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Highlights

• A new generic method for the computation of the Saffman-type lift forces

acting on a rigid particle in arbitrary non-uniform flows is presented.

• The method computes the shear-induced lift force taking into account also

non-streamwise flow shear.

• A novel shear-induced lift force model is developed for prolate spheroidal

particles by using this method.

• The accuracy and reliability of the proposed shear-induced lift model are

verified and validated in Poiseuille and lid-driven cavity flows by compar-

ing it with other Saffman-type lift force models.
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Abstract

The present contribution is the second part of a two-part research work present-

ing a generic method to extend lift force models that were originally devised for

single linear shear flow to arbitrary flow conditions. The method can be ap-

plied to the computation of lift forces exerted on prolate spheroidal particles (or

fibres) in arbitrary non-uniform flows. The method proposed in the Part I cal-

culates the lift force arising from the dominant streamwise flow shear. In Part II

the influence of the non-streamwise flow shear on the lift force is also taken into

account. The present method assumes that the particle slip velocity is parallel

to the fluid velocity along the particle trajectory. The novelty in the presented

method is the computation of the shear lift force model for prolate spheroidal

particles taking into account also non-streamwise flow shear. The accuracy of

the novel shear lift force model for prolate spheroidal particles is verified by

comparing it with the lift force model proposed in Part I via simulating the

axial migration of a prolate spheroidal particle in the Poiseuille flow. In order

to validate the ability of the present method for capturing the lift component
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arising from non-streamwise flow shear, the lift force model is compared with

established generalised Saffman-type lift models by simulating the motion of a

particle in lid-driven cavity flow. The computational results demonstrate that

the present lift force model for prolate spheroidal particles is applicable in flow

cases with streamwise and non-streamwise flow shear, even if some (reasonably

small) accuracy for the case of the streamwise-only shear is lost.

Keywords: prolate spheroidal particle, shear-induced lift force,

non-streamwise flow shear, Lagrangian particle tracking.

1. Introduction

The derivation of models of shear-induced lift force acting on non-spherical

particles in arbitrary non-uniform flow remains a challenging problem through

several decades. Saffman (1965, 1968) first derived a model of shear-induced

lift force acting on a spherical particle moving through a highly viscous fluid.5

Harper & Chang (1968) generalised Saffman’s calculation to arbitrarily shaped

three-dimensional (3D) bodies in linear shear flow by introducing a lift tensor

that is calculated via asymptotic methods. Fan & Ahmadi (1995) applied this

lift tensor to the calculation of the shear lift force acting on an axisymmetric

ellipsoidal particle in linear shear flows. However, the shear lift models listed10

above are only applicable for linear shear flows. Cui et al. (2018a) proposed

a computational method that can extend lift force models that were originally

derived for linear shear flow conditions to general flow conditions by performing

two coordinate rotations, facilitating the computation of the lift force from the

dominant streamwise flow shear. In general, it is unfortunately not possible to15

transform an arbitrary velocity gradient into a pure (linear) shear flow, since a

rotational flow (anti-symmetric tensor), or a pure deformational flow (symmetric

tensor, irrotational flow) have intrinsic properties that differ from each other.

However, if the particle Reynolds numbers considered are sufficiently small it is

reasonable to assume that the flow around a particle is linear and dominated20

by viscous forces (creeping flow approximation). In this framework, the method
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proposed by Cui et al. (2018a) can be used for the computation of Saffman-

type lift forces on particles through two coordinate transformations. The shear

lift force model for prolate spheroidal particles proposed by Cui et al. (2018a)

has been verified by means of numerical simulations of a particle moving in25

Poiseuille flow. However, in general flow conditions, as for example in the well-

known benchmark test case of lid-driven cavity flow, the non-streamwise shear

also plays an important role and should not be neglected when computing the

overall lift force on a particle. The present work aims to extend the shear

lift force model (Cui et al., 2018a), developed in Part I, for prolate spheroidal30

particles taking into account also the non-streamwise flow shear.

The paper is organized as follows. In Sect. 2, by taking into account the

non-streamwise flow shear, a novel shear lift force model for prolate spheroidal

particles is proposed by employing two coordinate rotations. In Sect. 3, the

accuracy and reliability of the proposed novel shear lift force model are verified35

and validated in Poiseuille and lid-driven cavity flows by comparing it with other

Saffman-type lift force models. The paper closes with conclusions.

