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â

W ~f


 = W T


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âij; |âij| ≥ ζ
0; sicer

U FOL=I�U
V

� � ����, ,X������� ��� 7 �#_!����	���)���� �&%����&0 � � � .�� _�	�� �
ζ
L � ����, %��+��� )!�
,X� �
_ � ����� ��� ���
	 � ����,

��_!�
	���) � � � ��� ,-�6��	 ��� � * � ����� �
	������K�!Y ��� � . * � 7 � 7 � � ./,-�$���&%��/	��
)O� ��* �+���+,-�+�����K� L � �H��� ��	���� � ���
�&%O� � ��� � �&% �]��	�� � ����	��9,X	���m+��Ya�'� � �Z����	 � � .+�Z� 7 ��,X�-�&��,X��	 � 0+���/� � ,3������5 �87 � L "#	��+m��6Y ��� ��,-� 7���*
��_!�
	���) � � � Y ��� 	���.+� � 0+� ��* �
)�� ��� � � �
��� ��� ����� � Y .��6��� 7 � ���+m � � %������&0 � � � �O� � �
�+	�.�������� �&	��+%����
�]�[.��
_�	�� �

ζ
L b %����&0 � � � ��,X� ����Y %�� )!� _O	�� � %O�
���&0+��� � ���9%��+���+m _!�K��_O	���0+��� �&	���%O���
��� � �6)����
���O��� ��*

�&	��+%����
�]� � �&��� * ������,X���H���K� �q,-�6��	 ����� L � � 7 )^�
m

_!� �&_�	��+0��'�-�&	���%O���
���W��)����
������� ��* ��	���%��O�
��� �
�&��� * ������,X���H���K�[� ,[�Z��	 ����� % � ,-�+��. �87

N ×N
�

m =
1

N2

∑

i

∑

j
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∫

Ω
(~∇× ~ω)u?dΩ = −

∫

Γ
(~ωu?) × ~ndΓ +

∫

Ω
(~ω × ~∇u?)dΩ.
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c(ξ)~v(ξ) +
∫

Γ
~v(~n · ~∇)u?dΓ =
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Γ
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{
(~n · ~∇)~v − ~ω × ~n

}
dΓ +
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Ω
(~ω × ~∇u?)dΩ.
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� C Tb8 2|2 j C 4F6b?F<;<>698RT CXKFA ) K M CD' T C M&Z C 6P<�6 A ) C GP=:)5T3)�Z CB] 8R=:) ' ZP47)V= C j )F+ � 698 KkA 4\8R6-) �X� �W_E�G' < 2 C� �P_ �X� NPZ C 478[G-)VM CH' <>698RY>G-)t� �P_���� )V6m? C ZP4F< C GW=:)VT�Nb?F<�M CI'
∫

Γ
u?(~n× ~∇) × ~vdΓ =

∫

Γ
(~n× ~∇) × (~vu?)dΓ +

∫

Γ
~v × (~n× ~∇)u?dΓ.

� �P_ < �
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A 8[N KFK7C2' < j 8 ] ) ' <>4 j <�6PY>6P< j 8 KFA 8 ' Tb8 _�x C�'BKkA 8 ' )5M C <>6P8[Y>G C � �W_ < � ' � �P_����I]PC G-)5M C )56 A < j 4\8R= K T CC GP=:)5T C <>698RY>G�<lT3)V6P<�Me8 A )VT[<RgWT�)�6P< 'BK <�GPNb?F< CB]K'XCB]PCL' U6) A 4 CXKFA 6P< j 8M)56 ' 4 A )V6PY�6P< j 8aZ C =@?78 C

c(ξ)~v(ξ) +
∫

Γ
~v(~n · ~∇)u?dΓ =

∫

Γ
~v × (~n× ~∇)u?dΓ +

∫

Ω
(~ω × ~∇u?)dΩ.
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)V6�6P8 A\C 2 8p<�T K ZP=4)VQ�) A 6-)�) 2 4\8[Y�NP6�U-) A 4 C[KFA ) '+C GPM C Y3?FN _

� )V6 A < j 4\8[= K T3) <>6P8[Y>G6)&� �P_ON[� 698 KkA\C ZP8b? C�A 8[T C 4 C GP66)|T CRA�C GPM C Y�6-)()56 A < j 4\8R=:) _ � 8 A7C ?F< 2 8
ZP47<�U CB]�]PC�] ) K T�47< A 6P< C GW=:)VTR<aZ C[A 4F<>GP6 C�] ) K T�47< 2 ) A )V4\8 A )#4 C G )56 C GPM C Y3?F<p6P8�4 C GP6P<p<>=5<>M&<>6 A <M)V6
6 C[A 4\8[6�?F<lQ�<>=4)VQ�< _ ¦ C G

Γ
4\8 2 ] <>=4)VM C 698

E
4 C GP66)VU�<�=V<�Md<�6 A\C2'

Γe
g C GPM C Y¢?F<

Ω
Z98p4\8 2 ] <�=:)VM C 698

C
C GPM C Y>6-)5U�Q�<>=4)VQ

Ωc

2
Γ ≈

E∑

e=1

Γe, Ω ≈
C∑

c=1

Ωc.
� �P_ . �
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c(ξ)~v(ξ) +
E∑

e=1

∫

Γe

~v(~n · ~∇)u?dΓ =

E∑

e=1

∫

Γe

~v × (~n× ~∇)u?dΓ +
C∑

c=1

∫

Ωc

(~ω × ~∇u?)dΩ.
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i

)V6 A <�47Z C =V8[Q�)S? K T3)VM=)��DNP6WT[Q�)@?78RM ) C

~v =
nr∑

i=1

~v
i
NR

i , ~ω =
no∑

i=1

~ω
i
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i ,
� �P_�� ���

T>?F<>4 KkA 8
nr

)56
no
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c(ξ)~v(ξ) +
E∑

e=1

nr∑

i=1

~v
i
(∫

Γe

NR
i (~n · ~∇)u?dΓ

)
=

E∑

e=1

nr∑

i=1

~v
i ×

(∫

Γe

NR
i (~n× ~∇)u?dΓ

)
+

C∑

c=1

no∑

i=1

~ω
i ×

(∫

Ωc

NO
i
~∇u?dΩ

)
.
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� 2 j C 476b?7)9<>698[Y�G-) K7ClA 47)@?F< A )VZ-)F)56 A < j 478[= C2'�_w� 'BK <�Ul?F<")V6 A < j 4\8[6 ]&CB]6'XCB] �DNW6 ] 8[M&<>6 A 8[=56P<I47<�J*) A7' <Z C M&6 C :�<>6 2 )56 A <>47Z C =H8[Q�)@? K T C �DNP6PT[Q�)@? C )V6�<�6 C[A7K T C 6 C 47Md8[= CW_E� 4F< ] 6 CXKFA ) )56 A < j 4\8R= C2'£KFCdCB]6' ) K 6P<K 8RM CdCB] 4\8RY>NP6 K T[<OMd4F<>:�<D)V6 ) 2 GP4\8R6-)VU )V6 A <�47Z C =V8[Q�)S? K T�)5U��DNP6PT[Q�)S? _ `wC 47<¢?E?7)5Uz=V8[UPT C ) 2 478[Y�NP698[M C
' 698[ZP4F<¢?�gbZP47< ] 2 8[Y�< A T C M ) A <�4\8 A ) ' 6P< j 8)Z CXKkA\C ZPT�8Wg K Tb8 A <>47)VM 47<�J7Nb?F<�M C 6P<>=4)V6P<>8[47<�6 K ) KFA <>M <>698[Y�G _
1 6 A < j 478[=V<¥6P8 ' 8 ] 6 C )VM&<>6�Nb?F<>M C hi,e

g ~ht
i,e

)V6 ~di,c

C

hi,e =
∫

Γe

NR
i (~n · ~∇)u?dΓ, ~ht

i,e =
∫

Γe

NR
i (~n× ~∇)u?dΓ,

~di,c =
∫

Ωc

NO
i
~∇u?dΩ.
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� 8=) 2 478[Y>NP6 )V6 A < j 4\8[= CL'£K M C NPZ C 478[G-)V=4) A 8[N KFK7C2'XC )56 A < j 478[Q�)S? CM' Z C =H8[4F6 CpA 4\8R6 K � C 4FM )54\8R6P<>M 2 8bª
Z6) K N _�� Z C 4\8[G-)5=:) K M C 8R= j C 4*) A <>M�ghT3) j 8l?F< C Z6) K 8R=��y8 j 8[4 ����� $Bg � �[�b� _O� 6 C2' )5M=) C 2 698[Y�G98[M=) 2 8
)56 A < j 478[=V<a� �P_�� $ ��] ) K T�4F< A 6 CdC GP=:)5T C <>698RY>G�<lT3)V6P<�Me8 A )VTR<¥ZP4F<>Z-)5J7<�M CI'

c(ξ)~v(ξ) +
E∑

e=1

nr∑

i=1

~v
i
hi,e =

E∑

e=1

nr∑

i=1

~v
i × ~ht

i,e +
C∑

c=1

no∑

i=1

~ω
i × ~di,c.
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¦ C GP6-) Z C j C ?7) ZP4*) ) 2 4\8[Y�NP6-)VUhgIT3) K7C G-)V=4) C ZW4\8 ' =S?F<>6-) 'sA <>M ] <�=VNyg K7C ZP4F< ] Z6) K 8R698�U-) A 4 CXKkA
6P8 4 C GPN _ �;8 G-) ]PC G-)5=:)o6P< K )V6 j NP=H8R47<>6 K ) KkA <>M <>698RY>G 2 8 4 C GP6P< ' 4 A )V6WY>6 CXKkA )m� r T[<�4 j < A < A 8[= _ g��� $ �>�H� M C 4\8RM C NPZ C 4\8RG-) A ) A 8R6 j <>6 A 6 C+C GP=:)5T C <�698[Y�G�< _m¤ 698RY>G C � �W_5�����,' <>T A\C 4 K T C Z C Md6 C :�)5M C2 <�6 C[A7K T C 6 C 47Md8[= CD' ) 2 'XC 4F6-) A\C Y T�) C

c(ξ)~n(ξ) × ~v(ξ) + ~n(ξ) ×
E∑

e=1

nr∑

i=1

~v
i
hi,e =

~n(ξ) ×
E∑

e=1

nr∑

i=1

~v
i × ~ht

i,e + ~n(ξ) ×
C∑

c=1

no∑

i=1

~ω
i × ~di,c.
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6P8 ]6' < ] )VM&<>6 2 )@?7) _z` <�T C Y�)V6P8 A <>Y�< ' 478 ' 6-)56-)

x − y
_}� K M&<>4*)

z
K ) C GPM C Y¢?F<eZW47< ]WKFA 8 ' =@?78[M C

6W< K T C 6PY>6 C J*)V4 C T C g A 8RT Cl] 8�) 2 A < K M&<>4*)P6-) ' ZP=4) 'XC2' )V6 'OA <3? K M&<>4*)P6-)9T C M&Z C 6P<�6 A < U-) A 4 CXKFA )
vz =

0
_Ix <�4 6-) K ZW47<>M&<>MOG	U-) A 4 CXKkA ) '

z
K M&<�4*) ' <>=S?78 ∂vx

∂z
= 0

)56 ∂vy

∂z
= 0

)V6 KIA <>M 2 8[478 ] ) ] <�f96-)VQ�)@?F<
' 4 A )V6WY>6 CXKkA ) � ?F<¥<>6P8[Tb8p4 CRA\C 4 ?FN�U-) A 4 CXKFA ) � N j CRA\CL' )5M C g ] 8M)5Md8 ' 4 A )V6WY>6 CXKkA CB] 6-)5Y¥4\8 2 =:)5Y>6 COK 8[M C
z
T C MdZ C 6P<>6 A\C

~ω = (0, 0, ωz) = ω
)V6a? C =V8[UPT CdC GP478 ' 698 ' 8[M C T CRA|K Tb8[=V8[4 _ x <�4 C GP4\8 ' 698 ' 8RM C

U6) A 4 CXKFA 6P8a4 C GWNygb?F<¥N j CB] 6 CI' Z�<>=@?78 A )h6 C 4FMe8[=56 C vn = nxvx + nyvy
)56 A 8[6 j <>6 A 6 C vt = nxvy −

nyvx
U-) A 4 CXKkA�_~n 8 A 8[6WY>6P<3?F< K M C 6 C 47Md8[= C )V6 A 8[6 j <�6 A7C@' Z�<>=S?78[=:) ' ZP47)V= C j ) + � 698 KFA 4\8[66) �X���W_` N ] ) ' <>T A7C 4?)V6 A < j 4\8[= C2' ~ht )VMd8 '&]K' <>U ] )VM&<>6 2 )@?78RU K 8[M C <>6 C T C M&Z C 6P<�6 A7C 4\8 2 =:)5Y>6 ClCB] 6-)5Y")V6

j 8pG C M CaC GP4\8 ' 698 ' 8[=:)yT CRA K Tb8R=H8[4 ht
_

x C�' <>T A\C 4 K T[<IZP4 CB] NPT A < ' <�698[Y�G-)/� �P_5�>��� ) 2 4\8[Y�NP698RM C )V6 ? C Z C <>6 C[KFA 8 ' )VM C('m]6' < ] )VM&<>6 2 )@?7)ig
]WC G-)5M CaK 8[M C <>6 C 6P< A 4*) ' )H8[=56 C ) 2 Z C =V6b?F<�6 C <�698[Y�G C )V6 K )VQ�<>4 '

z
K M&<>47) C

c(ξ)vt(ξ) +
E∑

e=1

nr∑

i=1

vi
thi,e = −

E∑

e=1

nr∑

i=1

vi
nh

t
i,e +

C∑

c=1

no∑

i=1

ωi(nxd
x
i,c + nyd

y
i,c).
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' 4 A )V6WY>6 CXKkA ? C Z C Q><>=5<>M C GPM C Y¢?FN _ x C ) 2 'XC 476 C�A\C Y T C

ξ
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E · nr
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' 4 A )56PY>6 C[KFA ) ' C GWM C Y3?FN )56 6P8�4 C GPN _
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ωi
i∈Γ → {ωΓ} g ] 47N j ) Z98 K 8[M C ' 4 A )V6PY�6 CXKFA ) '�C GPM C Y¢?FN ωi
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[DΓ]{ωΓ} = ([C] + [H]) {vt} + [H t]{vn} − [DΩ\Γ]{ωΩ\Γ}. � �P_�� < �
� 8 A 4*)VTR<=)56 A < j 4\8R= C2' [DΓ]

g
[C]

g
[H]

8[6 ]
[H t]
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CB] J A < ' )5=H8 C GPM C Y>6-)5U '[C 2 =4)VJ7Y _on 8 ] 47N j ) KkA 4\8R6-)P?F<lMe8 A 4*)5Tb8 [DΩ\Γ]
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) 2 'XC 4766) A\C Y T3) )V6p698 A7C 2 <>= C U-) A 4 C Z98 ] 8�? CP_#` 8RT C ZP4*)5Y�8[T�Nb?F<�M C g ] 8lG C Me8 A 4*)5Tb8�)VM&<>=V8 2 <>= C�' <>=:)5T[<
' 47< ] 6 CXKkA )y698 ] )H8 j C 698[=4) )V6 2 <>= C Md8�?FUP6P<;698 CXKFA 8[=V<�M ] <�=VN _Ex <�4 K7Cp� 8X8[4 CL' ) ' 8[=5Y!T3) KkA\C ZW6-)VY>8 KFA <
�DNP6PT[Q�)@?F<Rg 2 <�= Cp]PC GP4 C&C Z6)VJ7<3? C U-) A 47< K ZW47<>M&<�MaG�< '�' <>=:)5T CXKFA )y<>=5<>M&<>6 A\CL'�' Me8 A 4*)5T�) _

n 8b?IG C
W

Me8 A 4*)5Tb8 ' 8[=5Y>6P< A 4\8[6 K � C 4FMe8[Q�)@?F< 2 8 ' <�T A\C 4 ?F<mZ C =S?FNPGP6-)5U ]WC =V:�)V6 _)¦ 8 2 =V8 j 8Wg9T�8[T C? C�K < KFA 8 ' )5M C )56uT�8[T C�A 4\8[6 K � C 47Md8[Q�)@? C 6�NPM&<>47)VY>6 C ) 2 ' < ] <>M C g�?F<�Z CB] 8[698 ' Z C j =H8 ' ?FN � )56 '¦ 8 ' 6-)VTO< A 8[= _)� 1 < � _Ex <>4y?F< ZP4 CB] NPT Ae' 8R=VY>6W< Md8 A 4*)VT[< )V6&6b?F<>6W< A 4\8R6 K Z C 66)V4\8R6PT[< <>698[TI) ] <>6 A ) A < A )ig
' <>=S?78

[DΩ\Γ]{ωΩ\Γ} = W T (W [DΩ\Γ]W T

︸ ︷︷ ︸
[D

Ω\Γ
W

]

W{ωΩ\Γ}). � �W_5�LN[�

� 8[=5Y>6 CpKkA ) K 6b?F<>6 C Me8 A 4*)5T C )56 A < j 4\8R= C2'

[D
Ω\Γ
W ] = W [DΩ\Γ]W T � �P_�� . �

) 2 4\8[Y�NP698[M C�K 8[M C <>6WTB478 A g#ZP4F< ] 2 8[Y>< A T C M ) A <�4\8 A ) ' 6P< j 8�Z CXKFA7C ZPTb8 _	�wC 8RG K7C =5N A 66) ' 4F< ] 6 CXKFA )Md8b?FUP6W< <�=V<>M&<>6 A < ' Md8 A 47)VT3)
[D

Ω\Γ
W ]

=V8[UPT C 2 8R6P<>Md8[4*)5M C g�6P< ] 8LG-) ) 2 4\8 2 ) A7C Z C[K =H8RGPJ\8[=4)§698 A 8[6PY!ª
6 CXKkA Me8 A 4*)5Y>6 C ' <�T A\C 4 K T[< j 8¥ZP4 CB] NWT A 8 ' <>698[Y�G-)/� �P_��LNX��_#� 4F< CXKkA 8[= C g K < ] 8�?J) 2 ZP478 2 6b?F<�6 C Md8 A 47)VT C
)V6 A < j 4\8[= CL' g 2 8[Z6)VJ7<�M C 2 M&< A7CB]PCeKFA 476b?F<�6-)VU ' 4 KFA )5Q _|�wCB] 4 C GP6P<3?F< K M C M&< A\CB]WCeKFA 4F6b?F<>66)VU ' 4 KFA )VQC Z-) K 8[=4) ' ZW4*)V= C j )G+ ��� 698 KFA 4\8[6-) �����W_� 8R=VY�6 C�KFA ) K 6b?F<>6�ZP4 CB] NPT A Me8 A 4*)5T[< 2 ' <�T A\C 4 ?F<>M ?F<aZ C[A 47<>GW6 C ) 2 ' < KkA )EM&< ]0'«K 8[T C ) A <�4\8[Q�)@? C
6P<�=:)V6W<�8[4F6P< 2 8R6PT[< _�� ZP4*)5Md<�4D?78 ' ) 2 M&6 C :�<>6b?F<�M Z C =V6W<o6P< KkA ) K 6b?F<>6W< Md8 A 4*)5T[< 2 ' <>T A\C 4 ?F<>M ' 8[=VY�6-)
) 2 4\8[Y�NP6 2 8[U A < ' 8«g#Z C =V< j M&6 C :><>6�?78�ZP478 2 6P<&Me8 A 4*)5T[< 2 ' <>T A\C 4 ?F<>M�gwJ7< ]6' 8 ]PCB] 8 A 698�ZP4 CB] NWT A 8ZP4\8 2 6-)5U Me8 A 4*)5T 2 ' <>T A\C 4 ?F<>Md8�ª ' 8[=VY�6 C A 4\8R6 K � C 4FMe8RQ�)@? C ' <>T A\C 4 ?78 ' 4 A )56PY>6 C[KFA )

W{ωΩ\Γ} )56
P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



� . ���������	��

�	�������	�������

C GP4\8 A 6 CH' 8R=VY>6 COA 4\8R6 K � C 4FMe8RQ�)@? C 2 M&6 C :>T�8 KFA ) K 6b?F<>6P<¥Md8 A 47)VT[< 2 ' 8[=5Y>6 COA 4\8[6 K � C 47M=)V478[6 C ' 4 A )V6WY�ª
6 CXKFA ? C

W T ([D
Ω\Γ
W ]W{ωΩ\Γ}) _�n 8 ' T�=@?FNPG A <�MaNhg ] 8~M C 4\8RM C ) 2 ' < KFA ) A 4*)�Md6 C :><�6b?78~ZP4\8 2 6-)5UMd8 A 4*)VT 2 ' <�T A7C 4D?F<�M	gq?F<eJ A < ' )5= C Z C[A 4F<>GP6-)5U C Z�<>478[Q�)S?LJ7< ' < ] 6 C@' <>=4)VT C Me8[6�?FJ7<[g�T CRA ZP47) <>6P<�M

ZW4 CB] NPT A N�Z C =V6P<OMe8 A 4*)5T[< 2 ' <�T A7C 4D?F<�M _m`wC 47<¢? ' 8[=5Y>6 C+KFA ) K 6b?F<�6�Md8 A 47)VY�6 C�' <>T A\C 4 K T3) ZP4 CB] NPT A g
Z C =V< j ) 2 4F< ] 6W< j 8pZW4*)VUW4\8[6PT�8aZ C Md66)V=56-)5T�8WgWZW4*)V6W< K < A N ] )�4\8RUP= CaK T�478b?FJ78[6b?F<l478[Y>NP6 K T[< j 8dY>8 K 8 _

� Y�)V6PT C2' ) A\C[KFA9' 8[=VY�6 C�KkA ) K 6b?F<�6P< j 8 ) 2 4\8[Y�NP698�ZW4 CB] NPT A 8 � �W_5�LN[�;K M C�]PC Tb8 2 8[=:)J)V6^ZP4F< ' <�4*)V=4) 'Z C j =H8 ' ?FN � 698aZP4*)5Md<�4*)5U+=V8[M )�698[4F6-)5U A7C T C2' ZP4*) ' ) K7C T[<>M ¦ <��B6 C = ]WK7CL' <>M�J A < ' )5=VN _
x C 6PY�698 ] ) K T�47< A 698 C GP=4)VTb8d<�698[Y>G�<aT3)V6W<>Md8 A )5T[< 2 8 ) 2 478[Y>NW6~4 C GW6-)VU ' 4 A )V6PY�6 CXKFA )#698£Z CB] =V8 j )

' 8[=VY�6 CaA 4\8R6 K � C 4FM )54\8R6P<|M&< A\CB] <�4 C GP6-)5U�<�=V<�Md<�6 A7CL'£K < j =V8 K )

[DΓ]{ωΓ} = ([C] + [H]) {vt} + [H t]{vn} −W T
(
[D

Ω\Γ
W ]W{ωΩ\Γ}

)
.

