

[

𝜆2 − 1]3∕2
[

2𝜆2 − 3] ln(𝜆 +
√

𝜆2 − 1) + 𝜆
√

𝜆2 − 1
, (A.1)

𝐾 ′
11 =

8
[

𝜆2 − 1]3∕2
[

2𝜆2 − 1] ln(𝜆 +
√

𝜆2 − 1) − 𝜆
√

𝜆2 − 1
. (A.2)

To relate 𝐾 ′ to 𝐾, the resistance coefficient matrix in the iFoR, the
rotation matrix 𝑅 is used as

𝐾 = 𝑅𝑡 𝐾 ′ 𝑅. (A.3)

The tensor coefficients of 𝜫 and 𝜴 read in the pFoR as

𝛱 ′ = 16 𝜆
3

⎡

⎢

⎢

⎢

⎣

0 0 0
0

[

1 − 𝜆2
] [

ß2 + 𝜆2ß3
]−1 0

0 0 −
[

1 − 𝜆2
] [

ß1 + 𝜆2ß3
]−1

⎤

⎥

⎥

⎥

⎦

, (A.4)

𝛺′ = 16 𝜆
3

⎡

⎢

⎢

⎢

⎣

2
[

ß1 + ß2
]−1 0 0

0
[

ß2 + 𝜆2 ß3
]−1 [1 + 𝜆2

]

0
0 0

[

ß1 + 𝜆2 ß3
]−1 [1 + 𝜆2

]

⎤

⎥

⎥

⎥

⎦

,

(A.5)

by using the non-dimensional coefficients ß1, ß2 and ß3 defined by
Gallily and Cohen, [40], as

ß1 = ß2 =
𝜆2
2

+ 𝜆
2 3∕2

ln

[

𝜆 −
√

𝜆2 − 1
√

]

, (A.6)

𝜆 − 1 2[𝜆 − 1] 𝜆 + 𝜆2 − 1
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Fig. 22. Comparison of particle deposition distribution of homogeneous (�̂� = 0) and inhomogeneous (�̂� = 0.05) prolate spheroidal particles with aspect ratio 𝜆 = 20 in a simple
bifurcation geometry. Recall that 𝐿1 denotes the maximum length of the bifurcation in 𝑥1 direction (streamwise direction), while 𝐿2 denotes the maximum width in 𝑥2 direction,
see Fig. 20. Reference lines: location of point A, see Fig. 20. Mean particle positions: homogeneous particle, inhomogeneous particle.
ß3 = − 2
𝜆2 − 1 − 𝜆

[𝜆2 − 1]3∕2 ln

[

𝜆 −
√

𝜆2 − 1
𝜆 +

√

𝜆2 − 1

]

. (A.7)
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