Notation:. Tensors of various order are expressed in bold italic font, i.e. a

first-order tensor (vector) and a second-order tensor are denoted by A and

B, respectively. In a Cartesian coordinate system with base vectors ei (i =

x, y, z) they have the coordinate representation A = Aiei and B = Bijei ⊗
ej , respectively, whereby Einstein’s summation convention applies for repeated

indices. Ai and Bij are the coefficients of A and B, respectively, in the chosen

coordinate system ei. They may be arranged into coefficient matrices

A :=




Ax

Ay

Az


 and B :=




Bxx Bxy Bxz

Byx Byy Byz

Bzx Bzy Bzz




whereby bold non-italic font is used for coefficient matrices. Indeed A is a col-

umn matrix, the superscript T denotes transposition so that AT = [Ax, Ay, Az]

(a row matrix). In the sequel we restrict ourselves to the use of (local) Cartesian

coordinate systems ei and e′i that are related via rotation with rotation matrix
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V (or likewise by rotation tensor Q), i.e.

e′i = Vikek = [Vlkek ⊗ el] · ei =: Q · ei with Q = VT .

Without loss of generality we will thus only use the corresponding matrix ar-

rangements of tensor coefficients, whereby upon rotation of the coordinate sys-

tem ei, the corresponding coefficient matrices transform as

A′ = VA and B′ = VBVT .

2. The novel shear lift force model for prolate spheroidal particles40

Formal studies (Lighthill, 1956a,b; Auton, 1987; Auton et al., 1988; Crowe

et al., 2011; Sommerfeld et al., 2008) show that the shear-induced lift force is in

the direction of the cross product between the particle slip velocity (i.e. [u−v],

where u and v are the fluid velocity at the particle location and the particle

velocity, respectively) and the vorticity (i.e. w, where w := curlu is the fluid45

vorticity (curl of the fluid velocity) at the particle location). The unit direction

of the shear-induced lift force is defined in vector notation as

û =
[u− v]×w

|[u− v]×w| ≡ e∗z, (1)

and coincides (locally) with the base vector e∗z of the coordinate system e∗i

(i = x, y, z).

The present shear-induced lift force model is obtained by means of two co-50

ordinate rotations. As shown in Fig. 1, the first step is the determination of

the rotation matrix V∗, rotating the coefficient (column) matrix û into the

coefficient (column) matrix e∗z = [0, 0, 1]T

e∗z = V∗ û. (2)
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Figure 1: Illustration of the first and second coordinate transformations.

Here e∗z and û are the corresponding coefficient (column) matrices of the base

vector e∗z and the unit direction vector û, respectively. For the efficient con-55

struction of the rotation matrix V∗ to rotate one vector into another the method

of Möller & Hughes (1999) is used.

Note that û is the unit vector of the cross product between the particle

slip velocity and the vorticity. In other words, û is perpendicular to the plane

spanned by vectors [u − v] and w. Therefore, in the coordinate system e∗i ,60

[u − v] lies in the x∗-y∗ plane and the z∗-component of [u − v] is zero. In the

following we make a critical assumption:

Assumption 2. 1

The particle slip velocity is parallel to the fluid velocity, i.e. [u − v] ∝ u

or v ∝ u as illustrated in Fig. 2.65

In fact, Assumption 2 is one of the key assumptions of the celebrated Saffman

lift (Saffman, 1965, 1968; Stone, 2000). If the particle size is in the micro and

submicron range, Assumption 2 is usually satisfied since gravity plays only a

minor role with respect to other forces acting on the particle. Under such a

1In the present paper, the numberings of Assumption and Algorithm start from the second

and the third, respectively, in order to distinguish them from the numberings of the companion

paper Cui et al. (2018a).
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Figure 2: Illustration of Assumption 2.

condition, the fluid velocity in the coordinate system e∗i lies in the x∗-y∗ plane70

with its z∗-component being zero, i.e. u∗ = V∗ u = [u∗x, u
∗
y, 0]

T , where u∗ and

u are the corresponding coefficient (column) matrices of fluid velocities in the

coordinate systems e∗i and ei, respectively.

As shown in Fig. 1, the second coordinate rotation by the rotation matrix

V∗∗ rotates the coordinate system e∗i around the z∗-axis into a new coordinate75

system e∗∗i , so that the fluid velocity in the new coordinate system e∗∗i is in the

direction of e∗∗x :

e∗∗x = V∗∗
u∗

|u∗| , (3)

where e∗∗x = [1, 0, 0]T is the corresponding coefficient (column) matrix of the

base vector e∗∗x .

After two coordinate rotations, in the coordinate system e∗∗i , the particle

can be considered as moving in a linear shear flow u∗∗ = V∗∗ u∗ = [u∗∗x , 0, 0]
T

in the x∗∗-z∗∗ plane, with the corresponding shear rate being

|G∗∗xz −G∗∗zx| ,

where G∗∗xz and G∗∗zx are the coefficients of the velocity gradient tensor in the80

coordinate system e∗∗i , i.e. G∗∗, at the particle location and their indices denote

the index of rows and columns of G∗∗, respectively. G∗∗ can be calculated by

G∗∗ = V∗∗G∗V∗∗T , (4)
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with G∗ = V∗GV∗T , where G and G∗ are the corresponding coefficient ma-

trices of the velocity gradient tensor in the coordinate system ei and e∗i , respec-

tively.85

Therefore, in the coordinate system e∗∗i , the shear lift force can be calculated

by using lift models which are devised for linear shear flows. In the case of

prolate spheroidal particles, we take as an example the lift force model proposed

by Harper & Chang (1968) as a basis.