� �P_5�Z1��
� 8a47<>J7) A < '�K ) KFA <>Md8p=4)V6P<>8[476-)5U+<>698RY>G�� �P_5�Z1��)K M C NWZ C 4\8[G6)V=:) ] )547<�T A 6-) K7C = ' <>4 2�2 j C 476b?F< K Z CB] 6b? C� 8 �|�p] <>T C M&Z C 2 )VQ�)@? C � � 47< K7K < A 8[= _ � . 1b� �!_ x <>4 K < K ) KkA <>M K T�8�Md8 A 4*)5Tb8

[DΓ]
6P< K ZP4F<>M=)V6b?78Wg

K ) KkA <>M ZP8eM C 4\8[M C 47<�J*) A ) ' <>Y KFA7C[A ) K7C Y T�4\8 A g�) 2 ' < ] <>M C 8 � ] <>T C M&Z C 2 )VQ�)S? CdK 8[M C <>6WTB478 A ZP47< ]
) A <�4\8 A ) ' 6-)5M Z C[KFA\C ZPT C M�)V6 A 8RT C&]PCXK <>:><�M C g ] 8;?F<�4\8[Y�NP6 K T�)/Y>8 K 2 8p47<>J7) A < '+K ) KFA <�Md8pT�478b?FJ7)�T C[A
Y>8 K g9Z C[A 47<�G�<>6 2 8M) 2 478[Y>NW6 ' <>T A7C 4D?78p698 ] < K 6-) KkA 478[6-) K ) KFA <>Md8 _

�+��� � ()-/.d0�" # .m$�*)$+��� ( ��(I' (I$a-/."! �o" (I$�"l*��^. # �>$+(I' "¥-/� # (
� M&< A7CB]PC 4 C GP6-)VU�<>=V<�M&<>6 A7CL'�K M C <�698[Y�G C T3)56P<>Md8 A )5T[<£47<>J7)V=4) 2 8^4 C G _�` 8[T C Z C 2 698[M C~A 8RT C
U6) A 4 CXKFA T C[A>' 4 A )56PY>6 CXKFA 698I4 C GPN _wn 8 K =V< ] 6b?7)XT C 478[T ' 8[= j C 47) A MmNt?F< ) 2 4\8RY>NP6�U-) A 4 C[KFA ) ' 6 C[A 478[6b? CXKkA )C GPM C Y¢?78 A N ] ) K Z C M C Y¢? C <>6P8[Y>G�<+T3)56P<>Md8 A )VT[< _ � < A\CB] 8}4 C GP6-)5U�<>=5<>M&<>6 A\C2'�C Z-) K 8[6P8 2 j C 4\8�?�g2£2 698[66)VM=) ' 4F< ] 6 CXKFA M ))6P8~4 C GPN C M C j C Y>8z<>T K ZW=:)5Q�) A <>6 ) 2 4\8RY>NP6�U-) A 4 CXKkA ) '�C GPM C Y¢?FN _ �y8R= A 82 8[U A < ' 8dMd8 A 4*)VT C )56 A < j 4\8R= C2' ' <>=4)VT CXKkA )yT ' 8 ] 478 A"'BK <�U 'XC 2 =4)VJFY _ � 47) ' <�Y¢?7)5U	M&47<>:>8[Uyg9T3)«?7)VU�G C M CNWZ C 4\8[G6)V=4) '£A <>M ] <�=VNygb?F< A 8[T�) 2 478[Y>NW6�6P<�) 2 ' < ] =@?7) '�_

�wC T C M&Z C 6P<�6 A 8RU 2 8[Z-) K 8[6P8p<�698[Y>GP8&T3)V6P<�Me8 A )VT[<t?F< �wC ) K7K7C 6 CL' 8p<>698[Y�G98 2 8 K Tb8R=H8[4F6 C Z C =@?F< _
x <�4 K M C ' 47< ] 6 CXKkA );698 4 C GPN ) 2 4\8[Y�NP698[=4) K Z C M C Y¢? C M&< A7CB] <z4 C GP6-)VU�<�=V<>M&<>6 A\C2' g#?7)5M =H8RUPT C
ZW47< ] Z-)VJF<>M C � )V4*)5Q UP=V< A\CL' <e4 C GP6P<+Z C j C ?F< _�¤ 698[Y�G�< 2 8 '«K 8[T C T C MdZ C 6P<>6 A\C Z CXK <�G�<¢?a47<�J*)VM C 2M&< A\CB]PC T C 6PY>66)VU�<>=V<�Md<�6 A7CL'�_+x <�4LG C M C	�wC ) K7KFC 6 CL'XC <�698[Y>G C 2 8 K Tb8[=V8[476 C Z C =@?F< '~A <�M ] <>=5N
4F<>JF< ' 8R=:) ' <>Y T�4\8 A g K M C ) 2 Z�<�=@?78 'XC 2 8&Z C =S?FNPGP6 C&K T�8[=H8[4F6 C Z C =@?F<�Z CB] 8R=:) ' ZW4*)V= C j )�+ � $«g§698 KkA 4\8R6-)��� $ _

c Z C M=)V6 K Tb8 2 8[U A < ' 6 C[KFA M&< A7CB] <zT C 6PY�6-)VU <>=5<>M&<>6 A\CL' 4\8 KkA <z=:)V6W<�8[4F6 C K J A < ' )V= C M 'XC 2 =4)VJFY[g
2 8 A\C ? C =H8[UPT C NPZ C 4\8RG-)VM COA N ] )�ZP47) 2 <�= C j CXKkA )5U�Md4F<>:>8[U _

�+�3� � $�"L* �	" �+ #(I$+. ��" !& �-/�>$�*)$+. ��-/�
¤ 698RY>G98pZP47<�6 CXK 8 ' 4 A )56PY�6 CXKFA )t�
$ _]N $ �

∂~ω

∂t
+ (~v · ~∇)~ω = (~ω · ~∇)~v− Ra

PrRe2
~∇× T~g+

(
1

Re
+ νsgs

)
∇2~ω+ (~∇× ~ω)× ~∇νsgs

� �W_ $ �X�

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�P_ �«_9¤ 6P<>4 j )@? K Tb8p<>6P8[Y>G98 � 1

Z CL' < 2 Nb?F<Of9= A 4*)V478[6 C ' 4 A )V6WY>6 C )V6}U-) A 4 C[KFA 6 C Z C =S?F< _l¦ <>J7< ' 8[=4)�? C G C M C�'z]6' <>U ] )VM&<>6 2 )S?78[U _ 132 ª
G�<>4F<>M C g ] 8 A\C T A <>Y�< ' 4\8 ' 66)V6-)

x− y
)V6 ] 8 j 478 ' ) A 8[Q�)S? K T3)yZ C[K Z�<>JF<>T ] <�=VNb?F< ' 6W< j 8 A ) ' 6 CpK M&<>4

y � ~g = (0,−1)
_I� 8[478 ] ) ] <�f96-)5Q�)@?F< ' 4 A )56PY>6 CXKFA ) )5Me8 '+A <�MvZW4*)VM&<>4FN ' <>T A\C 4 ' 4 A )V6WY>6 C[KFA ) CB] 6-)VY

4\8 2 =:)5Y>6 C T C M&Z C 6P<>6 A\C£K 8[M C�'
z
K Md<�4*) _98 8[UPT C ? C£C GP4\8 ' 698 ' 8[M C T C[A¥K Tb8[=V8[4

ω
_�� 47)#ZP4F<>U CB] N

698 ]K' < ] )5Md<�6 2 )S?7) N j C[A\C2' )VM C g ] 8@)VMd8z<�698[Y>GP8s� �P_ $ ��� 6P< A 4*) ' )H8[=56 CzK 8RM C <�698[Y�G C0' z K M&<>47) _{ Z�<>4\8 A\C 4¥698RGP=H8l?F< ]6'XCB] )5Md<�6 2 )S? K T3)
� ~∇ = (∂/∂x, ∂/∂y)

_ � =5<>6yg/T3)E4\8 2 A < j Nb?F<M)56 ' 4 A ) ' 4 A )56PQ><
(~ω · ~∇)~v

CB] Z98 ] < _ � 8 ] 6b?7)yY>=5<>6�698 ] < K 6-) KFA 4\8[66)�Z98;?F< '£]6' <>U ] )5Md<�6 2 )S?78[U+<�698[T

(~∇× ~ω) × ~∇νsgs =




0
0

∂ω
∂x

∂νsgs

∂x
+ ∂ω

∂y
∂νsgs

∂y


 =




0
0

~∇ω · ~∇νsgs




� �P_ $ ���

c£A <�M K <
z
T C M&Z C 6P<�6 A 8a<>698RY>G�<e� �W_ $ �X� 2 8RZ-)VJF<
∂ω

∂t
+ (~v · ~∇)ω =

Ra

PrRe2

∂T

∂x
+
(

1

Re
+ νsgs

)
∇2ω + ~∇ω · ~∇νsgs.

� �P_ $ $ �
¦ < �B6 C = ]PK7C2'XC J A < ' )5= C ?F<dT C 6 KFA 8R6 A 8Wg 2 8 A7C 2 8 ] 6b?78 ]6' 8	Y>=5<>698�698 ] < K 6-) KkA 4\8R6-) 2 j C 476b?F<d<�698[Y�G�<=H8RUPT C 2 ] 47NP:�)VM C )V6 ]PC G-)VM C

∂ω

∂t
+ (~v · ~∇)ω = ~∇ ·

[
(

1

Re
+ νsgs)~∇ω

]
+

Ra

PrRe2

∂T

∂x

� �P_ $ ���
K T�8[=H8[4F6 Cm] )5�DN 2 )@? K T C 8 ]6' <>T A ) ' 6 C Z98[4FQ�)V8[=V6 CL] )5�D<�47<>6WQ�)V8[=V6 C <�698[Y�G C 2 8RTBNWMaNW=H8[Q�)@? K T�)5M )56+8 ]6' <>TXª
A ) ' 6-)VM Y>=5<>6 C M 6P8l=V< ' )F)V6 ] )��DN 2 )S? K T3)VM Y>=V<�6 C M A <�4 ) 2 'XC 4*)9698 ] < K 66) KFA 478[6-) _E¤ 698RY>G98)?F< 2 8[Z6) K 8R698
2 8 ]K' < ] )VM&<�6 2 )S?7)ig ' 4 A )V6WY>6 CXKkA ?F< K T�8[=H8R4>g A <�:�8pZ98 ] <>=5Nb?F< ' 6P8 K ZP4 C[A 6-) K M&<>4*) CXK )

y
_

� j C 476b?78 ] )��DN 2 )S? K T C 8 ]6' <>T A ) ' 698¥ZP8[47Q�)H8[=5698 ] )5�D<�47<>6WQ�)H8R=V698 <>698RY>G98t?F<)Z C Y�=V<�6-)VU 2 <>= C Z CB]PC GP698<>6W<>4 j )@? K T3)h<�698[Y>G6) gWT3)�? C G C M CmC G ] <�=H8[=4) K Z CB] 8�? _t{ G�<|G C M C 47<�J*)V=4) 2 Md< A\CB]PC T C 6WY>6-)5U+<>=V<�M&<>6«ªA\C2' g 2 8 A7C£K M C 4F<>J7< ' 8[6�?F< ] )5�DN 2 )@? K T[<O8 ]6' <�T A ) ' 6P<OZ98[4FQ�)V8[=V6W< ] )��D<>47<�6PQ�)V8[=56P<L<�698[Y>G�< 2 8eZ C =S?FNPGP6 C
K T�8[=H8[4F6 C Z C =S?F< 2 Md< A\CB]PC T C 6PY>66)VU�<>=5<>M&<>6 A\CL'£C Z-) K 8[=:) ' ZP4*)5= C j )G+ � � 698 KkA 478[6-) � � N«_

����� � $+() ��L� � � # " (I$�"L*���"
` N ] )�<>6P<�4 j )S? K T C <>6P8[Y>G C �
$ _]N[���

∂T

∂t
+ (~v · ~∇)T =

(
1

RePr
+ αsgs

)
∇2T + ~∇T · ~∇αsgs.

� �P_ $ ���
2 8RZ-)VJF<>M CI'+]6' <�U ] )5M&<>6 2 )@?78[U )56m? C ZP47< C GP=:)5T�Nb?F<>M C

∂T

∂t
+ (~v · ~∇)T = ~∇ ·

[
(

1

RePr
+ αsgs)~∇T

]
.

� �P_ $ �X�
'dK T�8[=H8[4F6 Cm] )5�DN 2 )@? K T C T C 6 ' <�T A ) ' 6 C ZP47<�6 CXK 6 C <>698RY>G C 2 8 A <>M&Z�<>4\8 A NP4 C � �W_ $ �X��_ � =5<>66) K7C <>698[T[<
C GP=4)VT[< T C[A Y�=V<>66) ' ZP4F<>6 CXK 6-)h<>698RY>G-) 2 8 ' 4 A )56PY>6 CXKFA � �P_ $ ��� g 2 8 A\C ?FN C ZP4\8 ' )VY><�6 C =H8[UWT C 47<�J7Nb?F<�M C
698p<�698[T£698[Y�)56 K Z C M C Y¢? C M&< A7CB] <�T C 6WY>6-)5U	<�=V<�Md<�6 A7CL'�_ � < A7CB] 8;?F<�Z CB] 4 C GP6 C&C GP4\8 2 = C :><�698 '
ZP4*)5= C j )G+ ��� 698 KFA 478[6-) � � N«_

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�X� ���������	��

�	�������	�������

�+��� �§�� #"L*�%�$ -W��" # " $�"  w.L��% � ' ()-/.&0+.  w.L��$+��� ( ��(I' (I$a-/."!
` =V8[T ' U-) A 4 C[KFA 6 C ' 4 A )V6PY�6P<>M 2 8[Z-) K N�6-) ] <>= K ) KkA <>Md8z<�698[Y�G _ � <+698 K 2 8R6-)VMd8Wg j 8z4\8[Y�NP698[M CC G�T C 6PQ�N�6P<>=4)V6P<>8[476W< 2 8[6PT[< 2 8aY�8 KFCL' 6-)�T C 4\8[T ) 2 f9= A 4*)54\8R6P< j 8mU-) A 4 C[KFA 6P< j 8H)56 A <>M&Z�<>478 A NP4F6P< j 8Z C =@?78 _�` =V8[Y�698a<>698[Y�G98	�
$ _ �[��� ?F< �wC ) KFK7C 6 C2' < j 8 A )5Z98 _ 132 Z�<�=@?78 'XC )56 A < j 4\8R= K T[< C GP=4)VT[< �wC ) K7KFC 6 CL' <<�698[Y�G�<��5+ �[�X_5� $ �aK M C Z C2' 2 <>=4) Z C % 4 C GW=VN ����� $ �"' ZP4*)5= C j ) + �X� 698 KkA 4\8R6-) � $ . _ � 8 A =V8[Y�6 C
<�698[Y�G CdK < 2 8RZ-)VJF< C

c(~ξ)p(~ξ) +
∫

Γ
p(~n · ~∇)u?dΓ =

∫

Γ
u?(~n · ~∇)pdΓ −

∫

Ω
(~∇ · ~fp)u

?dΩ.
� �P_ $/< �

{ GPM C Y�6-)�Y>=5<>6 ' <>698[Y�G-) � �P_ $/< � ZP47< C GP=:)5T�Nb?F<>M C+K Z C M C Y¢? C�' <>T A\C 4 K T[<d<�698[T CXKkA )
(~∇ · ~fp)u

? =
~∇ · (~fpu

?) − ~fp · ~∇u? )V6 A 8[N KFK7CL' < j 8 KFA 8 ' Tb8z� +9$ _����e'

c(~ξ)p(~ξ) +
∫

Γ
p(~n · ~∇)u?dΓ =

∫

Γ
u?(~n · ~∇)pdΓ −

∫

Γ
~n · ~fpu

?dΓ +
∫

Ω

~fp · ~∇u?dΩ.
� �P_ $ NX�

� 8R4\8 ] ) ] <�f96-)5Q�)S?F<z�
$ _ �«� � g�T3)tZW4\8 ' )ig ] 8O?F<
fp
<>698[T j 4\8 ] )V<�6 A N A =V8[Tb8Wg ' <>=S?78�698�4 C GPN C ~n · ~fp =

(~n · ~∇)p
)V6 K A <>M K <m4 C GW698 )V6 A < j 4\8[=V8p698 ] < K 66) KFA 4\8[6-)�<>6P8[Y>G�<�� �P_ $ NX�oCB] J A <¢?F< A 8 _;x C 6PY>8[M C 2<�698[Y�G C

c(~ξ)p(~ξ) +
∫

Γ
p(~n · ~∇)u?dΓ =

∫

Ω

~fp · ~∇u?dΩ.
� �P_ $/. �

¦IC GP66))Z C j C ?�g T3) K M C j 8~NWZ C 4\8[G6)V=:)tZP4*) ) 2 Z�<>=S?78 ' )igq?F< ]PC T C 6 KkA 8[6 A <�6P< ]WC = C Y�<>6 _�` N ] ))4 C GP66)
)56 A < j 478[= ' <>698RY>G-)t� �P_ $/. � ?F< ]PC T C 6 KFA 8R6 A <�6P< ]WC = C Y�<>6yg9T�8[4 ]PC T�8[:><�M C 2 A 8[N K7K7C2' )VM KFA 8 ' T C M

∫
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~∇ · ~v = 0, ~v = ~∇× ~ψ,
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~∇× ~v = ~∇× (~∇× ~ψ) = ~∇(~∇ · ~ψ) −∇2 ~ψ.
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vx =
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, vy = −∂ψ

∂x
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nxvx + nyvydΓ.