The novel shear lift force for prolate spheroidal particles is expressed as90

FSL = π2ρfa
2
√
ν l, (5)

where ρf , ν are the fluid density and fluid kinematic viscosity, a is the semi-

minor axis of the prolate spheroidal particle, and l is the coefficient (column)

matrix of the lift vector l, defined as

l =
√
|G∗∗xz −G∗∗zx|V∗T V∗∗T K∗∗ L∗∗xzK

∗∗V∗∗V∗ [u− v], (6)

where K∗∗ = V∗∗K∗V∗∗T with K∗ = V∗KV∗T , and K and L∗∗xz are the

corresponding coefficient matrices of the (geometric) resistance tensor of the95

prolate spheroidal particle K in the coordinate system ei and of the lift tensor

Lxz in the coordinate system e∗∗i , respectively. K is firstly defined in the

particle frame of reference and is then transformed into the inertial frame of

reference. In the case of spherical particles, K = K∗ = K∗∗ = 6 I. Details on

the calculation of K can be found in Cui et al. (2018a). L∗∗xz is calculated via100

asymptotic methods by Harper & Chang (1968) and is expressed as:

L∗∗xz =




A 0 B

0 C 0

D 0 E


 , (7)

where the coefficients of L∗∗xz are given as

A = 0.0501, B = 0.0329, C = 0.0373, D = 0.0182, E = 0.0173. (8)

The algorithm for calculating the shear lift force acting on a prolate spheroidal

particle is summarised as follows:

8
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Algorithm 3.105

1. Compute the rotation matrix V∗ by using Eq. 2;

2. Compute the rotation matrix V∗∗ by using Eq. 3;

3. Compute the coefficient matrix G∗∗ of the velocity gradient tensor by

using Eq. 4;

4. Compute the shear lift force FSL by using Eqs. 5 - 6.110

The accuracy of the present shear lift model depends on how close the flow

condition satisfies the conditions in the Assumption 2. This can be validated

by evaluating the angle between the particle slip velocity and the fluid velocity

along the particle trajectory, which is given by (in vector notation)

α = arccos

(
[u− v] · u
|[u− v]| |u|

)
. (9)

This angle is expected to be as small as possible if the conditions in the Assump-115

tion 2 are to be satisfied. Since accuracy requirements among simulation cases

are different, the maximum angle for using Algorithm 3 is not quantitatively

defined in the present study.

Remark (Difference between the lift models in Part I and II). The main differ-120

ence to the procedure in Part I is the starting point for the two-rotation method.

The lift model in Part I first aligns the fluid velocity with the streamwise direc-

tion and then two streamwise shear rates are compressed into one shear rate;

the present model first aligns e∗z with û, the unit direction of the shear-induced

lift force, and then rotates the coordinate system around the z∗-axis until the125

fluid velocity is in the direction of e∗∗x . Moreover, the lift model in Part I only

calculates the streamwise shear G∗∗xz, while the present model also takes into ac-

count the non-streamwise shear G∗∗zx.

9
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In Sect. 3, the novel shear lift model for prolate spheroidal particles is verified130

against the established generalised Saffman-type lift force model for spherical

particles proposed by Crowe et al. (2011), expressed here in vector notation as

FSL = 6.46ρfa
2
√
ν

1√
|w|

[[u− v]×w] . (10)

Moreover, previous studies (Miyazaki et al., 1995; Stone, 2000) show that the

lift tensor Lxz obtained by Harper & Chang (1968) has some (reasonable small)135

numerical discrepancy with respect to the mobility tensor proposed by Miyazaki

et al. (1995), which is obtained in the steady limit of a spherical particle moving

in arbitrary linear shear flow. To improve the understanding of the numerical

discrepancy between these two tensors, we implement the present method to

reconstruct the lift force model of Miyazaki et al. (1995) as follows:140

Algorithm 4.

1. Compute the rotation matrix V∗ by using Eq. 2;

2. Compute the rotation matrix V∗∗ by using Eq. 3;

3. Compute the coefficient matrix G∗∗ of the velocity gradient tensor by

using Eq. 4;145

4. Compute the shear lift force FSL as

FSL = 6πρfa
2
√
ν
√
|G∗∗xz −G∗∗zx|V∗T V∗∗T L∗∗m V∗∗V∗ [u− v], (11)

where the corresponding coefficient matrix of the mobility tensor given by

Miyazaki et al. (1995) is

L∗∗m =




0.327 0 0.944

0 0.577 0

0.343 0 0.0735


 . (12)

In the case of spherical particles, the z∗∗-components of the lift force induced

by the velocity difference in the x∗∗-direction calculated by the lift tensor and150

10
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the mobility tensor agree with the result of Saffman (Saffman, 1965, 1968), i.e.

36π2D = 6π × 0.343 = 6.46, which corresponds to the finding of Harper &

Chang (1968), Fan & Ahmadi (1995) and Miyazaki et al. (1995).

The above lift force models, as well as particle tracking algorithms pre-155

sented in Cui et al. (2018a), have been implemented into MATLAB® and

OpenFOAM®. The implicit Euler backward scheme was applied in both codes,

which were used in the computational studies for numerical verification and

validation of the novel shear lift force model.

3. Numerical verification and validation of the novel shear lift force160

model for prolate spheroidal particles in Poiseuille and lid-driven

cavity flows

3.1. Numerical verification of the transport of a prolate spheroidal particle in

Poiseuille flow

Under Assumption 2, in the coordinate system e∗∗i , only the x∗∗-component165

of the particle slip velocity is non-zero, i.e. [u∗∗ − v∗∗] = [u∗∗x − v∗∗x , 0, 0]T . In

the case of spherical particles, the coefficients B, C and E have no influence on

the lift force, and only the coefficients A and D make contributions to the lift.

It is important to understand the accuracy and the reliability of the present

shear lift model. In this section, the present shear lift model is compared with170

the shear lift model proposed in Part I (Cui et al., 2018a) in a Poiseuille flow.

The complete simulation setup of the Poiseuille flow has already been described

in Sect. 3.1 of Cui et al. (2018a), and thus will not be repeated here.

In the simulation of Poiseuille flow, the particles are placed at different cir-

cumferential positions in the pipe, whereby their radial distances to the pipe175

centreline are kept constant. In the present study, we use the most represen-

tative initial particle positions, e.g. P1 and P4 (with the detailed information

listed in Table 1 & 2 of the companion paper), as these two initial positions

can well capture the sequential transformations V∗ and V∗∗ for calculating the

11
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shear lift force (Cui et al., 2018a). Fig. 3 plots trajectories of a single spherical180

particle computed using different shear lift force models. Among these shear-

induced lift force models, the lift force model proposed by Cui et al. (2018a) is

considered as the benchmark model. This is because the generalised Saffman

lift only accounts for the lift induced by the relative motion between the fluid

and the particle in the streamwise direction (captured by the coefficient D), but185

neglects the inertia effect of the Stokes drag (captured by the coefficients A, C

and E, see Cui et al. (2018a) for more details) as well as the particle motion

in non-streamwise directions (captured by the coefficient B). As depicted in

Fig. 3, the difference between the present model and the benchmark model is

very small and is much less than the difference between the generalised Saffman-190

type lift force model proposed by Crowe et al. (2011) and the benchmark model.

This implies that the influence of the coefficients B, C and E on the particle

motion is small. However, the influence of the coefficient A on the particle mo-

tion is relatively large compared to the influence of other coefficients. In the

case of prolate spheroidal particles with the aspect ratio λ = 10 (where λ = b/a195

with b the semi-major axis of the prolate spheroidal particle), the discrepancy

in the computed radial position between the present shear lift model and the

benchmark model, as highlighted in Fig. 4, steadily increases along the particle

trajectory, which is to be expected due to the time marching integration scheme,

and can, therefore, be considered as acceptable. By changing the initial particle200

position from P1 to P4, the computational results between two initial particle

positions are identical (see Fig. 3 and 4), proving the validity of the sequential

transformations V∗ and V∗∗ for calculating the shear lift force.

3.2. Comparing the present model with direct numerical simulation results

To the best of our knowledge, there is no available data from the literature to205

validate the present model directly. The difficulty lies in the fact that, from both

the experimental measurement and direct numerical simulation (DNS) point of

view, the simulated or measured fluid dynamic forces are only one single fluid

force. Unfortunately, one cannot divide the fluid force into different contribu-

12
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Figure 3: Translational motion of a spherical particle in Poiseuille flow for different shear lift

force models and initial positions (tracking time: 50 s, time step: 10µs, Dp = 20µm).