� �P_ � $ �
c~A <>M K M C	K T�8[=H8[4F6-) �wC ) K7KFC 6 C2' ) <>698RY>G-) 2 8 A\C T C2' 6 C �DNP6PT[Q�)@? C ZP47< ] Z-) K 8[=4)t�()54*)5Q!UW=V< A7CL' <p4 C GP6P<
Z C j C ?F< _l¦ <>J7)VM C ? C 2 Md< A\CB]PC T C 6WY>6-)5U^<�=V<�Md<�6 A\C2' gyT C[A¥K M C£C Z-) K 8R=:) ' ZP47)V= C j )W+ � $e698 KkA 4\8R6-)��� $ _

�+��� � � �L.� #��-w' �� #(��/( !¥"l$(��"
n <>=4)V6P<>8[47<�6 K ) KkA <>M <�698[Y�G K M C 2 6�NPMd<�4*)5Y>6-)5M )�M&< A7CB] 8[M=)BZP47< C GP=:)5T CL' 8[=:) ' ' <>YoM&< ]WK <>G C ?F6 C¥CB] ª
' ) K 6-)5UO=:)56P<�8[4F6-)5U K ) KkA <>M C2' <>698RY>G _�x <�4 KFC <>6P8[Y>G�< CB]K' ) K 6P< ] 47N j 8 CB]O] 47N j <)ZP4F<>T C¥] )5�DN 2 ) ' 6 C[KFA )ig
' ) K T C 2 6 CXKkA ) )V6 ) 2 'XC 4766)VU^Y>=5<>6 C2' gW?F<&Z CRA 47<�GP6 C NWZ C 4\8[G6) A ) ) A <�4\8 A ) ' 6-)#Z CXKFA7C Z�<>T 2 8 ]PC[K < j C T C 6Bª
' <�4 j <>6PQ�< 2 6 C[A 4\8�? 'BK 8[TR< j 8�Y�8 K7CL' 6P< j 8�T C 478[Tb8 _ac ZP4F<>M&<>MOG C�' <>=4)VY�)56 ' ) A <�4\8 A ) ' 6P<>M Z CXKFA7C ZPT�N
M C 478[M C Z CB] 4F<>=V8[T K )54\8 A ) g K 8�? ' 698 K ZP4 CRA 6P<�M�ZP47)VM&<>4FN�U-) A 4 C ZP47) ] < ]PC&] ) ' <>4 j <>6WQ>< _c�KkA 8[=4)VJ7Y>8}4\8[Y�NP6 K T[< j 8�Y>8 K 8d?F<�N j CB] 6 C^] <>= C Z C 478 2 ] <�=:) A )�6P8 ' <�Y�ZP4 C Q>< K7C 4 ?F< '�_�� ZP4\8[T K )
C G KFA 8b?78 A 8 ]6' 8IZP4F< ' =H8 ] Nb? C Y�8o698[Y�)5698oZ98[478[=V<�=V6P< j 8)478[Y>NW698[6b?78 _w� 4 ' 8IM C :>6 C[KFA ?F< A�_ ) _ 8[= j <>GP478b? K Tb8ZP8[4\8[=5<>=4) 2 8RQ�)S?78«gPZP4*)�Tb8 A <�4*) ] <>= Cd] <>=:)5M C 698&6-) 'XC ?FN	Md8 A 47)VT�)56 ' <>T A\C 4 ?F< '�_)� K 8[T+ZP4 C Q�< KFC 4 ) 2 ' 8�?78
Kf'XC ? ] <�=/Md8 A 4*)VY�6 CH' <�T A7C 4 K T3)VU	ZP4 CB] NPT A\CL'�_ c Z C M=)V6 K Tb8 2 8[U A < ' 6 CXKFA K <�) ] <>8[=V6 C Z C 4\8 2 ] <>=4)yMd< ]
P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�P_ 1W_ +;= j C 47) A M=)q47<�J7< ' 8[6b?78 ���

ZP4 C Q�< KFC 4D?F<Rg K 8b? 'BK 8[T�UP478[6-) K 8[M C	K7'XC ? ] <>=tMd8 A 47)VT _+� 47) ]PC G6) A < ' Y�8 K 8zZP8	6-) A 8[T Cz]WC GP4\8«g K 8�?
?F<OZ C ) 2 4\8[Y�NP6BN ] <>=56-)5U}ZP4 CB] NPT A\C2' Z C[A 4F<>GP698eT C MONP6-)5Tb8[Q�)S?78 )56 K <>J A < ' 8R6b?F< '	K T�NPZ�<>6^47< 2 NP= A 8 A�_
�;47N j 8;M C :>6 CXKFA ?F<�4\8 2 ] <�=:) A < '�C GPM C Y¢?78 698 ] <�=V<|� ���;���/
 �������d�;� � ���	
 �b

�;� gR��4\8RTBT[<�<)< A 8[= _ � <Wg N�� g¤ =�ª A <�Gq<�)V= � � � $ �H��_ ` N '«K 8[T�ZW4 C Q>< K7C 4 4\8[Y�NP698 K <�4*)S? K T CdK 8[M C&K7'XC ? ] <>= C GPM C Y¢?78«g9M&< ]	K <>G C ? Z98
K ) ) 2 M&<>6b?FN�?F<¢? C£K 8[M C 4 C G CL' < C GPM C Y�)@? _|x C MONP6-)5Tb8[Q�)S?F<o?F< C G�Y>N A 6 C Me8[6�?�g ' <�6 ] 8[4¥ZP8�)VMd8 A 8[T
Z CXKFA7C Z�<>T£=H8RUPT C 6P< j 8 A ) ' <>6 ' ZP=4) ' 698pT C 6 ' <>4 j <>6PQ CP_

� 4*)�47<�J7< ' 8[6b?FN+<�698[Y�Gq<;T3)V6P<�Me8 A )VT[< 698 KFA\C Z98�? C )V6 A < j 4\8[=4)ig�T�) K7COCB]K' ) K 6-) K 8RM CLCB] j < C M&< A 4*)@?F<M&47<>:�< _ � 8 A 47)VT C )V6 A < j 478[= CL'}KFA ) K 6P<>M C 2 ' 8[=VY�6 C�A 478[6 K � C 47Md8[Q�)S? CP_£rBA < ' )V= C ZP4 C Q�< KFC 4D?F< ' g#T�)h?7)VUZ C[A 4F<>GPN�?F<>M C 2 8�Z98R4\8[=5<>=56-)6) 2 478[Y>NW6 ' 8R=VY>6 C�KFA ) K 6b?F<�6P<IMe8 A 4*)5T[< )V6 A < j 4\8[= CL' ?F<oZP4\8 ' )V= C Md8 ' <>Y3?7) CB]J A < ' )V=V8dZW4 C Q>< K7C 4 ?F< ' Z C[A 4F<>GP66)VU 2 8 K 8RM ) 2 478[Y>NP6 _;� 8 A\C=' 8[=VY�6 CeKFA ) K 6�?F<>6 C Me8 A 4*)5T C ) 2 478[Y�NP698[M C
698�?FZP47<3?�gw? C�K UP4\8R6-)VM C 698 ] ) K T )V6�JF<>=5<z698 A7C 2 8[:><�6P<�M C ZP4\8 'XC�K )VMONP=H8RQ�)S? CP_¡� 6P8 ] 8[=S?F< ' 8R6b?FN
4\8 2 ] <�=VTb8 K )�G C M C 2 8 A\C 698�?FZP47<3? C j =5< ] 8[=:)9Z98R4\8[=5<>=5<>6 ) 2 4\8[Y�NP6 ' 8[=5Y>6 CLA 478[6 K � C 47M=)V478[6P<IMe8 A 4*)5T[<")V6698 A7C&K <>4*)S? K T3)>)V6�ZP8[4\8[=5<>=5698a8[= j C 47) A M&8 _

� <�= C[A 6 C ZW4 C j 4\8[M K T C T CB]PC g T�8 A <�47< CXK 6 CL' 8£?F<�ZP4 C j 478[M K T3)oZP8[T[< A � ¤ ��� C�� � r T[<�4 j < A )V6� 47)VG�<�47J7<�T�g ��� $ $ � � g K M C 698[Z-) K 8[=4) ' ZP4 C j 4\8[M K TR<>M ?F< 2 )VT�N
	 {�¦w`I¦ + n 2 NWZ C 4\8[G C Z98R4\8[=5<>=V6W<
T�6b?7)V:�6-)VQ�< � � 1 ������� _

�
������� �������������������� !�"��#%$&�(')����#%�&*,+-�����/.-0�*��21,�3�����&�41,�5+-���36��

� < A\CB] 8�4 C GP66)VU^<>=5<>M&<>6 A\CL' 2 8�47<>J7) A < '^�wC ) K7K7C 6 CL' <p<>698[Y�G�< 2 8[U A < ' 8�Me8 A 4*)5T C+C GPM C Y>66)VU )56 A <�ª
j 478[= C2'q_ � 8 A 4*)5T C ) 2 4\8RY>NP698RM C¥K 8RM C <�6PT�4\8 A )V6 ? C�' ) A <�4\8 A ) ' 6P<�M Z CXKkA\C ZWTBN ' <>Y TB478 A NPZ C 478[G-)5M C
2 8 ) 2 4\8RY>NP6�ZW4 CB] NPT A\C2' 2 478 2 =4)VY�6-)VMM) ' <�T A\C 4 ?7) _&x <>4 ' <�=:)5T CXKFA Md8 A 47)VT[<OZP4*) j CXKFA )VU^Md4F<>:>8[U�ZP4F<�ªK < j 8	Tb8[ZP8[Q�) A < A7C 4\8[Y�NP698[=56-)VJFT[< j 8 K Z C M=)V698Wg K M C )56 A < j 478[Q�)S? C g K < KFA 8 ' =@?78[6�?F<dMe8 A 4*)5T[<M)V6 ' 8[=VY�6 CA 478[6 K � C 47Md8[Q�)S? C Me8 A 4*)5T[<9) 2 ' < ] =:)yZP8[4\8[=5<>=56 C 698 j 47NPY�)�4\8RY>NP6P8[=V6-)5T CL'�_

+ = j C 4*) A <�M G C M C 2 8[Z-) K 8[=4) 2 8oZ C =@?FNWGP6 C Md8 A 47)VT C ZP4\8 'XC T C[A 6P< C GP=4)VT[< _�n 8 j 4FNPY�)X4\8[Y�NP698[=56-)VT C2'2 8 j 8[6b?78[M C ) KkA )9ZP4 C j 4\8[M 6P8 ' <>Y ZP4 C Q�< KFC 4D?7)5U _#� K 8[TpZW4 C Q>< K7C 4 ' < T C =4)VT C ?F< '«K <>U£ZW4 C Q>< K7C 4 ?F< ' )V6
Tb8 A <>47) ) 2 Md< ] 6b?7)VUl?F< K 8RM _En 8aZ CB] =H8 j ) A <>U )V6«� C 47Md8[Q�)S? K )yZP4 C Q>< KFC 4D?7)yM&< ]+K <�G C ?)4\8 2 ] <>=4)@? C Me8bªA 47)VT C Z C¥KFA\C =5Z�Q�)5U _�� K 8RTD) 2 4\8[Y�NP698�)56 A < j 478[=V< 2 8 K 8RM C|K7'XC ? ] <>=WMe8 A 4*)5T[< _#� 4 ' )WT C 4\8[TLT ) 2 4\8[Y�NP6BN
' 8[=5Y>6 C	A 4\8[6 K � C 47M=)V478[6P<pMe8 A 4*)5T[<|?F< A 478[6 K � C 47Md8[Q�)S?78 KFA\C =VZ�Q>< '�_~x <�4D)VMd8 '«K 8[T�ZW4 C Q>< K7C 4 K7'XC ?F<
KFA7C =VZ�Q�<[g 'BK 8[T Kf'XC ?F< KkA\C =5Z�Q>< A 4\8R6 K � C 4FM )54\8 _wn 8 K =V< ] 6b?7)WT C 478[TLZ98t?F< A 478[6 K � C 47Md8[Q�)@?78 ' 4 KkA )VQ _E� 8 A\C
K ) ZP4 C Q>< KFC 4D?7) ) 2 Md<�6b?78�? C�] <>=5<&Me8 A 4*)5T[<[g A 8RT C	] 8B)VMd8 'BK 8RT K7'XC ? ] <�= ' 4 KkA )5Q _£x C�A 478[6 K � C 47M=)V478
J7< 'BK 8[T K7'XC ? ] <�= ' 4 KFA )5Q[gF)5Me8RM C Q�<>= CM' 8R=VY>6 CpA 478[6 K � C 47M=)V478[6 C Me8 A 4*)5T C 4\8 2 ] <>=S?F<>6 C Z CM' 4 KFA )5Q�8RU
M&< ] ZP4 C Q>< KFC 4D?F< _t��CXKFA\C Z�<>T|?F< ZP4*)5Tb8 2 8[6e698LZP47)VM&<>4FN A 4F<>U£ZW4 C Q>< K7C 4 ?F< ' 698 K =:)VT3) �W_5�X_ c =V< ] ) ) 2 4\8�ª
Y>NW6£Z CL' ZP4F<>Y3?78O8[G KFC =VN A 6-)VU ' 47< ] 6 CXKkA ) gBT3) j 8lZP4 C Q�< K7C 4D?7) ) 2 ' < ] <3? CmK T�NPZ98�? _ x <�4 NPZ C 4\8[GP66)VTaZP4F< ]
) 2 4\8[Y�NP6 C M 698 ' 8 ] 6 C 6W< ' <Rg�Tb8[T�J7<�6 ] <>=E<�=V<>M&<�6 A\C2' =H8[UWT C 2 8[6P<�Me8R4*) g K M C 8[= j C 4*) A <>M 2 8[Z-) K 8[=4)
A 8RT C g ] 8~Md< ] 2 8[6W<>Md8[4D?78R6b?F<>M ZP4 C j 4\8[M A < KkA )V478}698 A 8R6PY>6 C[KFA ZP4 CB] NWT A 8 KkA ) K 6b?F<>6W<�Me8 A 4*)5T[< 2
' <>T A7C 4D?F<�M � j =5<¢?O4\8 2 ] <�=V<�T �«_]1X� )56 2 8[6P<�Me8R4D?78[6b?F<+N KkA 8 ' )oZP4*)o:�<>=5<>6-)o698 A 8[6PY�6 CXKkA ) _u{ GuT C 6PQ�N
'BK 8[T�ZP4 C Q�< K7C 4 2 8[Z6)VJ7< Kf'XC ? ] <>= Me8 A 4*)5T[< '�K ) KkA <�MaN KFA 4F6b?F<>66)VU ' 4 KFA )VQ~� � 47)V= C j 8 + ����� 698 ] ) K T�gT>?F<>4 CXKkA 8[6W< 2 8LTb8 K 6P<¢?FJ C NPZ C 4\8RG CD' ) A <>478 A ) ' 6P<>M Z CXKkA\C ZPT�N _�� ] <>=5N+8R= j C 4*) A M&8Wg�T C Z C[A <>T�8mT C ªMONP6-)5Tb8[Q�)@?78�)V6 K )9ZP4 C Q�< KFC 4D?7) ) 2 M&<>6�?78b? C¥KFA7C =VZ�Q�< 2 8 ' 4 KkA )5Q><[g>?F< K Z C M=)V6 K Tb8 2 8RU A < ' 6 CXKFA 698�? ' <>Y¢?78 _
� K 8RTmZP4 C Q>< KFC 4EM C 4\8;UP478[6-) A )

2/n
ª A ) ] <>=WQ><>= C[A 6W<oMd8 A 4*)5T[<[g[Y><w?F<)J A < ' )V= C�'BK <�U&ZP4 C Q�< KFC 4D?F< ' <�698[T C

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�[� ���������	��

�	�������	�������

����������������������������������������������������������������������

�������������������������������������������������� ������������������������������������������������
������������������������������������������������
������������������������������������������������ 	�	�		�	�		�	�		�	�	
�
�

�
�

�
�

�
�


����������������������������������������


�
�

�
�

�
�

�
�
��������������������

��������������������
�����������������������������������
�������������������������

��������������������
��������������������

��������������������

��������������������

����������������������������������������������������������������������

�������������������������������������������������� �������������������� � �  � �  � �  � � 
!�!�!!�!�!!�!�!!�!�!"�"�""�"�""�"�""�"�"
#�#�##�#�##�#�##�#�#$�$�$$�$�$$�$�$$�$�$ %�%�%%�%�%%�%�%%�%�%&�&�&&�&�&&�&�&&�&�&

'�'�''�'�''�'�''�'�'(�(�((�(�((�(�((�(�(

)�)�))�)�))�)�))�)�)*�*�**�*�**�*�**�*�*

+�+�+�+�+�+�+�++�+�+�+�+�+�+�++�+�+�+�+�+�+�++�+�+�+�+�+�+�+,�,�,�,�,�,�,�,,�,�,�,�,�,�,�,,�,�,�,�,�,�,�,,�,�,�,�,�,�,�,

-�-�-�-�-�-�-�--�-�-�-�-�-�-�--�-�-�-�-�-�-�--�-�-�-�-�-�-�-.�.�.�.�.�.�.�..�.�.�.�.�.�.�..�.�.�.�.�.�.�..�.�.�.�.�.�.�.

/�/�/�/�/�/�/�//�/�/�/�/�/�/�/0�0�0�0�0�0�0�00�0�0�0�0�0�0�0

[DΩ\Γ] W [DΩ\Γ] W [DΩ\Γ] W [DΩ\Γ]W T

P1

P2

P3

13254 13674 13894 13:74

;=< 
9> �@?BADCFEHG �/� � < � < �	� 
JI�� ���	���LK � < �	��� �5� �/�"�5MZ�;�	�I
 � �/��� ���/�5��
9> �
[D

Ω\Γ
W ] = W [DΩ\Γ]W T

� �
� ��
 ���	��� �5���ON � �d���d���2�;� � �PKQASR��PTVU � �Q> � �d���d���2�;�(
JI�� ���	��� � �PK/� � ��� < ���/�b��
9> �WAXRZY[T\U%� �Q> � �����d���2�;�
� �/���*�/
]K � < �	���I�b� �/�"�5MZ�;�����-�	
 � � �PK/� � 
9N �	��� < � �d�PKQA^R �7T_Ge�����d���2�;� � 
 �	
U
JI����	� � � � � � � � ��� �/�5> �9� ��� �Q>
� ���	
 �a` � �bK � �Q> ���cY�
 ��� < K2� �	�5
 �WA_R �PT_Ge��� �d���2�;� � 
 � �/�d�*�/
 � �dK � < �	���M�5� �/�"�5MZ�;�	���-�	
 � �dK2� �	�5
 �WA

n
_tcpA <>M =V8[UPT C ZW47< ]K' ) ] )5M C T C =4)VT C ZP4 C Q>< K7C 4D?F< ' Z C[A 47<>GWNb?F<>M C 2 8 ' 8R=VY>6 CmKkA ) K Tb8[6�?F<()56 A < j 478[= C2'�_� 8�M&47<>:�< ]WC <�6P< j 8LM )5=4)S? C 698 'XC 2 =4)VJ7Y K M C Z C[A 47<�GP6 C J A < ' )5= C ZP4 C Q�< KFC 4D?F< ' Z CB] 8[=:)96P8 j 4\8R�DN �P_ $ _

2.0x10+05 4.0x10+05 6.0x10+05 8.0x10+05 1.0x10+06100

101

102

� C 2 =:)5J7Y�8

egf h
ijkml
nolphq
l o
r h
i

;=< 
9> �s?BA9tuEwv � �PK2
 < � � �����d���2�;� � �PKW`x>;
%�2� � �;�5�d�WY��F
yI��D
JI�� ���	���zK � < �	��� �	�5
 �	� � �	���,���/�5��
9> �,
 �F� �|{/� � < �QK
K ���cK2
 �	�����	�b
"���~}	���PK2
 < ��K/�WI < 
9}2�XI�� � � �cK/��> � �5���I�I�d���;�WA�G?���*� � ���	� ��K2
 < 
 �	����`(� ��K � �Q> � �����d���2�;�
< �QNF> �^N�� �/�F
 �������F����Y � ��� �/�D> �QKQA

� NPZ C 4\8[G C&KkA ) K Tb8R6b?78 2 ' 8[=5Y>6 CaA 478[6 K � C 47Md8[Q�)S? CH' Z�<>=S?F<>M CI' Me8 A 4*)5T C 698RZ98[T CP_ � 8 A7C ?F<�M C ª
j C Y><�<>=5<>M&<>6 A < ' Md8 A 4*)5T�) 2 8[Z-) K 8 A ) ' <�6 C ?F6-)�698 A 8[6PY�6 CXKFA ) gP6P< ] 8pG-) ' Z�<>=S?78[=:) ]PCB] 8 A 6 C 698[Z98[T CP_1 6 A < j 4\8[=5<9)V6 K 8[M CaA 4\8[6 K � C 47Md8[Q�)@? C ) 2 4\8[Y�NP698[M CH'+]K'XC ?F66)�698 A 8[6PY>6 CXKFA ) gP698 A\C Z98 ' 8[=VY�6 CaA 4\8R6 K ª� C 47M=)V478[6 C Md8 A 4*)5T C 2 8[Z-)5J7<>M C ' <�6 C ?F6-)q698 A 8[6PY�6 CXKkA ) _ � 8RZ-) KtKkA 476b?F<�6-)5U ' 4 KkA )VQ 2 8RU A < ' 8 ]PCB] 8 A 6P<
P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�P_ 1W_ +;= j C 47) A M=)q47<�J7< ' 8[6b?78 ���

' <>T A7C 4D?F<LQ�<>=4)VU�J A < ' )5= _ 132 Tb8[:�< K <[g ] 8 2 8[Z6) K Z C =V6P<�Md8 A 47)VT[< ' <�6 C ?F6-)/698 A 8[6PY�6 CXKFA ) ' 2 8RZ-) K N KFA 4¢ª
6b?F<�6-)VU ' 4 KkA )5Q 2 8 ' 2 8RMd<&ZP4*)5GP=:)5:�6 C 4\8 ' 6 C�A\C =:)5T C�K Z C M=)V698+T C[A TB=V8 K )5Y><�6 2 8[Z6) K <>6P8[T[< j 8zJ A < ' )5=H8<>=5<>M&<>6 A\C2' '~]6'XC ?F6-)E698 A 8[6PY�6 CXKkA ) _O`�C 47<3?�?F<I) 2 ZW4\8 2 6b?F<>6 CXKFA Md8 A 47)VT[< ' 6P8[J7<�M 8R= j C 47) A MmN A N ] )M&<>4\8 2 8 2 Md8[6b?FJ78[6b?F<�T C =:)5Y�)56P<|Z C[A 4F<>GP6W< j 8 K Z C M )5698 _

�
������� � � �"��� . 6 ��������*���� + � 1

c <�4*)@? K T3) 8[= j C 4*) A <>M,NPZ C 478[G-)VM C ZW4*) K )VMONP=V8[Q�)S?78[U
698�Md8�?FUP6-)5UuMd4F<>:>8[Uyg C 2 )V4 C Md8 ' ZP4*)5Md<�4*)5Uyg
T C�KkA ) K Tb8[6�?F< 2 ' 8[=VY T3) 2 Md8[6b?FJ\8eMe8 A 4*)5T C )56 A < j 478[= C2'�]PC£A 8RT[<aM&<>47<Rg ] 8 ] <>= CL' 6-) K Z C M )56}<>6P< j 8ZP4 C Q�< KFC 4D?78 2 8 ]PCXKkA Nb?F< _

+ = j C 4*) A <�M�g�T3) ZP4F< ]6' ) ] < ' 8«g ] 8O?F< ' 8[=5Y>6 C�KkA ) K 6b?F<>6P8�Me8 A 4*)5Tb8�)V6 A < j 4\8[= CL' :�< ) 2 478[Y>NW698[698 )V62 8RZ-) K 8[698a698 ] ) K T�Nyg K < j =V8 K ) C
�X_ 132 G�<>47<�M C 2 8[Y�< A 6 CH' 4 A )56PY>6 C �

ω0

� )V6eU-) A 4 CXKkA 6 C �
~v0

� Z C =@?F<Rg«Z CXKkA 8 ' )5M C 2 8[Y�< A 6-)hY�8 K
τ = 0)56 2 8RY>< A 6 C=' 4F< ] 6 CXKFA 2 8&J A < ' <>QL6P<>=4)V6P<>8[476W< 2 8[6WT[<

i = 0
)V6�ZP4F<>G�<�47<>M C=' 8R=VY>6 CdKkA ) K 6b?F<�6 C

Md8 A 4*)VT C )V6 A < j 4\8[= CL'�_
$ _ � 8 K7CL' 698 2 8[6PT�8Wg

τ := τ + 1
_

�W_ n <>=4)V6P<>8[47698 2 8R6PTb8Wg
i := i+ 1

_
�P_ x )56P<>Md8 A )5T�8

�i8 ��� ' 8[=VY�6 C}KFA ) K 6b?F<�6 C M&< A7CB]PC 4 C GW6-)VU�<�=V<�Md<�6 A7CL' 4F<>J*)5M C <>6P8[Y>G C T3)V6P<�Me8 A )VT[<}� 478 2 ª
] <>=5<>T �P_ $ ��_ � Z C 478[G-)VM CB' 4 A )V6PY�6 CXKkA ) '�C GPM C Y¢?FN ) 2 ZP47<3?FJ76b?F<�) A <�4\8[Q�)@?F<&6P<>=4)V6P<>8[476W<
2 8[6WT[< _ �wC ) 2 4\8RY>NP6�NB)VMd8[M C 2 698[6P<�U-) A 4 CXKkA ) )56 ' 4 A )56PY>6 CXKFA )�Z C 4 C GPN C GPM C Y¢?78 _

�DG ���wC 6 C2' 6 C 47<>J7)VM C <>6P8[Y>G C T3)V6P<�Md8 A )5T[<[g A7C T�4\8 A 2 M&< A\CB]WC T C 6WY>6-)5U}<>=5<>M&<>6 A\C2' � 478 2 ª
] <>=5<>T �P_ ����_ 132 ZP4F<¢?FJ76�?F< j 8�T C 4\8[T�8�Z C 2 698[M C Q�<>= C[A <�6¡4 C Gyg ' 4 A )56PY>6 C[KFA ) '�C GPM C ªY¢?FN�Z98 ' 2 8[M&<�M C ) 2 ZP4F<¢?FJF6b?F< ) A <>478[Q�)S?F<a6P<�=:)56P<�8[4F6P< 2 8[6PT[< _£¦ < 2 NP= A 8 A�K7C U-) A 4 CXKFA ) '
6 C[A 4\8[6b? C[KFA ) _s� ) A 4 CXKkA )o6P8�4 C GWN K7C 2 6P8[6P<[g A\C 4F<¢?p47<�J7Nb?F<�M C �wC ) KFK7C 6 C2'XC <>6P8[Y>G C 2
�()V47)VQ UP=V< A\C2' )VMM)h4 C GP6-)5M )qZ C j C ?7) _

�«_ 132 4\8[Y�NP6	Z CB] M&47<>:�6P< ' ) K T C 2 6 C[KFA )>)V6 ] )��DN 2 ) ' 6 CXKFA )
< _ x )56P< A )VTb8

�
<�6P<>4 j )@? K Tb8p<�698[Y>GP8

�i8 ��� 6 CL' )VM�U-) A 4 CXKkA 6-)5M�Z C =S?F<>M ) 2 T3)56P<>Md8 A )VT[<�)V6 2 6 CL'XCe] )5�DN 2 ) ' 6 C[KFA ? C ) 2 <>6P<�4 j )S? K T[<<>698RY>G�<�) 2 4\8[Y�NP698[M C 6 CL'XCpA <>M&Z�<>478 A NP4F6 C Z C =@?F<&�D4\8 2 ] <>=5<>T �W_ �[��_
N«_ x )56P< A )VTb8

�
ZW47<>6 CXK,' 4 A )V6PY�6 CXKkA )

�i8 ��� 4 C GP6-)VM=) ' 4 A )V6PY�6 CXKkA M=)G) 2 T�)56P<>Md8 A )VT[< T CRA 4 C GP6-)5M=)§Z C j C ?7) )V6 2 6 CL' )5M ) A <�MdZ�<�4\8bªA NP478[M=)WT C[A ) 2 'XC 476-)5M ' 2 j C 6 K T3)VM Y�=V<�6 C M )56p6 C2'XC Z CB] Md4F<>:>6 C�' ) K T C 2 6 CXKFA ? C 47<�J*)VM C
<>698RY>G C ZW47<>6 CXK 8 ' 4 A )56PY>6 C[KFA ) 2 8p6 C[A 4\8[6�?F< ' 4 A )V6PY�6 CXKkA )t� 478 2 ] <>=5<>T �P_����!_

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



� < ���������	��

�	�������	�������

� G � � Z C 4\8RG-)VM C Z CB] 4F<>=H8RT K 8[Q�)S? C
0 < φ ≤ 1

2 8 ) 2 478[Y>NW6~6 CL' )5U ' 4 A )V6PY�6 CXKFA ) 'zC GPM C Y¢?FN
ωi+1 := φωi+1 + (1 − φ)ωi

_
. _ � 47< ' <�4*)5M C T C 6 ' <>4 j <>6PQ C

� 8 � 132 4\8[Y�NP698[M C 478 2 =4)VT C M&< ]�' 4 A )56PY>6-)5M=)RZ C =@?7) 2 8[Z C 47< ] 6-)5U�) A <>4\8RQ�)@? ||ωi+1−ωi||2/||ωi+1||2)56p? C ZW4*)VM&<>4 ?78[M C&K T C 6 ' <>4 j <>6PY�6-)VM T�4*) A <>47)@?F<>M _ � <mT�4*) A <>47)@?IJF<m6-) ]WCXK <�:><�6ygy698 ] 8bª
=S?FNb?F<>M C 2 6P<�=:)56P<�8[4F6 C 2 8[6PT CM' T C 478[T�N �W_

1«_ x C 6P<�QlY>8 K7C2' 6P< j 8&T C 4\8RTb8 C
� 8 ���wC Z CRA 47<�G-)>) 2 4\8[Y�NP698[M COA =V8[T§g A\C T CL' 6 C �DNP6PT[Q�)@? C gPZ C2' ZW47<>Y�6 C Z C =@?F<Rg-) A\]y_
� G � 132 Z-)VJF<>M C 4F< 2 NP= A 8 A < '+] 8 A7C[A <�T C

ωτ = ωi+1
g
~vτ = ~vi+1

_
� Q ��� 4*)5M&<>4D?78RM C J A < ' )5= C Y�8 KFCL' 6-)5U T C 4\8[T CL' 2 ' 698RZP47<3? ]PC = C Y><�6 C&' 47< ] 6 CXKFA ? CP_ � <d?F<

Z C[A 47<�GP6 C&K )5MONP=:)�4\8 A )qJ7<�<>6�Y�8 KFCL' 6-)/T C 4\8[T K < ' 476W<>M C 698 $ _
� �W_Ix C 6P<�Q�) 2 478[Y>NW698 _

�
� ����� � � �����&��� � . 6)��� ���"� �������� %���%� � �

+ = j <>GP478b? K Tb8LZ98[478[=V<�=:) 2 8[Q�)S?F8�4\8 2 ] <>=4) ] <�= C M&< ] ZP4 C Q>< K7C 4 ?F<|6P8m6-) 'XC ?FNeMe8 A 4*)5Y>6 C�' <>T A7C 4 K T�)5U+ZP4 C ª] NPT A\CL' )V6 K Tb8[=V8[476-)5U	ZP4 CB] NPT A\C2'q_ � Z C 4\8RG-)V=4) K M C ? C 2 8dZ98[478[=V<�=V6 C 47<>J7) A < ' <>6P8[Y>G�<mT3)V6P<�Me8 A )VT[<
2 M&< A7CB]PC 4 C GP6-)5U¡<>=V<�Md<�6 A7CL' g K 8�?£=H8[UWT C ' <�=:)5T C Z C =V6 C Md8 A 47)VT C )56 A < j 478[= C2' 4\8 2 ] <�=:)5M C Md< ]ZW4 C Q>< K7C 4 ?F< _~x C 'BK 8[T�ZW4 C Q>< K7C 4D) 2 478[Y�NP698 Kf'XC ? ] <>= Me8 A 4*)5Y>6 CB' <�T A7C 4 K T[< j 8~ZP4 CB] NPT A 8«gENPZ C 478bªG6)VM C T C MONP6-)5Tb8[Q�)@? C g ] 8�) 2 4\8[Y�NP698[M C T C 6PY�6 C9' 4F< ] 6 C[KFA�_�` N ] ) K ) KkA <�M K Tb8|Md8 A 47)VTb8�?F<)4\8 2 ] <�=@?F<>6P8
M&< ] ZP4 C Q�< K7C 4D?F<Rg A 8[T C�] 8£T C MONP6-)5Tb8[Q�)@?78e698 KkA\C ZP8 A N ] ) 2 6 C[A 4\8�?�) A <>478 A ) ' 6W< j 8 K = CL' <�4D?78 _l� K 8[T C
) A <�4\8[Q�)@? C ?F<�Z C[A 4F<>GP6 C T C MONP6-)5Q�)54\8 A ) 2 8M) 2 4\8[Y�NP6�Md8 A 4*)VY�6 CH' <�T A\C 4 K T3)VU	ZP4 CB] NPT A\C2' )56 K T�8[=H8R476-)5U
ZW4 CB] NPT A7CL'�_E� 47< ] 6 CXKkA 8[= j <>GP478b? K T[<)ZP8[4\8[=5<>=4) 2 8RQ�)S?F<y?F<)<>6P8[T C M&<>4F698|Z C 478 2 ] <�=:) A < ' 2 8RU A < ' Z C¥K Z C ªM=)56BN+698aZP4 C Q>< K7C 4 ?F<�)56 ) ] <>6 A )5Y><�6�T C 6 ' <�4 j <�6PY>6-)/Z C[A <>T§g9T C[A ZP4*) K <>47)@? K T[<�M�8[= j C 4*) A MmN _ c =H8[G C[KFAZP8�ZP47< ]6'BK <�M ' <>=4)VT C T C MONW6-)VTb8RQ�)S?F<[gXT�)9Z C[A 47<�GPNb?F< ' <>=:)5T C Y�8 K 8 _ � 8 A7C 2 NPZ C 478[G C�' <�Y¢?F< j 8lJ A < ' )V=V8ZW4 C Q>< K7C 4 ?F< ' ZW4*) ]WC G-)VM C =5<¥Me8R= C 4\8[Y�NP6 K T[< j 8&Y�8 K 8 _

+;= j C 47) A <>Mu?F< ZP4\8RT A )VY�6 C <>6P8[T K <>4*)S? K T[<�MONyg 2 4\8 2 =:)5T C g ] 8 K7C Me8 A 4*)5T[< )56 A < j 4\8R= C2' )V6 K ) KFA <�M K Tb8Md8 A 4*)VT�8WgET3) ) 2 ' )V478b? C ) 2 Md< A\CB] <+4 C GP6-)5U
<>=5<>M&<>6 A\C2' g Z C 4\8 2 ] <>=S?F<>6P<+Md< ] ZP4 C Q>< K7C 4D?F< )V6 ] 8 K <
K ) KkA <>M�47<>J7)/ZP8[4\8[=5<>=56 CP_E{¥KkA 8[=4) ] <>=/8[= j C 4*) A Md8m4F<>J7N�?F<¢? CdK <>47)@? K T CM'BK )�ZP4 C Q�< KFC 4D?7) _

�
� ��� � � �������������� !�	�!��� �  �
/��� � ��� � � 1 *�� 1,* # � �,�/�

/�����

� 698[M&<>6 C M	g ] 8dG-) 2 Md8[6b?FJ78[=:)/T C =:)VY�)V6 C Z CB] 8 A T CL' ghT3)9?7)VUp?F<mZ C[A 47<�GP6 C T C MONP6-)5Q�)54\8 A )/M&< ] Z98bª
478[=V<�=V66)5M ) 2 4\8[Y�NP6 C M�gP478 2 ] <�=:)5M COC GPM C Y¢?F<¥698pZ CB]PC GPM C Y¢?78 _�� K 8[T£ZP4 C Q>< KFC 4�?F< 2 8 ]WC =V:�<>6 K 8[M C
2 8 K7'XC ?F<+Z CB]PC GPM C Y3?F< _^¦ <�J7Nb?F< j 8 K 8[M	g K <�4*)@? K T CP_�x C MONP6-)5Q�)54\8 A )h?F<£Z C[A 47<�GP6 C@' 4F< ] 6 CXKFA ))6984 C G CL' )5UzZ CB]PC GPM C Y�)@?�g§T3)�ZP47< ]PKFA 8 ' =@?78�? C 4 C GP6W<mZ C j C ?F< _ � 47< ] 6 CXKkA ) A < j 8dZ CXKFA7C ZPT�8 K7C-C Z CB]PC G«ªM C Y3?78 )5Md8b? C Md8[6b? 'XC 2 =4)VJFYdT C[A Q�<>= CzC GPM C Y¢?F<Rg 2 8 A\CzK < 2 Md8[6b?FJ78 ' <�=:)VT C[KFA Md8 A 4*)5T@)V6�Z CXK Z�<�J*)
4F<>JF< ' 8R6b?F< K ) KkA <�M C2' <�698[Y>G _Ex C MONP6-)5Tb8[Q�)@?F<y?F<�Me8R= C g 2 8 A\C ?F< A 8[TlZ CXKkA\C Z�<�TLU-) A <>4 _Ec =H8[G CXKkA ZP8t?F<Rg
P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�P_ 1W_ +;= j C 47) A M=)q47<�J7< ' 8[6b?78 �3N

] 8 2 8[4\8 ] )w4 C G C2'B' 6 CRA 4\8R6b? CXKFA ) g�T3) K )§?7)5UzM C 4\8�? C ZP4 C Q�< KFC 4D?7) ) 2 Md<�6b?F< ' 8 A )ig ' Z�<�=@?F<�M Ce]PCB] 8 A 6 C
6P<�=:)V6W<�8[4F6 CXKFAJ'OK ) KFA <>M _ �()V4F<>T A 6P8�Z CXK =V< ] )VQ>8 A < j 8 ?F<Rg ] 8 K <oZ C2' <>Y>8�J A < ' )5= C ) A <>478[Q�)S? ' 6P<�=:)56P<�8[4F6-)2 8R6PT3) _

132 4\8[Y�NP6^4 C GP66)VU ' 4F< ] 6 CXKFA ) 2 Md< A\CB]PC 4 C GP6-)5U~<�=V<>M&<�6 A\C2'	A <>M&<>=S?7)w698+�?) C[A ª c 8 ' 8[4 A7CL' <�M 2 8�ª
T C 6�N 2 8OQ�<>= C[A <�6+4 C G _t� 8RT C 6£6P< ' <�=@?78 2 8O4 C G CL' <;Z CB]PC GPM C Y�)S?�g 2 8 A\C 2 8 A 8D) 2 4\8RY>NP6£NPZ C 478[G-)5M C
8[= j <>GP478�? K T C Z98R4\8[=5<>=:) 2 8[Q�)S? CP_w{ Md<3?7)V=4) K M C|K < A N ] )«ZP4*)K) 2 G-)54*)BJ A < ' )5=H8 Z CB]WC GPM C Y¢?7) _#c Z CB] 6b?7)W8[= j C ª4*) A <�M©?F<�698[Z-) K 8[6 A 8[T C g ] 8;?F<�J A < ' )V= C Z CB]PC GPM C Y�)S?)<�698[T C J A < ' )V=VN�ZP4 C Q�< KFC 4D?F< 'q_ � K 8[T£ZP4 C Q>< KFC 4
)VMd8 Kf'XC ?F<lZ CB]PC GWM C Y3?F<[gPT3) j 8p4F<>JFNb?F< K <�4*)@? K T CP_

+ = j C 4*) A <�M¨?F< K =V< ] <>Y C
�X_ n 8pZ CB] =V8 j ) 2 8RZ C 47< ] 6P<lJ A < ' )V=5T[< 'BK 8[T£ZP4 C Q�< KFC 4 ]PC = C Y�) C

�i8 �£K7'XC ?78p4 C GW698 'XC 2 =:)5J7Y>8 2 8M) 2 4\8[Y�NP6�4 C GP6-)5U ' 4F< ] 6 CXKFA ) 2 Md< A\CB]PC 4 C GP6-)5U�<>=V<�M&<>6 A7CL' g
�DG � Md4F<>: C&K7'[C ?F< j 8pZ CB]PC GPM C Y¢?78 _

$ _ 132 G�<>47<�M C 2 8[Y�< A 6 CH' 4 A )56PY>6 C �
ω0

� )V6eU-) A 4 CXKkA 6 C �
~v0

� Z C =@?F<Rg«Z CXKkA 8 ' )5M C 2 8[Y�< A 6-)hY�8 K
τ = 0)56 2 8RY>< A 6 C=' 4F< ] 6 CXKFA 2 8&J A < ' <>QL6P<>=4)V6P<>8[476W< 2 8[6WT[<

i = 0
)V6�ZP4F<>G�<�47<>M C=' 8R=VY>6 CdKkA ) K 6b?F<�6 C

Md8 A 4*)VT C )V6 A < j 4\8[= CL'�_
�W_ � 8 K7CL' 698 2 8[6PT�8Wg

τ := τ + 1
_

�P_ n <>=4)V6P<>8[47698 2 8R6PTb8Wg
i := i+ 1

_
�«_ x )56P<>Md8 A )5T�8

�i8 �+¤ 698[Y>G C T�)56P<�Me8 A )VT[< � 4\8 2 ] <�=V<�T �P_ $ � 47<>J7)VM C 2 8[= j <>GW4\8�? K T C Z98[478[=V<�=:) 2 )54\8R6 C ' 8[=5Y>6 C KFA )�ªK 6b?F<�6 C M&< A7CB]PC 4 C GP66)VUa<>=5<>M&<>6 A\C2'q_ � Z C 4\8RG-)VM C(' 4 A )V6PY�6 CXKkA ) 'OC GWM C Y3?FNM) 2 ZP47<3?FJ76b?F<
) A <>4\8RQ�)@?F< 6P<>=4)V6P<>8[476W< 2 8R6PT[< _t�wC ) 2 478[Y>NP6�N )5Me8RM C 2 698[6P<¥U-) A 4 C[KFA )G)56 ' 4 A )V6PY�6 CXKFA )yZ C
4 C GWN C GWM C Y3?78 _ � K 8[T	ZP4 C Q>< K7C 4|ZP4F<>6P< K <a4 C GW6P< ' 47< ] 6 CXKkA )#698eMd4F<>: CeK7'XC ?F< j 8eZ C«] ªC GPM C Y¢?78 _