0 5 1 0 1 5 2 0 2 5
0 . 0 0
0 . 0 2
0 . 0 4
0 . 0 6
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 P r e s e n t  m o d e l ,  P 1
 P r e s e n t  m o d e l ,  P 4
 C u i  e t  a l . ,  P 4

Figure 4: Translational motion of a prolate spheroidal particle in Poiseuille flow for different

initial positions and aspect ratios (tracking time: 50 s, time step: 10µs, λ = 10, Dp = 20µm).
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tion, such as the drag, the Magnus lift, the profile lift, the lift due to viscous210

force (i.e. Saffman-type lift) and the lift due to non-uniform pressure distribu-

tion around the particle. In most studies (Zastawny et al., 2012; Ouchene et al.,

2016; Sanjeevi et al., 2018), where the particle is fully-resolved, only the profile

lift of a stationary non-spherical particle in an uniform flow was calculated by

varying the angle of incidence and the Reynolds number.215

In order to obtain the shear-induced lift force one can calculate the differ-

ence in lift between a uniform flow case and a linear shear flow case. Although

the lift due to the non-uniform pressure distribution is also added up to the

final results, the lift will be dominated by the viscous force if the particle is

“small enough”. Hölzer & Sommerfeld (2009) calculated the lift force acting on220

a stationary sphere and spheroid in a linear shear Couette flow, and they found

that the lift acting on the particle is very sensitive to the distance between

the top and bottom walls, and in this case a good agreement with Saffman’s

solution cannot be obtained. Moreover, Saffman assumes that the particle is

free-rotating. Bagchi & Balachandar (2002) reported that the lift force for a225

free-rotating sphere in linear shear flow is larger than in the case of a stationary

particle, since the streamline patterns for these two cases are different. Mean-

while, when a particle is in a torque-free condition, the Magnus lift takes effect.

However, the Magnus lift can be neglected if Saffman’s assumptions are sat-

isfied (Saffman, 1965), i.e. Rep = Dp |u− v|/ν � 1, ReG = D2
p |G|/ν � 1230

and Rep � Re
1/2
G . As a consequence, it is computationally very expensive to

validate the present model by using DNS.

In this section, we first calculate the lift force of a free-rotating (without

translation) sphere in Poiseuille flow. The geometry and boundary conditions

as well as particle properties of the simulation are the same as used in Sect. 3.1.235

The intial particle location of P1 is considered. The DNS is performed by

using finite volume method based open source code OpenFOAM®. Fig. 5 plots

the mesh around the particle. In total 4.8 million cells are generated. The

dimensionless parameters used in this section are the drag and lift coefficients,

14
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Figure 5: The mesh around a fully-resolved free-rotating spherical particle.

being defined by240

cD =
FD,s + FSL,s

1
2ρf |u− v|2 π4D2

p

(13)

cL =
FD,p + FSL,p

1
2ρf |u− v|2 π4D2

p

(14)

where FD,s and FSL,s are the components of Brenner’s drag and the present

model, respectively, in the direction of the slip velocity, and FD,p and FSL,p are

the components of Brenner’s drag and the present model, respectively, in the

direction perpendicualr to the slip velocity.245

As shown in Fig. 6a, the drag coefficients calculated by the DNS and the

present model (i.e. FD,s + FSL,s) show excellent agreement. We observe a

small numerical discrepancy in lift coefficents calculated by the present model

(i.e. FD,p + FSL,p) and the DNS (see Fig. 6b). In addition, this numerical

discrepancy decreases with decreasing particle shear Reynolds numbers, which250

confirms the correctness of Saffman’s assumption.

As aforementioned, Hölzer & Sommerfeld (2009) calcualte the drag and lift

coefficients acting on a stationary spheroid in a linear shear flow. However, most

of their simulations do not satisfy Saffman’s assmuptions, only one simulation

case with Rep = 0.3, ReG = 0.096 and Re1/2G = 0.3098 is marginally acceptable.255

In this case, the aspect ratio of the prolate spheroid is 1.5. Fig. 7 compares

the lift and drag coefficients calculated by the present model and the Lattice

Boltzmann simulation results of Hölzer & Sommerfeld (2009). The shapes of

15
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Figure 6: Drag and lift coefficients of a free-rotating sphere moving in Poiseuille flow calculated

by DNS and the present model; a) Drag coefficient as a function of particle Reynolds number;

b) Lift coefficient as a function of particle shear Reynolds nubmer.
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curves of the drag and lift coefficients as a function of incidence angle for the

two results show a good agreement. The difference in drag between the two260

results is small and acceptable, whereas the lift coefficient calculated by the

present model is higher than the results of Hölzer & Sommerfeld (2009). This

is mainly because the assumption of Rep � Re
1/2
G is not satisfied. In addition,

Hölzer & Sommerfeld (2009) under predicted the Saffman lift since the size of

fluid domain has a large influence on the shear-induced lift.265

3.3. Numerical verification of the transport of a prolate spheroidal particle in

lid-driven cavity flow

The lid-driven cavity flow is a well-known benchmark problem for viscous

incompressible fluid flows. Tsorng et al. (2008) investigated the behaviour of

macroscopic rigid particles suspended in a fully three-dimensional viscous flow270

in a closed cubic cavity. Cui et al. (2018b) numerically calculated the flow field

by applying the same setup as used in Tsorng et al. (2008). The cavity is a cubic

domain with the edge length L = 0.1m. The fluid density is 1210 kg/m3, the

kinematic fluid viscosity is 17.3mm2/s, and with the upper wall velocity U0 =

0.0813m/s the flow Reynolds number is 470. The flow streamlines have been275

computed in Cui et al. (2018b). For convenience Fig. 8 reviews the computed

flow patterns.