�DG �£� K 8[T
ZP4 C Q�< KFC 4 2 8 ) 2 4\8[Y�NP6�U-) A 4 CXKkA )I698�6 C[A 4\8[6b?7)5Us4 C G CL' )VU K7'XC ?F< j 8�Z CB]PC GPM C Y¢?78NPZ C 4\8RG-);M&< A7CB]PC 4 C GP66)VU <>=5<>M&<>6 A\C2' 6P8�Q><>=5<>M C GPM C Y3?FN _©x <>4£4\8RY>NP698RM C�K 8[M C
4 C G�< Z CB]PC GPM C Y3?78Wg7?F< J A < ' )V= CI]PCB] 8 A 6-)VU�)V6 A < j 4\8R= C2' Md8b?FUW6 C )V6�6P< ZP47< ]PKFA 8 ' =S?78 ' <>=:)5T[<K Z C M=)V6 K T[< 2 8[U A < ' 6 CXKkA ) _En 8 A 8�698RY�)56=)5Me8 'BK 8[TOZP4 C Q�< K7C 4 2 698[6P< ' 4F< ] 6 CXKFA )§U-) A 4 CXKkA )
698p4 C GPN Kf'XC ?F< j 8pZ CB]PC GPM C Y¢?78 _

�DQ �£� K 8[T~ZW4 C Q>< K7C 4 2 8 Kf'XC ?F<&Z CB]PC GPM C Y¢?F<p47<�J*) <>698RY>G C T3)56P<>Md8 A )VT[<[g A7C T�4\8 A 2 M&< A\CB]WC
T C 6PY�6-)VU <>=5<>M&<>6 A7CL' � 478 2 ] <�=V<�T �W_ ���!_ 132 ZP47<3?FJ76b?F< j 8zT C 4\8RTb8	Z C 2 698RM C Q><�= C[A <>6 4 C GZ CB]PC GPM C Y¢?78«g ' 4 A )V6WY>6 C[KFA ) '�C GPM C Y¢?FN ' 2 8[M&<>M C ) 2 ZW47<¢?FJF6b?F< ) A <>478[Q�)S?F<d6P<>=4)V6P<>8[476W<
2 8[6WT[< _ ¦ < 2 NW= A 8 AeK7C U-) A 4 CXKkA ) ' 6 CRA 4\8R6b? CXKFA ) Z CB]PC GPM C Y¢?78 _ � ) A 4 CXKFA ) 698�4 C GPN KFC
2 698R6P<[g A\C 4F<¢?o4F<>J7N�?F<>M Cd�wC ) K7K7C 6 CL'XC <�698[Y>G C 2 �()V47)VQ UP=V< A\C2' )VMM)h4 C GP6-)5M=)hZ C j C ?7) _

< _ x C MaNW6-)VT�8[Q�)S?78 1 _
�i8 �+� 4 C Q>< K7C 4 ?7) K )�Md< ]PK <�G C ?F6 C ) 2 M&<>6b?78�? C U-) A 4 CXKFA ) ' Z CB]PC GPM C Y3?7)VU _

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



� . ���������	��

�	�������	�������

NB_ T3)V6P< A )VT�8
�
A 478[6 K Z C 4 A 6-)�<>6P8[Y>G6) C

� 8 �£� K 8[TlZP4 C Q�< KFC 4�4F<>J*) A 478[6 K Z C 4 A 6-)«<>6P8[Y>G6) 2 8 Q><>= C|C GPM C Y3?F< K 8[M C 2 8;4 C G K7'XC ?F< j 8;Z CB] ªC GPM C Y3?78 _�� Z C 478[G-)y6 CL' <�U-) A 4 CXKkA ) )56 ' 4 A )56PY>6 CXKFA )>) 2 ZW47<¢?FJF6b?F< j 8&Y�8 K7C2' 6W< j 8&T C 478[Tb8 _
� G �£� K 8[T�ZP4 C Q�< KFC 4>g 2 NPZ C 478[G C 6 C2' < j 8dU-) A 4 C[KFA 6W< j 8&Z C =S?78Wg§4F<>J*) A 478[6 K Z C 4 A 66)�<>698RY>G-) 2 8Kf'XC ?F<eZ CB]PC GWM C Y3?F< 2 M&< A7CB]PC T C 6WY>6-)5U�<>=5<>M&<>6 A\C2'q_	¦IC GP6P<dZ C j C ?F<d698 2 NP6P8[6b?F<�M4 C GPNB)5Me8D) 2 T3)V6P<�Md8 A )5T[<[gW698p6 CRA 4\8R6b?F<>M�Z98M) 2 ZP47<3?FJ76b?F< j 8&T C 4\8[Tb8 _
� Q � � Z C 4\8RG-)VM C Z CB] 4F<>=V8[T K 8[Q�)@? C

0 < φ ≤ 1
2 8H) 2 478[Y>NW6+6 C2' )5U ' 4 A )V6WY>6 C[KFA ) ' Z CB]PC GWM C ª

Y3?FN
ωi+1 := φωi+1 + (1 − φ)ωi

_
. _ x C MONP6-)5Tb8[Q�)@?78 1F1 _

� 8 ��� 4 C Q�< KFC 4D?7)>) K ) 2 M&<>6b?78�? CH' 4 A )V6PY�6 CXKFA )>)V6 A <>M&Z�<>478 A NP4F<�) 2 Z CB]WC GPM C Y�)S? _
1«_ � 47< ' <�4*)5M C T C 6 ' <>4 j <>6PQ C

� 8 � 132 4\8[Y�NP698[M C 478 2 =4)VT C M&< ]�' 4 A )56PY>6-)5M=)RZ C =@?7) 2 8[Z C 47< ] 6-)5U�) A <>4\8RQ�)@? ||ωi+1−ωi||2/||ωi+1||2)56p? C ZW4*)VM&<>4 ?78[M C&K T C 6 ' <>4 j <>6PY�6-)VM T�4*) A <>47)@?F<>M _ � <mT�4*) A <>47)@?IJF<m6-) ]WCXK <�:><�6ygy698 ] 8bª
=S?FNb?F<>M C 2 6P<�=:)56P<�8[4F6 C 2 8[6PT CM' T C 478[T�N �P_

� �W_Ix C 6P<�QlY>8 K7C2' 6P< j 8&T C 4\8RTb8 C
� 8 ���wC Z CRA 47<�G-)>) 2 4\8[Y�NP698[M COA =V8[T§g A\C T CL' 6 C �DNP6PT[Q�)@? C gPZ C2' ZW47<>Y�6 C Z C =@?F<Rg-) A\]y_
� G � 132 Z-)VJF<>M C 4F< 2 NP= A 8 A < '+] 8 A7C[A <�T C

ωτ = ωi+1
g
~vτ = ~vi+1

_
� Q ��� 4*)5M&<>4D?78RM C J A < ' )5= C Y�8 KFCL' 6-)5U T C 4\8[T CL' 2 ' 698RZP47<3? ]PC = C Y><�6 C&' 47< ] 6 CXKFA ? CP_ � <d?F<

Z C[A 47<�GP6 C&K )5MONP=:)�4\8 A )qJ7<�<>6�Y�8 KFCL' 6-)/T C 4\8[T K < ' 476W<>M C 698 �«_
�X�X_Ix C 6P<�Q�) 2 478[Y>NW698 _

� j C 476b?7)w8[= j C 47) A <�M K M C ZP4F< ' <�4*)V=4)w698eZP4*)5Md<�4*)5U A7C T CL' g 2 8£Tb8 A <>4F< KFC Z C 2 6P8[6P<aZW47< ' <>4D?F<�6P<p4F<>J*)�ª
A7' < _ � j C[A7CL' )V=4) K M C g ] 8�ZP47) Me8�?FUP66)VU ' 47< ] 6 CXKFA )VU�TB47) A <>4*)V8[=56-)5U~J A < ' )5= CXKkA 8[6P<&J A < ' )V= C ) A <>4\8RQ�)S?�gZ CRA 47<�GP6-)5U 2 8 ]PC[K < j C T C 6 ' <>4 j <�6PQ><[gwZP4\8[T A )VY>6 C 6P< K ZP4F<>M&<>6b?F<�6 CP_ �y8[=�Z98Wg/6P< j =5< ] <a698�J A < ' )V= CZ CB]WC GPM C Y�)S?�gPT�) K M C ?7)5U�NPZ C 4\8[G-)5=:)igWJ A < ' )5= C ) A <�4\8[Q�)@?)ZP47) ' ) KFC T3)VU ' 47< ] 6 CXKkA )VU	T�4*) A <>47)H8[=56W< j 8OJ A <!ª
' )5=H8}M C Y>6 C 698[478 KFA < _u� 47) A < KkA )54\8[6b?FN K M C N j C[A7CL' )V=4)ig ] 8^J A < ' )V= C ) A <>4\8RQ�)@?m698R4\8 KkA < ]PC^A 8RTBJF6P<M&<�47<[g ] 8 ?F<¥Y>8 K gPZ C[A 47<>G�<�6 2 8 ]PCXK < j C T C 6 ' <�4 j <�6PQ>< 2 ' <>Y¥ZP4 C Q�< K7C 4D?7)y<�698[T§g C 2 )V4 C Md8LQ><>= CH' <>Y3?7)CB] Y�8 K 8Wg9T3) j 8aZ C[A 4F<>GPNb?F< K 8RM C 2 8[= j <�GP4\8�? K T C Z98[478[=5<>=:) 2 8[Q�)S? C 698[Z-) K 8[6�8[= j C 4*) A <>M _

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



� ���������
	e� �

� �������
���
��	�� � ��� ���	��

��� ����� � � �
� ���	��� �s�z���
� �
�������	��

����� ��� ��� � ���
� �	����� ����� ���

�&��� � !m.d0
� 47< ] <>6 K <eZ CB] 8[M C ' M CB] <>=4)V478[6b?F< A NP47GPNP=5<>6 A 6-)5U A7C T CL' :><�=:)5M C+A <>M&<>=S?7) A7C ZP4F<�) 2 T�N K ) A ) 6BNPM&<!ª
4*)5Y>6 C�K UP<>M C )V6�8[= j C 47) A <�M�g T�) K M C ?FN�4\8 2 ' )V=:) ' ZP4F<¢?FJF6b?F<>M Z C j =H8 ' ?FN _ n 8[M&<>6sZ C j =H8 ' ?78£?F<]6'XC ?F<>6hg)698^<>6-) KkA 4\8[66)I:�<>=:)5M C 2 ) 2 4\8RY>NP6-)I8[6P8[=:) A )�Y>6 C 47<>JF=@?7) ' )5U
Z C <>6 CXKFA 8 ' ) A < '
] )��DN 2 ) ' 6 C 8 ] ª
' <>T A ) ' 6P<&<>6P8[Y>G�< ]PC Tb8 2 8 A )EZW4\8 ' )5=V6 C[KFA 2 8[Z6) K 8+6�NPMd<�4*)5Y>6P< j 8�8[= j C 4*) A Md8«gyZ C�] 47N j ) KkA 4\8R6-)EZ98 KK )5MONP=H8RQ�)S? C =H8RM )�698[4F6-)5U A7C T CL' ZP4*) ' ) K7C T3)5U ¦ < �B6 C = ]PK7C2' )VU}J A < ' )5=:)5U )56 K ZW4*)VM&<>4 ?78 'XCdK ZP47< ' <>4 ?F<�ª
6-)5M )h4F<>J*) A*' 8[M )hN j C[A7CL' ) A ) ' ZW=:) ' NPZ C 478[G�< ' 8[=5Y>6W< A 4\8R6 K � C 4FMe8RQ�)@?F< _

n 8b?FZW47<¢? K M C�'m] )5�DN 2 )@? K T C 8 ]6' <�T A ) ' 6-)P<�698[Y�G-) 2 8[6P<�Me8R4*)V=4)B8 ]6' <�T A ) ' 6-)6)V6OY�8 K7CL' 6-)WY>=5<>6 A <�4J) 2 ª
'XC 4F< _#� <�698[Y>G6) CXKkA 8[6W< =5< ] )5�DN 2 )S? K T3)PY>=5<>6 _E{ G ] <>=V8[=:)WG C M C¥]6' 8�ZP4*)5Md<�4\8 _/� ZP4 ' <>M ZW4*)VM&<>4FN CB]
T�4\8�?78 CB]6' ) K 6W< ] )5�DN 2 ) ' 6 CXKkA )P<�698[Y�G98¥f 2 )5Tb8[=56 C ZW47< ]WKFA 8 ' =@?78¥ZP47< 'XCB]dK T C 2 )§6W<>U C M C j <�6 C�KFA <>6 CW_��] 47N j <>M Z98¥G C�] )��DN 2 ) ' 6 CXKkA CB]6' ) K 698 CB]pK 8[Md< ' <>=4)VY�)56P<[g[T�) ] )��DNP6 ] )54\8 _w� 4*)VM&<>4 ?78[=4) K M C 47< 2 NW= A 8 A <
2 =:)56P<>8[476-)5MM) )V6 A <>4FZ C =H8[Q�)@? K T3)VMM)��DNP6PT[Q�)@?78[M=)#698 K ZW4 C[A )ET ' 8 ] 4\8 A 6-)VM )V6~N j C[A7CL' )V=4)ig ] 8�T ' 8 ] 4\8 A 6-)M&6 C j C G C =@? C Z-)VJF<¢? C 47<�J*) A < '�_Ln 8 ] 8[=S?F<mG C M C£C GP478 ' 698 ' 8[=4) '«KkA\C ZW6-)�ZP4 C GP=V<�M _|` N j 47< 2 8 ] )5�DNBª2 )S? C¥K Tb8[=V8[4D?78 C GpZW4*) KFC[A 6 C[KFA ) KkA 8[=56P<)T C 6 ' <>T A ) ' 6W< U-) A 4 C[KFA ) _w� 4*)VM&<>4 K M C¥C GW4\8 ' 698 ' 8[=4) KEKkA 8[=56 C )V6
T�4\8�?F< ' 6 CmCB]6' ) K 6 CL] )5�DN 2 ) ' 6 C[KFA ? CW_Ec =V< ] )§Y>8 K7C2' 6 COCB]K' ) K 6 C 4F<>J7< ' 8[6b?F< ] )5�DN 2 )@? K T[<I<>698[Y�G�< _�� A <>M
4\8 2 ] <�=VT�NpG C M C ) 2 GP478[=:)B698�?FZP4*)5Md<�476P<3?FJ C|] ) K T�47< A ) 2 8[Q�)S? K T C¥K UW<>M C 2 8¥8[ZP4 C T K )VMd8[Q�)@? C Z98R47Q�)V8[=V6W< j 8CB]6'XCB] 8 ' <�=:)VY�)V6W<|Z C Y�8 K N _ � 4F<>J7< ' 8[6�?F<>M�<�698[Y�G�<l66)VU98[6�?78OZ98aZP4F< ' <�4*)VM C ZP4\8 ' )V=V6 CXKFA)] )5�DN 2 )@? K T[<
<>6P8[Y>G�< 2 ) 2 'XC 4 C M�g/T3)h?F< CB]6' ) K <�6 CB] ' <�=:)VY�)V6P< K 8[Md< _e�wC	] ) K T�4F< A ) 2 8[Q�)@?7)�Y>8 K7C2' 6P< j 8 CB]6'XCB] 8 '698[J C <�698[Y>G C0'BKFA7C Z-))ZP4\8 '�A 8[T�Y�=V<>6 _ n 8 ] 8[=S?F< K <�G C M C Z CXK7' < A )5=:)�8[698[=4) A )5Y�6-) 4F<>J7) A*' )�Y�8 KFCL' 6 C
CB]6' ) K 6-)VU n 8 ' )V<�4kª cBA\C TR< K7C2' )VU�<�698[Y�G _p` 8 �B= C 4t?F<pM&< ]^]6' <>Md8 ' 8R=@?F<>Md8 C ZP8 2 )5=�698 KFA 8R6P<>T ' 4 A )56«ª
Q>< '�_t� ]K' <>U ] )VM&<>6 2 )@?78RUm?F<�ZP4 C GP=5<>M 8[698[=4) A )5Y�6 C 47<�J7=@?7) ' g A 8[T C&] 8 A7C T CL' 6 C Z C =@?F<RgPT3)W?F<�47<�J*) A < '
Y�8 K7CL' 6 C�CB]6' ) K 6-)5U n 8 ' )V<�4kª cBA7C T[< K7CL' )5U^<�698[Y�Gyg�=H8[UPT C ZP47)VM&<>4 ?78[M C 2 8[698[=4) A )5Y�6-)5M=) ' 4F< ] 6 CXKFA M ) _
`�C TeZP4F<>T CI' 8R=@?78mZP4*) ¦ < �B6 C = ]PK7C2' <>M�J A < ' )V=5N

Re = 100
?F<|=H8RM )�698[47<�6�)56+6P< KFA 8RQ�) C 698[47<�6 _tc ZP4*)�ª

M&<>4D?78 'XC Y�8 KFCL' 6P< CB]6' ) K 6 CXKkA )�T C <�fPQ�)V<�6 A7CL' NPZ C 478M)V6 ' 2 j C 698p698 ' 8[=@? K ZP4F< ' <�4D?F<>66)VM=)�47<�J*) A*' 8RM )K M Cp]PC Tb8 2 8[=4)yZP4\8 ' )V=56 CXKFA 6�NPMd<�4*)5Y>6P< j 8p8[= j C 4*) A Md8 _
� 47<�) 2 T�N K 4F<>J7< ' 8[6�?78 K Z C M C Y3? C ' 8[=5Y>6P< A 478[6 K � C 47Md8[Q�)S?F< K M C ) 2 ' < ] =4) A 4*)5TB478 A�_en 8[ZW47<¢? K M C

� 1



�R� � U�� < 
5� �-�	
 � � �F�����	��

�	��� �ONF�	����� � � ��
 ���	��
9N �/� � < 
 �5

�	�F
9N 
 � < �/�I
 � �/���F
9N � ��> �QK

ZW47< ' <�4D?78R=:) K 8[M C 6P8 A 8[6WY>6 C[KFA ) 2 4\8[Y�NP698zZP4 CB] NPT A 8}Md8 A 4*)VT�8 ' <�T A\C 4 2 698RTB=S?FNPY>66)VM=) ' <�T A\C 4 ?7)?)V6
A 8[T C Z C Tb8 2 8[=:)yZW4*)VZ C 4 C Y>=S?7) 'XCOKFA\C ZP6b? C 2 8[6P<>Md8[4 ?78[6b?78O<>=V<�Md<�6 A7CL'�' Me8 A 4*)5T�) _ � < ] T�=H8 K )VY�698aZP47)�ª
M&<�4\8m=V8[M=)5698[4F6-)5U A7C T CL' 2 8OZP4F< ' <�4D?78[6b?F<|6BNWMd<�4*)VY�6-)VU K UP<�M j C[A\C2'XCOK7CB] ) A 8 A\C T ' j 698[6-)qT CRA 8[6b?7)
)56 A7C T+ZP4F<>T CeKFA7C ZP6-)5Q>< _ { G98 K M C 478[Y�NP698[=4)/ZW4*) ' ) K7C T�)5U ' 47< ] 6 CXKkA )VU ¦ <��«6 C = ]PKFCL' < j 8dJ A < ' )V=V8M)V6478 2 =4)VY�6-)VU KkA\C ZP6�?78[U 2 8R6P<>Md8[4 ?78[6b?78�<>=5<>M&<>6 A\CL'@' ' 8[=VY�6 C�A 478[6 K � C 47M=)V478[6-)�Md8 A 47)VT3) _£c Z C M C Y3? C
ZW4*)VM&<�4D?78 ' < 4F< 2 NP= A 8 A\C2'¥K ZP4F< ' <�4D?F<>66)VM=)�47<�J*) A7' 8[M=) K M C ]PC = C Y�)V=4)[698�? ' <>Y3? C;KFA7C ZP6b? C 2 8[6P<�Me8[4 ?78[6b?78Wg
T3)�JF<l6-)5Me8 ' ZP=4) ' 8a698p4F< 2 NW= A 8 A <¥ZP4*) ' ) K7C T3)5U ' 47< ] 6 C[KFA )5U	T�4*) A <�4*)H8R=56P< j 8mJ A < ' )V=V8 _