The longitudinal plane y/L ≈ 0.4 (red line in Fig. 8b) was chosen for the

particle tracking because it features at its upper downstream corner an open

pathway linking the primary eddy to the downstream secondary eddy (Tsorng280

et al., 2008). The initial position of the particle is [0.5L, 0.4L, 0.95L]
T with

its primary axis b pointing in the z-direction. The initial particle velocity is

equal to the fluid velocity. The selected volume equivalent particle diameter is

Dp = 100µm, and the particle density is 2560 kg/m3. The fluid forces acting

on the particle are Brenner’s drag (Brenner, 1963) and the lift force due to285

various shear-induced lift force models (Miyazaki et al., 1995; Crowe et al.,

2011; Cui et al., 2018a). The hydrodynamic drag force proposed by Brenner

is applicable to the creeping flow regime (Stokes regime) with small Reynolds
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Figure 7: Drag and lift coefficients of a stationary prolate spheroid in a linear shear flow

calculated by DNS and the present model; a) Drag coefficient as a function of incidence angle;

b) Lift coefficient as a function of incidence angle.

18



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

Primary Eddy

Secondary Eddy

Figure 8: Numerically computed flow streamlines of a 3D lid-driven cavity flow in a cube;

a) the longitudinal plane y/L = 0.4; b) the central transverse plane x/L = 0.5; the red line

indicates the plane of particle tracking y/L = 0.4; U is the magnitude of the fluid velocity

(Re = 470, the dimension of the domain: L = 0.1m) (Cui et al., 2018b).

numbers (Fan & Ahmadi, 1995). The solution of Brenner is derived for a particle

approaching an infinitely extended solid boundary. However, in the lid-driven290

cavity, Brenner’s drag becomes incorrect when the particle moves close to the

corner. The major repulsive force acting on the particle may be due to the

corner singularity which was not taken into account by the solution of Brenner.

At the beginning of this section, the lift force acting on the particle along the

particle trajectory is only calculated but not taken into account when computing295

the trajectory of a particle. In this way, the particle trajectories are identical

for all computed cases which allowed us to evaluate and better understand the

differences between various shear-induced lift models. In addition, when the

particle approaches to the vicinity of the wall, the influence of the presence of

the wall on the shear-induced lift force is considered to be important. In the case300

of spherical particles, McLaughlin (1993) extended Saffman’s work to account

for presence of the walls. However, in the case of prolate spheroidal particles,

there are no available models so far. Therefore, we have not taken the wall effect

into account in this section.
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Figure 9: The translational motion of a spherical particle in lid-driven cavity flow (tracking

time: 4 s, time step: 10µs, Dp = 100µm).

The trajectory of a spherical particle moving in a lid-driven cavity flow, un-305

der the action of the Brenner’s drag and the gravity reduced by buoyancy, is

presented in Fig. 9. The total simulation time is 4 s. The numbers along the

trajectory in Fig. 9 indicate the particle locations at corresponding times and

the time intervals between two neighbouring points are identical (i.e. 0.2 s).

As the considered lift force models are all of the Saffman-type, in addition to310

Assumption 2, the Saffman’s assumptions of Rep � 1 and ReG � 1 as well

as Rep � Re
1/2
G are required. The computational results of these dimension-

less parameters along the particle trajectory of Fig. 9 are plotted in Fig. 10,

from which the conclusion can be made that the above three requirements are

reasonably satisfied.315

As aforementioned, the lift tensor (Harper & Chang, 1968) and the mobil-

ity tensor (Miyazaki et al., 1995) not only produce the lift component in the
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Figure 10: Time evolution of dimensionless parameters of a spherical particle moving in the

lid-driven cavity flow (tracking time: 4 s, time step: 10µs, Dp = 100µm).

non-streamwise direction but also yield the lift component in the streamwise

direction. On the contrary, the generalised Saffman lift by Crowe et al. (2011)

only calculates the lift in the non-streamwise direction. Therefore, the compar-320

ison of different lift models requires separating the lift force (i.e. FSL) into a

streamwise component (i.e. FSL,s) and a component that is perpendicular to

the streamwise direction (i.e. FSL,p). The magnitudes of FSL,s and FSL,p can

be calculated by

FSL,s =
FSL · [u− v]

|u− v| and FSL,p =
√
|FSL|2 − F 2

SL,s (15)

The computational results of lift components FSL,p and FSL,s by using dif-325

ferent shear-induced lift force models are plotted in Fig. 11 and 12, respectively.

A detailed comparison of different lift models leads to the following conclusions:

(i) Difference between the present model and the lift model of Miyazaki et

al.:

The present lift model takes the lift tensor proposed by Harper & Chang330

(1968) as a basis, whereas the generalised lift model of Miyazaki et al.
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(1995) uses the mobility tensor. Therefore, in the case of spherical parti-

cles, the difference between the two models lies in the difference between

the values of the coefficients of the two tensors. The computational results

of FSL,p between the two lift models shows an excellent agreement (see335

Fig. 11), since 6πD = 0.343, which is exactly the z, x-component of Lm.

In the streamwise direction, 6πA = 0.944 which is higher than the x, x-

component of Lm, leading to a numerical discrepancy in FSL,s as shown in

Fig. 12. However, the ratio between FSL,s and the Stokes drag is propor-

tional to ReG and is rather small (see Fig. 10). Therefore, this numerical340

discrepancy in FSL,s between the two models is reasonable small and does

not affect the particle motion.

(ii) Difference between the present model and the lift model of Crowe et al.:

The main difference between these two lift models lies in the calculation

of FSL,s. The lift model proposed by Crowe et al. (2011) does not take345

into account the FSL,s, whereas the present model calculates FSL,s by the

coefficient A in the lift tensor. As shown in Fig. 12, the computational

results of FSL,p of the two lift models show a good agreement. In fact, if

we replace |G∗∗xz −G∗∗zx| in Eq. 6 with the magnitude of vorticity (i.e. |w|),
the present model becomes identical to the lift model of Crowe et al. for350

calculating the FSL,p. Fig. 13 compares values of |G∗∗xz−G∗∗zx| and |w| along
the particle trajectory. The numerical discrepancy, originating mainly in

not satisfying the condition of Assumption 2, exists but is very small, as

can be depicted from Fig. 14, where a plot of the angle between the slip

velocity vector and the fluid velocity vector along the particle trajectory is355

presented. The maximum value reaches up to three degrees, however, since

the computational results by the present model agree well with the results

of Crowe et al., the magnitude of three degrees is acceptable. In addition,

Fig. 14 proves that the particle aspect ratio has insignificant influence on

the magnitude of this angle. Although the numerical discrepancy between360

|G∗∗xz −G∗∗zx| and |w| is very small (see Fig. 13), it is still an open question
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Figure 11: Time evolution of the lift component perpendicular to the flow direction of a

spherical particle moving in the lid-driven cavity flow for different shear lift models (tracking

time: 4 s, time step: 10µs, Dp = 100µm).

whether |G∗∗xz −G∗∗zx| can be replaced by |w| or not.

(iii) Difference between the present model and the lift model of Cui et al.:

In lid-driven cavity flows, the non-streamwise flow shear also plays an

important role. The differences in results between the present model and365

the lift model proposed by Cui et al. are obvious, meaning that the lift

model proposed by Cui et al. (2018a) is not suited for this situation.

In the case of prolate spheroidal particles, the particle rotates due to the

flow resistance and its primary axis b tends to align with the flow direction,

where the particle with this orientation angle experiences a minimum drag (Cui370

et al., 2018a). Under such a condition, as shown in Fig. 15, the magnitude of the

shear-induced lift force is actually increased since at this orientation angle the

cross-section area of the prolate spheroidal particle is the largest in the direction

perpendicular to the streamwise direction.

Finally, the influence of the shear-induced lift force on the particle trajectory375
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Figure 12: Time evolution of the lift component in the streamwise direction of a spherical

particle moving in the lid-driven cavity flow for different shear lift models (tracking time: 4 s,

time step: 10µs, Dp = 100µm).
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Figure 13: Time evolution of the shear rates at the coordinate system e∗∗i and the magnitude

of vorticity along the particle trajectory in the lid-driven cavity flow (tracking time: 4 s, time

step: 10µs, Dp = 100µm).
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Figure 14: Time evolution of the angle between the particle slip velocity and the fluid velocity

of a spherical particle in the lid-driven cavity flow (tracking time: 4 s, time step: 10µs,

Dp = 100µm).
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Figure 15: Time evolution of the lift component perpendicular to the flow direction of a prolate

spheroidal particle moving in lid-driven cavity flow for different aspect ratios (tracking time:

4 s, time step: 10µs, Dp = 100µm).
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is studied in Fig. 16. The entire simulation time is 100 s, and the time intervals

between two neighbouring points are 2 s. Fig. 16a plots the entire time range,

and Fig. 16b shows the time period between 80 s and 100 s in order to emphasise

the difference between the curves. Computation of the particle trajectory in this

case includes the action of the lift force on the particle. In the case of spherical380

particles, the influence of the shear-induced lift force on the particle motion

is weak but evident as shown in Fig. 16b. The difference in results between

the case without lift (black square) and the case using the lift of Crowe et al.