�p��� �  w( !m.d0 -/. � ��.�-/( ! $+(,�+.m' . �l(I$�� �y-/(I$+�
¦ <>JFNb?F<>M C ZP47< 'XCB]
K T�8[=H8R476P<eT C =:)5Y�)56P< ' 6P<�U C M C j <�6P<>M Md< ] )@?FN _~c ZP= C JF698 ] )5�DN 2 )@? K T C T C 6 ' <>TXª
A ) ' 698a<>6P8[Y>GP8 K < 2 8 A 8pZP47)VM&<>4 2 8[Z-)VJF< C

~∇T · (a(~r)~∇T ) = 0,
� �B_5���

T>?F<�4)?F<
T
A <>M&Z�<>478 A NP478Wg

a(~r)
Z98 CB] T�478b?78 CB]6' ) K 698 ] )5�DN 2 ) ' 6 CXKFA>_&¤ 698[Y�G98O?F<pZ C <�6 CXKkA 8 ' =S?F<>698

C GP=:)5Tb8 ] )5�DN 2 )@? K T C 8 ]6' <�T A ) ' 6P< <>698[Y�G�<[g[Tb8 A <>4F< 47<>J7) A < ' 2 M&< A\CB]PC T C 6PY�6-)VUL<>=5<>M&<>6 A\CL'¥K M C Z CB] 8[=:)
' ZP4*)5= C j )G+ � � 698 KkA 4\8R6-) � � NB_¦ <�J7< ' 8[=4)wG C M Cd]6' 8e<>6 CB] )5M&<>6 2 ) C 698R=V698pZP4*)5M&<>4\8 _|{ GPM C Y¢?F< ) 2 4\8RY>NP698 C M&<¢?7)VM C 2

x1 = 1
g

T>?F<�4P?F< A <�MdZ�<�4\8 A NP4\8
T1 = 0

)56 2
x2 = 2

gbT�?F<�4P?F< A <�MdZ�<�4\8 A NP4\8
T2 = 1

_#{¥]K' ) K 6 C[KFA ) ] )5�DN 2 ) ' 6 CXKkA )
CB] TB478�?78M)V6�8[698[=4) A )5Y�6P<¥4F<>J7) A*' < A <�4 CB]6'XCB] ) KFC Z CB] 8[6-) '£A 8[G�<�=:) �«_5�[_

� �FY�� < ���FADCFE � Y�� �cK2� �cK �/� � � ��
 ���	� � � ���PK/��� � ��� �B< �;� � KI���ONF�;����{��	�F
 �	� �	�F
 A
�����
	��
� �����������
��������� �� !�"�$#&%"'$# #(�)#(*
���+�
%
�)#��+��,��
�+�
� �����-���

#-.
a(x) = x d

dx

(
xdT

dx

)
= 0 T (x) = ln x

ln 2 dT/dx = 1
x ln x

'$.
a(x) = x2 d

dx

(
x2 dT

dx

)
= 0 T (x) = 2 − 2

x dT/dx = 2
x2

132 478[Y>NP6W< K M C 2 8 C G98
ZP47)VM&<>478�Z C 6 CL' )5=:) K JF< KkA )VM=)¥M&47<>:>8[M=) _ ` 4*)¥Md4F<>:>< 2 =:)V6W<�8[4F6-)5M=)
)56 A <>47Z C =H8[Q�)@? K T3)VMM)w�DNP6PTRQ�)@?78RM ) 2 8�T ' 8 ] 4\8 A 6 C 6 C[A 478[6b? C Q><�=:)VQ C )V6 A 4*)�Md4F<>:�< K T ' 8 ] 478 A 6-)5M ) )V6«ª
A <>4FZ C =H8[Q�)@? K T3)VM=)��DNP6PT[Q�)@?78[M=) 2 8 8 8 j 478[6 j <�< 'XC 6 C[A 4\8R6b? C Q><�=:)5Q C �DZP4*)5= C j 8D+ � 6P8 KFA 4\8[6-) �X�����!_� A 8[G�<>=4) �«_ $¥ZP47)VM&<>4D?78RM C|A <�MdZ�<�4\8 A NP4 C�'pK 47< ] )V6-) C GPM C Y¢?78 A <�4 CB]6'XCB] 8l698�4 C GPN _#� 47< ] 6 CXKkA
A <>M&Z�<>478 A NP4F< ' K 47< ] )V66)�?F< 2 <>= Cs]PC GP4 CsC Q�<>6�?F<>698s698 'BK <�U M&47<>:>8[Uyg|Md< ]WA <�M T CsK7CsCB]6'XCB] )
6W<>ZP47)VM&<>4F6 C G C =@?F< C Q><�6b?F<>6-)�ZP4*)�NWZ C 4\8[G6)�T ' 8 ] 4\8 A 6-)VUB)56 A <>47Z C =H8[Q�)@? K T3)VUe�DNP6PT[Q�)S? _

�p��� �  w( !m.d0 -/. � ��.�-/( � $+( ����$�(I"� �$+. 0+� �R%+�)��!£$+.D�y- �y.
`�C T�478 A 698�?/G C;] )5�DN 2 ) ' 6 CXKkA 6P<�=:)V6W<�8[4F698o�DNP6PT[Q�)S?78 A <�MdZ�<�4\8 A NP47<

a = a(~r, T )
_#x <�4 K < Z C;C GWM C Y3?FN

A <>M&Z�<>478 A NP478 K ZW47<>M=)56b?78WgB?F< ] )5�DN 2 ) ' 6 C[KFA|A 8[T C�CB]6' ) K 698 A N ] ) CB] T�478b?78 _ �()��DN 2 )@? K T�8+<>6P8[Y>G98 2 8
A 8pZW4*)VM&<>4�?F< C

~∇T · (a(~r, T )~∇T ) = 0,
� �B_ $ �

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�«_ �W_9� 47< '[C«]�A7C ZP= C[A < 2 6P<>=4)V6P<>8[476 Cp] )��DN 2 ) ' 6 CXKFA ? C �«�

� �FY	� < � �FA9tuE Ge��
 ���	� � �cK �=� �	� � �	� �/�b����� K �	���*�/
 �F
 �	� �	����
 � ���cK/�Z���QK � � ���cY	�QK2
9NaA � � �;� �FY�
 < 
 �	���
� �M�b��
 < 
 ��� �/�	���9
 ��>QK � �/� �/�5�����I�����;�sI=�	� �Q>;
 � }	���PK2
 < �;� K/�WI < 
9}2� K

x
�	���	��
 A

#-. '$.
� �+��� #

Tx=3/2 dT/dxx=1 dT/dxx=2 Tx=3/2 dT/dxx=1 dT/dxx=2*
�
����� �
*
	 ��	�
������ ��	
������� ��	�������� ��	���
���� ��	�����
�� ��	��������
*��
��� ��� �
*
	 ��	�
���
�� ��	�������� ��	�������� ��	�������� ��	�����
�� ��	�
������
*
�
��� ����� �
*
	 ��	�
���
�� ��	 ����
�
 ��	�������� ��	�������� ��	�������� ��	�
�����


#(�)#(*
�
��� %"�)� ln(3/2)
ln(2)

1
ln(2)

1
2 ln(2) 2/3

�
1/2

#(�)#(*
�
��� %"�)� ��	�
���
�� ��	 ������� ��	�������� ��	�������� ��	�������� ��	�
������
� ��#���
�� �
*
	 ��	�
���
�� ��	 ������� ��	�������� ��	�������� ��	�������� ��	�
������
� ��#���
 �
*
	 ��	�
���
�� ��	 ������� ��	�������� ��	�������� ��	�������� ��	 �������
� ��#�� � �
*
	 ��	�
������ ��	�������� ��	�������� ��	���
���� ��	�����
�� ��	�����
��

x <>4 ?F< ] )5�DN 2 ) ' 6 C[KFA¥CB]6' ) K 6P8 CB]~A <�M&Zq<�4\8 A NP47<Rg/Z CRA 47<�GPNb?F<�M C ) A <>478 A ) ' 6-)#Z C[KFA\C Z�<>T§g�T>?F<>49) 2 M&<!ª
6-)5Y>6 C ) 2 478[Y�NP698 ' 8[M C 6 CL'XCeA <�M&Zq<�4\8 A NP476 C Z C =S?F< )V6z6 CL'[C Z C =S?F< ] )��DN 2 ) ' 6 CXKFA ) _ � ZW4*)VM&<�47NzZP4F<�ª
'XCB] 8 K T C 2 )�6W<>U C M C j <>6 C
KFA <�6 C
A\C 66)¥G-)5= C Z CRA 47<�GP6 C g;T[<>4 ] )��DN 2 ) ' 6 CXKFA 6-)|G-)V=V8 CB]6' ) K 698 CB]A <�MdZ�<�4\8 A NP47< _

 "!$#&%�'�(*)�+$(-,.'�%0/�12!$/

¦ <>J7< ' 8[=4)yG C M CO]6' 8a<�6 CB] )5Md<�6 2 ) C 698[=5698LZW4*)VM&<>478 _E{ GPM C Y3?F<�) 2 4\8[Y�NP698 C Md<3?7)VM C 2
x1 = 0

gWT>?F<>4
?F< A <>M&Z�<>478 A NP478

T1 = 1
)56 2

x2 = 1
g�T>?F<>4 ?F< A <�MdZ�<�4\8 A NP4\8

T2 = 2
_m{|]6' ) K 6 CXKFA ) ] )��DN 2 ) ' 6 CXKFA )

CB] T�4\8�?78I)V6�8[698R=:) A )�Y>6P<|47<�J*) A7' < A <>4 CB]6'XCB] ) K7C Z CB] 8R6-) '£A 8[G�<>=4) �«_ �W_

� �FY	� < � �FA43 E � Y�� �cK2� �cK �/� � � ��
 ���	� � � ���PK/��� � ��� �B< �;� � IM��� < 
 ��� �/�������/
 M���I�
DK2�����	� � �cA�U � ��
 ���	�	�
YI���cY�
 �����/� � < 
 �5

�	���M���O}	
 � �PK ID���O}2�PK �/� � �	� � � < 
 ���;���=�5���	� � � �	��� � � � �WA

� ���
	��
� �����������
� ������� �� �
�)#&%
')#
T (x) dT/dx

#-.
a(T ) = 1/T d

dx

(
1
T

dT
dx

)
= 0 2x 2x ln 2

'$.
a(T ) = 1 + T + T 2 d

dx

(
(1 + T + T 2)dT

dx

)
= 0 2T 3 + 3T 2 + 6T = 29x+ 11

1 A <>4*)54\8[=4) K M C g ]PC TB=5<>4�66) G6)V=H8 ¦ � c 478 2 =4)VT�8+M&< ]^A <�MdZ�<�4\8 A NP4766)VM=)#Z C =@?7)�Md8[6�?FJ\8 CB]
10−7

_
� 8 ]WCXK < j C 47< 2 NW= A 8 A 8 K M C Z C[A 4F<>G C2' 8[=:) � � ) A <�4\8[Q�)@? _p¦ < 2 NP= A 8 A ) K7C ZP4*)5Tb8 2 8[6-) '}A 8RG�<>=:) �«_��P_dr <<>6WTB478 AeK M C Z C[A 4 ] )5=:) ' <�Y¢? C 6P8 A 8[6WY>6 CXKkA ) 2 478[Y>NP6 CL'�C GsNPZ C 478[G-)IT ' 8 ] 4\8 A 6-)VU )56 A <>47Z C =H8[Q�)@? K T3)VU
�DNP6PT[Q�)@? _

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



� $ � U�� < 
5� �-�	
 � � �F�����	��

�	��� �ONF�	����� � � ��
 ���	��
9N �/� � < 
 �5

�	�F
9N 
 � < �/�I
 � �/���F
9N � ��> �QK

� �FY	� < � � A ?BE Ge�	
 ���	� � �cK �=���	� � �	� �/�5���d� K �	���*�/
 �F
 �	���	����
 � ���cK/�����QKD� � ����Y	�QK2
9NaA � � �;� �FY�
 < 
 �	���
� �M�5�	
 < 
 ��� �/�����9
 ��>QK � �/� �/�b���9�I�d���;� I=�	� �Q>;
 � }	� �PK2
 < �;� K/�WI < 
9}2� K

x
�	���	��
 A

#-. '$.
� � � � #

Tx=1/2 dT/dxx=0 dT/dxx=1 Tx=1/2 dT/dxx=0 dT/dxx=1*
�
���0� �
* ��	 ������� ��	�������� ��	
� � ��
 ��	�
�����
 ��	
������� ��	��������
*
�
��� ��� �
* ��	 ������� ��	�� � ��� ��	�������� ��	�������� ��	 ������
 ��	��������
*
�
��� ����� �
*
	 ��	 ������� ��	�����
�
 ��	�������
 ��	�������� ��	�
������ ��	��������
#(�)#(*
�
��� %
��� √

2 ln 2 2 ln 2
#(�)#(*
�
��� %
��� ��	 ������� ��	�������� ��	�������� ��	�������� ��	�������� ��	�������

� ��#���
�� �
*
	 ��	 ������� ��	�������� ��	�������� ��	�������� ��	�������� ��	�������

� �&#���
 �
*
	 ��	 ������� ��	�������� ��	�������� ��	�������� ��	�
������ ��	��������
� �&#�� � �
*
	 ��	 ������� ��	���
���� ��	�������� ��	�
������ ��	�����
�� ��	��������

�p�3� � �y-/. ��$�� �+ w.L� ��(I'
� 8RZ-)VJ7)VM C;KFA 8[Q�) C 698[4F6 C¥] )��DN 2 )S? K T C T C 6 ' <>T A ) ' 6 C <>698[Y�G C 2 8�ZW47<>6 CXK K T�8[=H8R4D?78 'OC GPM C Y3?FN K KkA 8[=56 C
T C 6 ' <�T A ) ' 6 C U-) A 4 C[KFA ? C

~v = v0

C

(~v · ~∇)T = ~∇ · (a(~r)~∇T ).
� �«_ ���

� )5J7<>M C
a(~r) = a0f(~r)

)56 ] <�f96-)54\8[M C�� <�Q>=5<¢?F< 'XC J A < ' )V= C T C[A 4\8 2 Md<�4D?F<oM&< ] T C 6 ' <>T A ) ' 6 C U6) A 4 C ª
KkA ? C )V6 ] )5�DN 2 ) ' 6 C[KFA ? C

Pe = v0

a0

_E{ GW4\8 ' 698 ' 8[=4) K M C ZW4*)VM&<>4 2 CB] T�4\8�?78l6W< CB]6' ) K 6 CL] )��DN 2 ) ' 6 CXKFA ? C
)56�ZP4*)5M&<>4 K TB478�?F< ' 6 CdCB]6' ) K 6 C&] )5�DN 2 ) ' 6 CXKkA ? CP_E�wCB] 4 C GP6 CXKkA ) K7C 698 ' < ] <>6P< 'eA 8[G�<�=:) �«_ �«_

� �FY	� < � �FA �FE � Y�� �cK2� �cK �/� � K �	� � � � � � ���cY < �	���FA U � ��
 ���	�	� � � � �/
 M���I�
DK2�����	�^> �;�"�	� �/�F� � `�K
� ��
 ���	����Y � � ���cK2
 �	� � ����>;� � � �FA

� ���
	��
� ����� �����
� ������� �� �
�)#&%
')# #(�)#(*
�
��� %
�)# �+��,��
�+�
� �����-���

#-.
a(~r) = a0 Pe

dT

dx
=
d2T

dx2
T (x) = 1 − 1 − ePex

1 − ePe
dT/dx = Pe

ePex

1 − ePe

'$.
a(~r) = a0x Pe

dT

dx
=

d

dx

(
x
dT

dx

)
T (x) = 1 − xPe dT/dx = −PexPe−1

� 4*)VM&<�4D?78[=4) K M C 8[6P8[=:) A )�Y>6P<0)56 ) 2 4\8RY>NP698R6P< A <>M&Z�<>4\8 A NP4F6P<�T�4*) ' NP=@?F< 2 8 � <�Q>=5<¢?F< 'XC J A < ' )V= C
Pe = 10

698}Md4F<>:�) Kp�[� T ' 8 ] 4\8 A 6-)VM=) <>=5<>M&<>6 A )¥� � �W��'XC 2 =4)VJFY>< '
x
K M&<>4*) ��_�n 8 K =:)VT3) �B_5�+K7C

T�47) ' NP=@?F<|ZP4*)5Tb8 2 8[6P< _
� A 8[G�<>=4) �«_ < KFC ZP4*)5Tb8 2 8[6P< ' 4F< ] 6 C[KFA ) A <>M&Z�<>478 A NP4F<�)V6 CB]6'XCB]PC2'q_�{ Z98 2 )VM CzCB] =4)VY�6 C Nb?F<�ª

Md8[6�?F< A <>M&Z�<>4\8 A NP4F<I)V6~6P<>T C =:)VT C+K =H8[GPJF<aNb?F<>Md8[6b?F< CB]6'XCB]PC2' g/T�8[4 ?F< K =V8[G CXKFA Md< A\CB] <OT C 6PY�6-)VU
<�=V<�Md<�6 A7CL' g�ZP47)�Tb8 A <>47) CB]6'XCB] )#�DNP6PT[Q�)@?F<a6W<p698 KFA\C Z98�? C '}K ) KkA <>MON~<>698[Y�G _p� 8£478 2 =4)VT C ghM&< A7CB] 8
4 C GP6-)5U�<>=5<>M&<>6 A\CL' Z C2' <>:�<l�DNP6WT[Q�)S? C 2 6b?F<�6-)VM CB]6'[CB]PC M 698a4 C GPN _
P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�«_��P_W� KFA7C ZP6-)�ZP4 C GP=5<>M �[�

X

T
em

pe
ra

tu
ra

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

anal. a=a0x
anal. a=a0

a=a0x
a=a0

� h
�nh o
�f �o
�

V�Y;V�� [ ab[�� Y;`	�
a = a0xV�Y;V�� [ ab[�� Y;`	�
a = a0

a = a0

a = a0x

x

;=< 
9> � �FADCFE Ge��
 ���	� � �cK � � �;� ��I2��� < 
 � K/�0���	� � �	� �/�5�K��� � ��

Pe = 10

A ; �	��� �/��� �	� � �WI�� ���d�	�F

�/� � < 
 �b

�	�-
 >;��
DK2� < � 
9` � >QK � �/� �/�D>;
 �2� � ��� �/�F
 ����I�� < � �/�5
J�-�K���	��

�	���&�	
 �I� < �-�	
 � � � �	
 ���	� �bY[T I � 
 M���

I�
DK2�����	� � �����cK2
 �	�����Z� >;� � � �Q`5���5��
9> �;�b�F
9>;
 � � � � � ��
9> ��I��/� � ��
 ���	� �PTcA

� �FY	� < � �FA
�cE Ge�	
 ���	� � �cK � � �	� � �	� �/�b�����@K �	���*�/
 �F
 �	���	���0
 � �Z�cK/�����QK � � �d�cY	�QK2
9N I�� K �	��� � � �
� ���cY < �	���FA

#-. '$.

Pe
� �+��� #

Tx=1/2 dT/dxx=0 dT/dxx=1 Tx=1/2 dT/dxx=0 dT/dxx=1��� � ��#���
�� �
*
	 ��	�������� �*��	�������
 �*��	�������� ��	��������
10−11 �*��	��������

��� #(�)#(*
�
��� %
��� ��	�������� �*��	�������
 � ����	�������
 ��	�������� � � ���

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�b� � U�� < 
5� �-�	
 � � �F�����	��

�	��� �ONF�	����� � � ��
 ���	��
9N �/� � < 
 �5

�	�F
9N 
 � < �/�I
 � �/���F
9N � ��> �QK

�p� � � "��/."!e$�. .&0�!e���/$�.  w(��/( !¥"L$(�h( 0+� �R%+�)� � � # (,(I$�"l*��^(
� 4F< ' <�4*) A ) K M C :�<>=5<>=4)�698 A 8[6PY>6 CXKFA Y�8 KFCL' 6 C+CB]K' ) K 6P< j 8�) 2 4\8RY>NP698 K ZP4*)5Md<�4D?78 'XC )5MdZW=4)5Q�) A 6-)5U ] ) K ªT�4F< A ) 2 8RQ�)@? K T3)VU K UW<>M )V6 <�T K ZP=:)5Q�) A 6P< K UP<>M&< ¦ NP6 j < x N AFA 8 _ 132 GP478[=:) K M C <�6 CB] )5Md<�6 2 ) C 698R=V6-)
ZW4*)VM&<�4 C UP=H8�?78[6b?78 _E¦ <>JFNb?F<>M C Y�8 K7C2' 6 CdCB]6' ) K 6 C&] )��DN 2 )S? K T C <�698[Y�G C

∂T

∂t
= a

∂2T

∂x2

� �«_����
K T C 6 KFA 8R6 A 6 Cd] )��DN 2 ) ' 6 CXKkA ? C

a
_

��#&,��*(���(���+ % )	� /�

�2+$% /�� %0#&%

� 47)VM&<>4D?78R=4) G C M C�K =V< ] <>Y�<�8RZP4 C T K )5Md8[Q�)S?F<zY�8 KFCL' 6P< j 8 ]PCL'XCB] 8 _ +;ZP4 C T K )VMd8[Q�)@? C ZW4 ' < j 8
47< ] 86P8 A 8[6WY>6 C[KFA )���GP8[Q!T � 8[4 ]z¤ NP=5<>4��
∂T

∂t
≈ T n+1 − T n

∆t
,

� �«_ �X�
] 47N j C 47< ] 6 CpA 4\8RZ�< 2 C ) ] 6 C&K UP<>M C

∂T

∂t
≈ 1

2

T n+1 − T n

∆t
+

1

2

T n − T n−1

∆t
=

1

2

T n+1 − T n−1

∆t
,

� �«_ < �
)56 A 47) A7C Y!T C2' 6 CdK UP<>M C&] 4FN j < j 8p47< ] 8

∂T

∂t
≈ 3T n+1 − 4T n + T n−1

2∆t
,

� �«_]NX�
T>?F<�4�?F<

∆t
Y>8 K7C2' 6-)yT C 478[T§g

T n+1
A <>M&Z�<>4\8 A NP478 ' 698 K =V< ] 6b?F<>M Y>8 K7C2' 6P<>M�T C 478[T�Nyg

T n
A <>M&Z�<>478bª

A NP4\8 '+K < ] 8[6�?F<>M�Y�8 K7C2' 6W<>M�T C 4\8RTBNB)V6
T n−1

A <�MdZ�<�4\8 A NP4\8 ' ZP4F<¢?FJF6b?F<>M�Y>8 K7C2' 6P<>M�T C 478[T�N _
� 12/�,��*(���(���+�� )	� /�

�2+��&/�� %0#���� !.+���%��"!������
{ j =V< ] 8[=:) K M CdK ) ¦ NP6 j < x N A7A 8d6�NPM&<>47)VY>6 CdK UP<�M CdK � 4F< ]PC Mv698 A 8[6PY>6 CXKFA ) _Ic UP<>Md8|?F<L<>T K ZP=:)�ª
Q�) A 698Wg 2 8 A\C 47<¢? K Z C M C Y3? CdCB]K'XCB] 8&�DNW6PT[Q�)S?F< '�] 8[6W<>M A 47<>6�N A T�NzQ�)5=@?78[M C 698 ' 4F< ] 6 CXKFA �DNP6PT[Q�)@?F<
' 698 K =V< ] 6b?F<>M _)� 698 K ZW4 C[A ?FN K A <>M�g )VM&ZP=4)5Q�) A 6P< K UP<�Md< 2 8 C Q><�6 CeCB]6'XCB] 8dNPZ C 478[G-)S? CM' 4F< ] 6 CXKFA
�DNW6PT[Q�)S?F< ' 698 K =V< ] 6b?F<�M�Y�8 K7C2' 6W<>MvT C 478[T�Nyg§T�8[4 6W<�) 2 G�<>:�6 C ZP4*) ' < ] < ]WC 4F<>JF< ' 8R6b?78 )5MdZP=4)�Q�) A 6P< j 8K ) KkA <>Md8a<>6P8[Y>G _
� 8 K7C2' 6 CdCB]6' ) K 6 C&] )5�DN 2 )@? K T C <�698[Y�G C

∂T

∂t
= a

∂2T

∂x2

� �«_ . �
K < ] 8�?|4F<>J7N�?F<>M C+A 8[T C g ] 8�) 2 478[Y�NP698[M C

a∂2T
∂x2

2a2 8[Y>< A 6 C Z C 4\8 2 ] <>=4) A7' )S? CdA <>M&Z�<>4\8 A NP4()V6}NPZ C 478bª
G6)VM C�¦ NP6 j < x N A7A 8 K UP<>M C 2 8�698[ZW47< ]WCL' 8R6b?F< ' 698 K =5< ] 6b?7)EY>8 K7C2' 6-) T C 4\8[T _&c UP<�Me8L?F< K =V< ] <>Y>8� � 47< KFK < A 8[= _I� . 1b� ��C
�[_
T (1) = T n + 1

4
∆t

[
a∂2T

∂x2

]n

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�«_ �«_ � 8 K7C2' 6 CdCB]6' ) K 6 C 4F<>J7< ' 8[6�?F< ] )��DN 2 )S? K T[<¥<>698RY>G�< �X�

$ _
T (2) = T n + 1

3
∆t

[
a∂2T

∂x2

](1)

�W_
T (3) = T n + 1

2
∆t

[
a∂2T

∂x2

](2)

�P_
T n+1 = T n + ∆t

[
a∂2T

∂x2

](3)

� <>=4)VT C[KFA T C 4\8[T�8�ZP4*) ¦ NP6 j < x N AFA 8 K UW<>M=)h?F< C Md<3?F<>698 2 � C NP4\8R6 A ª3	94*)5< ] 47)VQ U K ª 8 < � � KkA 8[G-)5=V6 C ª
KFA 6-)VM�Z C j C ?F<�M C

∆t ≤ ν∆x

δ
,

� �«_]1X�
T>?F<>4#?F<

ν < 1
� C NP478[6 A ª�	94*)5< ] 47)VQ U K ª 8 < � �£J A < ' )5= C g

δ
Z98pTb8R4\8[T A <�4*) KFA )5Y>698aU-) A 4 CXKFA>_

 "!$#&%�'�(*)�+$(-,.'�%0/�12!$/

{ GP4\8 ' 698 ' 8[M C�� ��ZP4*)5Md<�4 C UP=V8�?78[6b?78 ) 2 C =4)54\8R6P<£66) A TR<+6980)V6 A <>4 ' 8[=5N�Md< ]
[0, π]

_�� 4F< 'XCB] 6 CXKFA
� ] )��DN 2 ) ' 6 CXKkA!� ?F<pT C 6 KFA 8[6 A 698

a = 1
_e� 8RY>< A 6-)EZP4 C f9= A <�M&Zq<�4\8 A NP47<;?F< A 4*)VT CRA <>6 2 Md8[T K )5Me8R=56 C

A <�MdZ�<�4\8 A NP4 C
Tm = 1

'£A\C Y T3)
x = π/2

)V6 K )VQ�<>4 C

T (x, 0) =

{
2Tm

x
π
, x ∈ (0, π/2) �

2Tm
π−x

π
, x ∈ (π/2, π)

_ � �«_�� ���
n 8 C G�<>U�T C 6PQ�)VUsZP47< ] Z-)VJF<>M C�A <>M&Z�<>478 A NP4 C

T0 = 0
g�698 KFA 4\8[6W<>U ZP8+?F< C GPM C Y3?F<B) 2 C =:)5478[6 CP_

+;6P8[=:) A )5Y�698O47<�J*) A < ' 2 j C 478�? C Z6) K 8R6P< j 8pZW4*)VM&<>478�� % <�) K7KkA <�)56 ����� 1b� � ?F< C

T (x, t) =
2

π

∞∑

n=0

{
2
∫ π/2

0
sin(nx)

x

π
dx+ 2

∫ π

π/2
sin(nx)x

π − x

π
dx

}
sin(nx)e−n2t.

� �«_��X���

` <>M&Z�<>4\8 A NP4F6-)qZP4 C fP= K M C ZP47)VM&<>4 ?78[=4) 2 8R698[=4) A )5Y>66)VM ZP47)qY�8 K N
t = 1

_ ¦ 8[Y�NP698[=4) K M C 6P8mMd4F<>:�) K
� �X� T ' 8 ] 4\8 A 6-)VM=)[<�=V<�Md<�6 A )9�
$ �W�J'XC 2 =:)5J7Y�< �G'

x
K M&<>47) )56 2 478 2 =4)VY�6-)VMM)bY�8 KFCL' 6-)5M )[T C 4\8[T3) _���A 8[G�<�=:)

�«_]NIK7C ZP47)VT�8 2 8[6W< ' 47< ] 6 CXKkA ) A <>M&Z�<>4\8 A NP4F<
T (π/2, 1)

_w` <>M&Z�<>478 A NP4F6P< ZP4 C fP=V< K M C ZP47)VT�8 2 8[=4) A N ] )

� �FY	� < � �FA�� EbGe��
 ���	��� �cK � ���	���F�	� �/�5�K����K �	���*�/
 �F
�� ��
�� � �2�QK2���@���cK2
 �	���	� ���O}2�PK �/����� �/
 M���I�
 � �O> �
�	� ���WY	�WA

∆t
,���	 � �&� # � � � ��	 ��� #�
 �
� � �+��% � � ��
 �

0.1
��� ��	�������� ��	�������� ��	�������


0.01
����� ��	�������� ��	�������� ��	��������

0.001
������� ��	�������� ��	�������
 ��	��������

0.0001 104 ��	��������
#(�)#(*
�
��� %
��� ��	�������� ��	�������� ��	�������� ��	��������

698 K =:)5Tb8[U �«_ $M)56 �«_ �W_�¦ < 2 NP= A 8 A )yZ C Tb8[:�<¢? C g ] 8;?F<lM&< ] )VM&ZP=4)5Q�) A 6-)�M=) K UP<>Md8[M=) ] 8[=5<>Y�698�?FG C =S?FJ\8
A 47) A7C Y!T C2' 698 K UW<>Md8}� �«_]NX�!_ ¤ T K ZW=:)5Q�) A 698 K UP<>Md8 K )5Q><�4 A N ] ) ]WCXK < j 8 ]PC GP4 C 698 A 8[6PY�6 CXKFA g ' <�6 ] 8[4Z98 2 8[U A < ' 8 ' <>YlY>8 K7C2' 6-)VU�T C 478[T CL' 2 8[4\8 ] ) � C NW4\8[6 A ª3	§47)V< ] 4*)5Q!U K ª 8 < � �^� �«_ 1�� Z C j C ?78 _

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



� < � U�� < 
5� �-�	
 � � �F�����	��

�	��� �ONF�	����� � � ��
 ���	��
9N �/� � < 
 �5

�	�F
9N 
 � < �/�I
 � �/���F
9N � ��> �QK

x

T
em

pe
ra

tu
ra

0 0.5 1 1.5 2 2.5 3
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35
anal.
10x0.1
100x0.01
1000x0.001

x

� �
��� �
�� ��
�

x

T
em

pe
ra

tu
ra

0 0.5 1 1.5 2 2.5 3
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35
anal.
10x0.1
100x0.01
1000x0.001

x

� �
��� �
�� ��
�

;=< 
9> � �FA9tuE
	�� �2�QK2��� ���cK2
 �	��� ���O}2�PK �/���Z�H�/
 M��cI�
 � �O> �M�	� ���WY	�WASG?��
 ���	��� �cK � �/� � < 
 �5

�	�F
9N � �	���F�	� � 

�5���	�F
9N � ����� < �QK_I �F�����	�	

�	�F
 �I
]I��B� ��I < 

�	���=�/
 �O>;���	�5
JI��-�	
 �Z� �"�/���	
 � < ���|{ � ���cK/�Z� � �F� � � �	� E < �PK/�

 Y��-�O>�� �/�7���e� < �	� 
 
 � �����	���M�5� � �F��I�� � �ONF�	���FA

x

T
em

pe
ra

tu
ra

0 0.5 1 1.5 2 2.5 3
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35
anal.
10x0.1
100x0.01
1000x0.001

x

� �
��� �
�� ��
�

x

T
em

pe
ra

tu
ra

0 0.5 1 1.5 2 2.5 3
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35
anal.
10000x0.0001

x

� �
��� �
�� ��
�

;=< 
9> � �FA43 E
	�� �2�QK2��� ���cK2
 �	��� ���O}2�PK �/���Z�H�/
 M��cI�
 � �O> �M�	� ���WY	�WASG?��
 ���	��� �cK � �/� � < 
 �5

�	�F
9N � �	���F�	� � 

�5���	�F
9N � ����� < �QK_I �F�����	�	

�	�F
 �I
]I��B� ��I < 

�	���=�/
 �O>;���	�5
JI��-�	
 �Z� �"�/���	
 � < ���|{ � ���cK/�Z� � �F� � � �	� E < �PK/�
�5��
U� �2�O> �QK2� � �ONF�	��� 
 � �K������� � < {��;��
 � �	��� ���u{��������b� �@R �����	���OTcA

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�«_ < _9¦ <�J7< ' 8[6b?F<l<>6P8[Y>G�<l6-)5U98[6b?78 � N

�&� � � (��/( !¥"L$(�h( (I$�"L* �^( $�����"L$(�y"
� ] )5�DN 2 )@? K T C T C 6 ' <�T A ) ' 6-)9<>698RY>G-)R?F<oY�8 K7CL' 6-) CB]6'XCB] Z C =@?78«gXT3)R?F<oZ C�] ) K TB4F< A ) 2 8[Q�)S?7) K7C 478 2 Md<�47<>6 K
K 8RM )5M Z C =@?F<�M _�� 8 A < KkA )54\8[6b?F<�47<�J7< ' 8[6b?78I<�698[Y>G�< K�K ZP4F<>M&<>6W=@?7) ' )5M=)RT C <�f9Q�)V<>6 A\C M G C M C ) 2 ZPN KFA )5=:)
] )��DN 2 )S? K T3)yY>=5<>6 _ ¦ <�J7< ' 8[=4)�G C M C <>6 CB] )VM&<>6 2 )@? K T C <�698[Y�G CdC GW=:)VT[<

f(x)T =
∂2T

∂x2

� �«_�� $ �
2 8 A 4*)�ZW4*)VM&<>4F< _m� 4 ' )�G C TB=V8 K )5Y>698£<�698[Y�G98�6-)5U98[6b?78 K T C 6 KFA 8R6 A 6 C �D47<�T ' <�6PQ C

f(x) = ω2
0 = 1

g
ZP4*) ] 47N j )VU ]K' <>U�Z98OG C f(x)

CB]6' ) K <>6 CB] T�4\8�?78 _ �wCB] 4 C GP6 CXKFA ) )56+8[698R=:) A )5Y�6P< 47<�J*) A7' < K7C Z CB] 8[66)
'£A 8RG�<>=4) �«_ . _

� �FY	� < ���FA � E�� Y�� �cK2� �cK �/�F
 � ��
 ���	��
J���O}2�PK �/��� � �	� ���WY	���F
9N"�/��� �
� ���
	��
� � �������
� �
���

f(x)
#(�)#(*
	 �+��,��
�+�
�

T (x)
�����-���

dT/dx
�&'�	���%�� � �+�&'��)# 
 �
	-���+#

#-. �
cosx − sinx 0 . . . π

2 1 . . . 0'$. −2(2x2 + tanx2) cosx2 −2x sinx2 0 . . . π
4 1 . . . cos π2

16� . − 5
4x

(
5 − tan

√
25x√
x

)
cos

√
25x −5 sin

√
25x

2
√

x
1 . . . 2 cos 5 . . . cos 5

√
2

� �FY	� < � �FA
�FEHGe��
 ���	��� �cK � �/� � < 
 �b

�	�F
9N 
 � 
JI�� ���	��� �/�F
9N K2�d�*�/�����	�5
 I�� K �2� �b��
 � ��
 ���	��� �	� ���WY	�
�F
9N"�/��� �FA


����
	��
� #

Tx=π/4 dT/dxx=0 dT/dxx=π/2�
��� #&%
���)#(��� ��	������ � −2.1 · 10−6 � ��	��������
#(�)#(*
�
��� %
��� ��	������ � � � �


����
	��
� '

Tx=π/8 dT/dxx=0 dT/dxx=π/4�
��� #&%
���)#(��� ��	��������
1.5 · 10−6 �*��	�������


#(�)#(*
�
��� %
��� ��	�������� � �*��	��������

����
	��
���

Tx=3/2 dT/dxx=1 dT/dxx=2�
��� #&%
���)#(��� ��	�������� ��	�������� � ��	���
����
#(�)#(*
�
��� %
��� ��	�������� ��	�������� � ��	���
����

¦ < 2 NP= A 8 A ) K7C ZP47< ]PKFA 8 ' =@?F<�6-) '~A 8[G�<�=:) �«_ . )V6�698 K =4)VT3) �«_��P_&� ) ] )5M C+CB] =4)VY�6 C Nb?F<>Md8[6b?F<Rg�Tb8[4
]PC T�8 2 Nb?F<�ZP4\8 ' )V=V6 Ca] <>= CL' 8R6b?F<�698RZ-) K 8[6P< j 8pZ CB] ZP4 C j 4\8[Md8 _� <>6-) ] )5Md<�6 2 )S?7)h698 C GPM C Y¢?FN

[0, 1]
47<�J7Nb?F<�M C&K =V< ] <>Y�)/<>6P8[Y>G6) 2 47<�J*) A*' 8[Md8 C

u =
x2

2

d2u

dx2
, u = x2,

� �«_�� ���

u =
x2

12

d2u

dx2
, u = x4.

� �«_������

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



� . � U�� < 
5� �-�	
 � � �F�����	��

�	��� �ONF�	����� � � ��
 ���	��
9N �/� � < 
 �5

�	�F
9N 
 � < �/�I
 � �/���F
9N � ��> �QK

x

T
(x

)

0 0.2 0.4 0.6

0.85

0.9

0.95

1

izracun
anal.

x

T
(x

)
2�� 2�� � ��� ���	�� 
�� 2����	�

x

T
(x

)

1 1.2 1.4 1.6 1.8 2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

izracun
anal.

x

2�� 2�� � ��� �
�	�� 
��m2��
�	�

T
(x

)
;=< 
9> � �FA ?BE�� � � � �	� � � �	
 ���	��� �cK ���/� � < 
 �b

�	���|{ �I
 � 
JI�� ���	��� �/���|{ ��� �;���O> � M��K�a> �	
 �Z�

T (x) �
I�� � ��
 


���	�SYzR < �PK/�OTI
 � � ��
 ���	� �bR �����	���OTcA

¦IC GP6P8eZ C j C ?78 KkA 8eZP47) u(0) = 1
)56
u(1) = 1

_ � Z C 4\8RG-)V=4) K M C M&47<>: C 2 ] < K < A )VM=)�<>T ' ) ] ) KFA 8R6«ª
A 6-)VM=)hT ' 8 ] 4\8 A 6-)VM=)hQ><�=:)VQ>8[M=) _�¦ < 2 NP= A 8 A ) K7CM'£A 8[G�<>=4) �«_�� �W_

� �FY	� < � �FADCu�cEzGe��
 ���	��� �cK � �/� � < 
 �5

�	�F
9N 
 � 
JI�� ���	��� �/�F
9N\K2���*�/�����	�5
 I��@�d�O}	
 ���PK@�	� ���WY@R+�FADC�3 TB
 �
R+�FADCW?cTcA

�
�)#&%
')#�� 
�	
���-.

x = 0.01 x = 0.1 x = 0.5 x = 0.9 x = 0.99�
��� #&%
���)#(��� ��	�������
 ��	���� ��	���
 ��	���� ��	�������

#(�)#(*
�
��� %
��� ��	�������� ��	���� ��	���
 ��	���� ��	��������

�
�)#&%
')#�� 
�	
����.

x = 0.01 x = 0.1 x = 0.5 x = 0.9 x = 0.99�
��� #&%
���)#(���
10−22 ��	���������� ��	�������
�� ��	���
�������� ��	��������

#(�)#(*
�
��� %
���
10−8 ��	�������� ��	�������
 ��	���
���� ��	��������

�p� � � "�� ��.� ��h( !d� !& w-/��$ � �
c�A 8[G-)5=V6 CXKFA 6W< 8[698R=:) 2 < � C NP< A7A\C2' < j 8 A\C T�8 Md< ]m]6' <�Me8 ' 8[=@?F<�Me8 KFC Z C Tb8 2 8[=V<tM C :>6 CXKkA Z C ?78 ' 8 A�_ ) _` 8 �«= C 4¢ª5?F< ' )5U ' 4 A )56PQ>< 'u��� $ N��i_d� <�4*) CB] )VY�6-) g ' 698 K ZP4 C[A 6 C�KFA 478[6 ' 4 A <�Y�) K < ' 4 A )56PQ�)ig/T3)EZ C ?F<>Md8b? C
K Y>8 K7C M 2 8[4\8 ] ) ' ) K T C 2 6 CXKFA ) g K7C 4F<>J*) A < '	n 8 ' )5<>4¢ª cBA7C T[< KFCL' )VU	<>698[Y�G _ n 8 C GPM C Y¢?FN

[0, 1; 0, 1]
?F<

8R698[=4) A )5Y>6P8O47<�J*) A < ' 2 8pU-) A 4 CXKkA 6 C Z C =@?F<¥<�698[Tb8

vx = − cos (2πx) sin (2πy)e−
8π2

Re
t,

� �«_5� �X�
P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�«_]N«_P` 8 �B= C 4D?F< ' ) ' 4 A )V6WQ�) �/1

vy = + cos (2πy) sin (2πx)e−
8π2

Re
t,

� �«_�� < �
M&< ]WA <>M T C&KkA 8 ' 4 A )V6PY�6 C Z C =S?F<9)V6 A\C T C2' 6P8p�DNW6PT[Q�)S?78p<�698[T3)

ω = 4π cos (2πx) cos (2πy)e−
8π2

Re
t,

� �«_��LNX�
ψ =

ω

8π2
.