(purple sphere) is very small, meaning that the lift force caused by the coefficient

D plays minor role on particle trajectory. The influence of shear-induced lift385

force on the particle trajectory is mainly caused by the inertia effect of the

Stokes drag (i.e. diagonal components of the lift tensors) as illustrated by the

cases using the lift of Miyazaki et al. (olive triangle) and the present model

(red circle). Fig. 17 and Fig. 18 plot the magnitude of the shear rate and

the lift components (i.e. FSL,s and FSL,p) calculated by the present model,390

respectively, along the particle trajectory. FSL,s is proportional to the FSL,p

since in the case of spherical particles only the coefficients A and D of the lift

tensor are taken into account. By comparing Fig. 17 with Fig. 18, as expected,

the magnitude of lift components is largely influenced by the shear rate. In the

case of prolate spheroidal particles, the particle trajectory changes significantly395

when increasing the aspect ratio from 1 to 10. The particle tends to align its

major axis b with the flow direction. Under such a condition, the drag decreases

and the lift increases (see Fig. 15) due to the change of the cross-section area

with respect to the flow direction.

4. Conclusions400

The present paper proposes a novel shear-induced lift force model for prolate

spheroidal particles in arbitrary non-uniform flow, which takes into account the

non-streamwise flow shear and can be used for Lagrangian particle tracking.

The particle Reynolds number considered in the present study is very small
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Figure 16: The translational motion of a particle in the lid-driven cavity flow taking into

account the shear-induced lift force; a): time period 0 s − 100 s; b): time period 80 s − 100 s

(tracking time: 100 s, time step: 10µs, Dp = 100µm).
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Figure 17: Time evolution of the shear rates at the coordinate system e∗∗i and the magnitude

of vorticity along the particle trajectory; the spherical particle is tracked by including the

action of the lift force on the particle calculated by the present model (tracking time: 100 s,

time step: 10µs, Dp = 100µm).
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Figure 18: Time evolution of lift components of a spherical particle moving in lid-driven

cavity flow including the action of the lift force on the particle calculated by the present

model (tracking time: 100 s, time step: 10µs, Dp = 100µm).
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(creeping flow approximation), so that the flow around the particle is assumed405

to be linear and dominated by viscous forces. By employing two coordinate

rotations, the lift force in the coordinate system e∗∗i can be computed by using

any lift force model that is devised for linear shear flows. The first rotation

aligns the base vector e∗z with the lift direction [u − v] ×w. By assuming the

particle slip velocity is parallel to the fluid velocity (i.e. one of the Saffman’s410

crucial assumptions), the fluid velocity is perpendicular to the lift direction and

lies in the x∗-y∗ plane. Therefore, the second rotation around the z∗-axis is

adopted to align the fluid velocity (or the streamwise direction) with the base

vector e∗∗x , for which the lift model of Harper & Chang (1968) can directly be

applied.415

The accuracy of the present shear lift force model is verified by comparison

with the lift model proposed in Part I (Cui et al., 2018a), which is devised for

fluid flows dominated by streamwise flow shear, in the case of a Poiseuille flow.

In the case of spherical particles, the difference between the two lift models are

very small, implying that the coefficients B, C and E have much less influence420

on the lift than the coefficients A and D of the lift tensor (Harper & Chang,

1968). In the case of prolate spheroidal particles with λ = 10, the numerical dis-

crepancy between the two lift models increases but is still reasonably small. The

ability of the present lift force model for taking into account the non-streamwise

flow shear is validated by comparing it with an established generalised Saffman-425

type lift force model proposed by Crowe et al. (2011) in the 3D lid-driven cavity

flow. The lift components perpendicular to the streamwise direction produced

by the two lift models show a good agreement. In addition, we found that the

computational results for |G∗∗xz−G∗∗zx| along the particle trajectory are very close

to the results of |w|. However, it is still an open question whether it’s physically430

justified to replace |G∗∗xz−G∗∗zx| with |w| or not. Moreover, we found that the lift

model in the companion paper (Cui et al., 2018a) has a limited applicability for

the case of the lid-driven cavity flow. Only in fluid flows which are dominated

by the streamwise shear, the lift model in Cui et al. (2018a) is more accurate;

in other cases, it is advised to use the present shear-induced lift force model.435
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