� �«_�� . �
n 8 ' < ] <�6P< 2 ' < 2 < 2 8 ' 4 A )V6WY>6 C )V6	U-) A 4 C[KFA 6 C Z C =S?F< K7C 4F<>J*) A*' < A 8RT C <>6P8[Y>G�<mZP4F<>6 C[K 8 ' 4 A )56PY>6 C[KFA )
T C[A <�698[Y�G	T3)V6P<�Me8 A )VT[< _

� 4*)5M&<>4 K M C 4\8RY>NP698R=:)#ZP4*) ¦ < �B6 C = ]PK7C2' <>M�J A < ' )V=5N
Re = 8π2

_ 132 GP4\8[=4) K M C Y>8 K7C2' 6-) T C 4\8[T
∆t = 0.01

)56£478[Y>NP6P8[=:)�698mM&47<>:�) 2
32× 32

T ' 8 ] 4\8 A 6-)5M )�Q�<>=4)VQ�8RM ) _#¦ < 2 NW= A 8 A <;ZP47)VM&<>4 ?78[M C ZP47)
t = 0.5s

)56
t = 1s

'eA 8[G�<>=4) �B_5�X�[_�� 4 A )V6WY>6 C )56+U-) A 4 C[KFA 6 C Z C =S?F< A <�4 A7C T CL' 6-)5Q>< KFC ZP4*)5Tb8 2 8[6P<|698
K =4)VT3) �«_ < _t� 4 C f9=V8pU6) A 4 CXKFA ) )V6 ' 4 A )56PY>6 C[KFA ) j 478Rf9Y�6 C ZP4*)5Md<�4D?78[M C 2 8[6P8[=:) A )�Y>6-)5MM) ' 47< ] 6 CXKkA M=)/698K =4)VT3) �B_ �B_

� �FY	� < � �FADCFCFE Ge��
 ���	� � �cK � �/� � < 
 �5

�	�F
9N 
 � 
JI�� ���	�K� � �-
9N K2�d�*�/�����	�5
 I�� � ��� < �;���Z�PK � �d�cY < �	� � ��

Re = 8π2

A
ω(1/2, 1/2) vx(1/2, 1/4) vy(3/4, 1/2)��� ��	�
&� ��� ��	��&� ��� ��	�
&� ��� ��	��&� ��� ��	�
&� ��� ��	��&�

�
��� #&%
���)#(��� � 	�����
�� ��	�������� ��	�������� ��	�������� ��	�������� ��	��������
#(�)#(*
�
��� %
��� � 	�������� ��	�������� ��	�������
 ��	�������� ��	�������
 ��	��������
#(�)#(*
�
��� %
��� 4π√

e
4π
e

1√
e

1
e

1√
e

1
e

x

vr
tin

cn
os

t

v y

0 0.2 0.4 0.6 0.8 1

-4

-2

0

2

4

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4
w
vy

anal.

vx

vrtincnost

y

-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4

-4 -2 0 2 4

0

0.2

0.4

0.6

0.8

1

� � �
� � �
� � �
� � �
� � �

� �
� �
� �
� �
� � � � � �

� � � �
� � � �
� � � �

	
	
	







� �
� �
� �

�
�
�


 
 


 
 


 
 


� �
� �
� �

� �
� �
� �
� �
� �

�
�
�
�
�

ω

x vx

y

ω
vy2��|2����

ω

v y

;=< 
9> � �FA �FE � ��� < �;� �Z�PK � �d�cY < �	� � �	

Re = 8π2


 �
t = 1

AwGe��
 ���	��� �cK � �/� � < 
 �5

�	�F
9NH
 � 
JI�� ���	�K� �/�F
9N
K2���*�/�����	�b
 A��W�PK/��E K2���b
 ���	�����	� 
 ��N�
 �5�d���	�

vy

� � � ����� < �
(x, 0.5)

`?�����	�G� K2���5
 ���	�����	� 
 ��N�
 �b�����	�
vx� � � �d��� < �

(0.5, y)
A

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



< � � U�� < 
5� �-�	
 � � �F�����	��

�	��� �ONF�	����� � � ��
 ���	��
9N �/� � < 
 �5

�	�F
9N 
 � < �/�I
 � �/���F
9N � ��> �QK

(a) (b)

(c) (d)

(a) (b)

(d)(c)

;=< 
9> � �FA
�cE � � � < �;���Z�PK � ���cY < �	� � ��

Re = 8π2


 �
t = 1

A � � � < 
9>;
 �2�cE R��PT K2���b
 ���	�����	��R 

?a`J?a`|C � T�` RZY[T ����> �QK2� � M��K�a> �	
 � �\R �cA �cCQ`7�cADCFCQ`|CFCPT ` R �7TzN�
 �5�d���	�

vx

R 
 �cA43��Q`7�cA43��Q`|C��PT�
 � R �PTzN�
 �5�d���	�
vy

R 
��cA43��Q`7�cA43��Q`|C��PTcA

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�«_ . _P`�C T£ZP47<�T C=' 8R=@?78 < �

�&��� ��. # �+ w( # . !¥"�� ��"
`�C T CL' )hZP47<�T CaA <>=5< K�K7C ) 2 ?F<>M&6 C 2 8R6-)VM=) ' )ig A 8[T C 2 8m4\8 2 ) K T C2' 8[=5Q><;T C[A 2 8H)56P:�<>6-)54D?F< _�� Z C 4\8RGP6 CXKkA
6BNWMd<�4*)VY�6-)VU K )VMONW=H8[Q�)S? K < j 8 CB]9' ZP=4) ' 8 ' < A 4 CL' 6P8IM CXKkA\CL' < � c <�= ' 8RM ����� 1b� �h]WCIKFA 4FNPT A NP4F6-)VUl8[698[=4) 2
� � 8R47NPT�8[M )w8[6 ] � C Q!U6) ] 8 � N . �H��_¥�wC =5< j =V8[M=)5698[4F6-)5U ) 2 4\8[Y�NP6 C2' )V6zZP4*)5Md<�4D?78 ' < K ZW47< ' <�4D?F<�6-)VM=)47<�J*) A*' 8[M=)�� � 8R=VU C NP6 ���LN�� � g�T3)X?7)5UdG C M ClC ZP4\8 ' )5=:) 'aA <>M 4\8 2 ] <>=5T�Nyg�?F< 2 8[6-)5M ) 'mA N ] ) A NP4FGPNP=5<>6 A 6-)
A\C T ZP4F<>T C Q�)5=:)56 ] 478 _�c K )VMONP=V8[Q�)S? C ' <>=4)VT3)VU ' 4 A )V6PQ�< ' ' T�4*) 'XC =:)56-)S? K T�)5U�T CBC 4 ] )5698 A 8RU	?F<�� 47<>NW<>4
� 1 g � �b� C GP4\8 ' 698 ' 8[= A NP4FGPNP=5<>6 A <>6 A\C T�ZP47<�T C Q�)5=:)56 ] 4\8^ZP47)

Re = 3900
)56sZP4*)

Re = 130000
_

� 8�¤tc�K )5MONP=H8[Q�)S? C ZP47)
Re = 43000

KFA 8 K <�NPT ' 8[4D?78R=H8 	94 � =:)5Q U )V6 ¦ CB] ) ��� . � _
¦ICB] ) ��� � $ �IK <
?F<eNPT ' 8[4D?78[= K ZP4*)5Md<�4D?78 'XC 4F< 2 NP= A 8 A\C2' 8/¤tc )56 ¦ + n|c ZW4*)

Re = 22000
_�� 2 8 ] 6�?F<>M Y�8 K N K <

4\8 2 ) K T CL' 8[=VQ�)9NPT ' 8[4 ?78b? C�A N ] ) KtA7C T C M ZP4F<>T C 6P8 j 6b?F<�6P< ZP= C JFY>< _E` 8[T�JF6P< K )VMONP=V8[Q�)S?k< K7C NWZ C 4\8[GW6P<ZP47< ]6'BK <�M 2 8()56 ] N KkA 4*)S? C 698;Z CB] 4 C Y¢?FNa8[<�4 CB] )5698[M=)5T[< _ ��4F<>NP<�4E8R6 ]��[CL' )VY�)�� ��� $ �«KFA 8() 2 ' < ] =H8 8/¤tc
) 2 4\8[Y�NP6zZP47)

Re = 20000
gqT>?F<>4 A <�T C Y�)V6P8d698[=5< A 8&6P8dZP= C J7Y C Z CB] T C[A\C M � . ◦ _ � 8 ) KFA )/ZP4*)5Md<�4�?F<��47<�NP<�4E?F< K KFCB] <>=V8 ' Q�) ��� �b� ZP4*)5Md<�4D?78[=h4F< 2 NW= A 8 A <l� ¤tc g ¦ + n;c )V6 8/¤tc�K )VMONW=H8[Q�)S?�gWT>?F<>4 K7C ?78 K 6 C

Z C Tb8 2 8[=4)oZP4F< ] 6 CXKFA�8/¤tc ) 2 478[Y�NP6 CL' 2 8�M CB] <�=:)54\8R6b?F< A < j 8 A )VZP8 A\C T C2'q_ �tN )56 x 8[4F<><�M ����� < �
KFA 8 K <ONWT ' 8[4D?78R=H8 2 ]6'XCB] )5Md<�6 2 ) C 698[=56-)�M A7C T C MvZP47<�T C T ' 8 ] 4\8WghT3)9?F<mNPZ C 478[G�<>6}ZP47< ]6'BK <>M ZP4*)
J A N ] )@?78RUd8[<>4 CB] )V6P8[M )�Y>6-)5Ua=H8 KkA 6 C[KFA ) KFA 8 ' G _ 1 KFA 8L8 'BA7C 4D?78 KFA 8�ZP4*)5Md<�4D?78[=58�$[� )56 � � A NP47GWNP=V<�6 A 6W<
8/¤tc ) 2 4\8[Y�NP6P< A\C T�8�ZP47<�T C T ' 8 ] 478 ����� N�� _+� 478 '~A 8[T C	KFCzK < KlA NP47GPNW=V<>6 A 6-)5M A\C T C M�NPT ' 8[4 ?78[=:)
x )VM )56 K7CB] <�=H8 ' Q�) � � . � _En < ' 4 A )56PY�6-) A\C T C T C =:)9T ' 8 ] 478I?F< 2 M&< A\CB]WC 4 C GP6-)VU&<>=V<�Md<�6 A7CL'pC G ] <>=V8[=H8
x 4\8[M&<>4 ?F< ' 8 KIKFC«] <>=V8 ' Q�) � < �R� _

� 4\8 ' )V=56 CXKFA ZP4F< ] =V8 j 8[6W< ' 8[=VY�6 ClKFA ) K 6�?F<>6P< � ¤ � ª 	 ¤ � 6BNWMd<�4*)5Y>6P< K UP<�Md< K M C ZP4F< ' <>47)V=4)9698
]6'XCB] )5Md<�6 2 ) C 698R=V6P<�M =H8RM )56P8[476W<>M A7C T�N	6W< KFA ) K =@?7) ' < ' ) K T C 2 6P< A <>T C Y�)56P<�ZP47<�T C=' 8R=@?78 _

¦ 8[Y�NP6 K T C
C GPM C Y¢?F<@)V6¡4 C GP6-);Z C j C ?7) K7C ZP47< ]PKFA 8 ' =S?F<>6-)|698 K =:)5T�) �«_]N«_ � <�=:)5T CXKFA£C GPM C Y¢?78
?F<

16 × 32
GP4F< 2 ] )VM&<>6 2 )@? K T�)5Uu<>6 CRA�_ � 8 ]PC =5:�)56 K T C�K Tb8[= C g 698^Z CB] =H8 j ))Tb8 A <�47<O?F<B) 2 478[Y>NP6P8[6 C¦ < �B6 C = ]PK7C2'XC J A < ' )V= C g K M C ) 2 GP4\8R=:)�ZP47<�Md<�4 ' 8R=@?78 _�� 8[=@? )VMd8 A7C 47<3?|ZP4F<>M&<>4 � g K 47< ] )VJFY><pZP8L?F< '

A\C Y T3)o�b.Wg . �!_|` <�T C Y�)5698 'BKFA\C Z98 'zC GPM C Y¢?F<L698£=5< ' ) K T C 6 KkA 8[6 A 6 C U-) A 4 CXKFA ? C
~v = vx = 1.0

_�n 8
2 j C 476b?7)W)56 K Z CB] 6b?7) KkA <�6-)wZW47< ] Z CXKFA 8 ' )VM C Z C Z C =56 C Md8p478 2 ' ) A A\C T�� vy = 0, ∂ω

∂y
= 0

�!_o` <�T C Y�)5698
) 2 KFA7C Z98() 2 C GPM C Y¢?78 698 ] < K 66) g�T>?F<�4 K M C NPZ C 478[G-)5=:)�T C 6 ' <�T A ) ' 6-)-) 2 KFA7C ZP6-)«4 C GW6-)WZ C j C ?)� { 4F=H8[6 K T3)� . $ � g x C G98 ��8 K U-)�< A 8[= _o� < �R�H��_ � Z C 4\8[G-)5M C M C 6 C T�4 C Md8 A7K T CH' 8[= CL' 6 C <>698RY>G C

∂φ

∂t
+ c

∂φ

∂n
= 0,

� �«_��21��
2 8£ZP47<�6 CXK 6 C 47Md8[=V6P<LT C M&Z C 6P<�6 A <OU-) A 4 CXKkA ) )V6 ' 4 A )56PY>6 C[KFA )o�

φ = vx, ω
� g CB]@'XC 2 =4)VJFYO698�?FGP=:)5:¢?7)5U

) 2 KFA7C ZP6P<�M�4 C GPNyg ]PC 'XC 2 =:)5J7Yp6P8�4 C GPN _ � Z C 4\8[G6)V=:) K M C U-) A 4 CXKkA�A7C Tb8�698 'BKFA\C ZPN
c = vvstop

x =

1.0
_~�wCB] 4 C GP6 CXKFA ) C 6BNPM&<>47)VY�6-) )VM&ZP=5<>M&<�6 A 8RQ�)S?7)ET C 6 ' <�T A ) ' 6P< j 8@) 2 KkA\C ZW6P< j 8	4 C GP6W< j 8zZ C j C ?78K7C Z CB] 8R6P< ' ZP4*)5= C j )G+�<a698 KFA 4\8[66) �X� . _� 8�) 2 4\8[Y�NP6 K M C NPZ C 478[G-)5=:) A 47) j C[KFA\CRA <OMd4F<>:�< _Ln 8�?F47< ] T[<¢?FJ78�M&47<�:�8l?F<H)VM&<>=V8 �X� < � 'XC 2 =4)VJFY� j =V<¢? K =:)5T C �B_ . � g j C[KFA <3?FJ*)XZ98,. $ �X� )56 � $ ���[�W_�x ' 8[6 A ) A 8 A ) ' 6 C ZP4*)5Md<�4D?78 'XC 47< 2 NP= A 8 A\C2' G C M C Z CB] 8[=4)

'	C GP=:)5T3) ) 2 4\8RY>NP6P8[6-)VUzT C <�f9Q�)5<>6 A7CL' NWZ C 4\8
cD

)56 ] )5698[M=)5Y>6P< j 8 ' 2 j C 698 cL A <>=V< K 8 _¥x C <�f9Q�)5<>6 A 8] <�f96-)V478[M C � r T[<>4 j < AL���X� . � � A 8[T C =5< C

cD =
Fx

ρd1
2
v2
∞
, cL =

Fy

ρd1
2
v2
∞
,

� �«_ $ ���

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



< $ � U�� < 
5� �-�	
 � � �F�����	��

�	��� �ONF�	����� � � ��
 ���	��
9N �/� � < 
 �5

�	�F
9N 
 � < �/�I
 � �/���F
9N � ��> �QK

ZW47<>M&<>4 ' 8[=S?78�� �
K 47< ] )VJ7Y�< ' 8[=S?78��5.Wg . �

~v = 0

� $
(x)

� <
(y)

�

~v
=
v x

=
1.

0

�

vy = 0.0, ∂ω
∂n

= 0

vy = 0.0, ∂ω
∂n

= 0

j �q
f l
n�j
ol
� �
j nl
�lr

;=< 
9> ���FA�� E � �d�;���	�b��
 � � 
 �@�d�cY��F
 �F��{�� ��
�I����	
 �I� < �-�	
 �Z�I� ��> � � �d�O> � K � < � �FA

���
	���
�����������
������! "���#��$%
&��
('*)(+-,.��
&/0���!12
3,5476�8�639�:%;%�
	�$2'*	<�

=*>@?BADCFE!GIH@JLKNMPO2Q*K%RSQT?BUSK.EVO2JWUSAX?SRBE*YXJ Z<E



�«_ . _P`�C T£ZP47<�T C=' 8R=@?78 < �

T>?F<>4w?F<
v∞

U-) A 4 C[KFA)A <>T C Y�)56P<¥ZP47< ] ' 8[=@?F<�M	g
d
ZW47<>M&<>4 ' 8[=S?78H)56

ρ j CXKFA7C[A 8 A <>T C Y�)V6P< _ c )V= C ) 2 4\8RY>N«ª698[M CpK
~F = −

∫

Γ
pd~Γ +

∫

Γ
τ · d~Γ, � �«_ $ ���

T>?F<>4#?F<
Γ
4 C G ' 8[=S?78Wg

τ
Z98 KFA 4*)5:>6-)y698[Z�< A\CXKkA 6-) A <�6 2 C 4 _t�wC T C M&Z C 6P<>6 A 8RUB)VMd8[M C

Fx = −
∫

Γ
pnxdΓ +

∫

Γ
(τxxnx + τxyny) dΓ,

� �B_ $ $ �

Fy = −
∫

Γ
pnydΓ +

∫

Γ
(τyynx + τyxny) dΓ.

� �B_ $ �X�
n 8RZ�< A\C[KFA 6-) A <>6 2 C 4 2 8p6P< KFA ) K =S?7) 'XCOA <�T C Y�)56 C Z98;?F< C

τ = η


 2∂vx

∂x
∂vx

∂y
+ ∂vy

∂x
∂vy

∂x
+ ∂vx

∂y
2∂vy

∂y


 .

� �«_ $ ���

n 8RZ�< A\C[KFA 6-) A <>6 2 C 4;� �«_ $ ��� NPZ C J A < ' 8[M C 'pK )5=H8[U	� �«_ $ $ � )56}� �B_ $ �X�#A <>4 2 NWZ C J A < ' 8R6b?F<>M ] <�f96-)5Q�)S?F<
' 4 A )56PY�6 CXKFA )t�
$ _ $/< ��]PC G-)5M C-C

Fx =
∫

Γ

(
−pnx + 2η

(
nx

∂

∂x
+ ny

∂

∂y

)
vx + ηωny

)
dΓ,

� �«_ $ �X�

Fy =
∫

Γ

(
−pny + 2η

(
nx

∂

∂x
+ ny

∂

∂y

)
vy + ηωnx

)
dΓ.

� �«_ $/< �

x C <>698RY>G-)I� �«_ $ �X� )V6u� �«_ $/< �,'«KkA 8 ' )5M C�'}] <�f96-)VQ�)@? C T C <�f9Q�)V<�6 A7CL' � �«_ $ ��� )V6~NWZ C 4\8[G6)VM C£] <�f96-)�ª
Q�)S?7) ¤ NW=V<>4 ?F< ' < j 80)V6 ¦ < �B6 C = ]PK7C2' < j 8~J A < ' )V=H8«g ]PC G6)VM C T C 6PY><�6 ) 2 4\8 2 ' ' <�T A\C 4 K T[<>M 2 8[Z6) K N 2 8
T C <�fPQ�)V<�6 A 8 ' 2 j C 698M)V6�NWZ C 4\8 C

∥∥∥∥∥
cD
cL

∥∥∥∥∥ =
∫

Γ

(
− 2

Eu
p~n+

4

Re
(~n · ~∇)~v +

2

Re

∥∥∥∥∥
ny

nx

∥∥∥∥∥ω
)
dΓ.

� �«_ $ NX�
� U-) A 4 CXKkA 6 CM' 4 A )V6PY�6P<>M 2 8RZ-) K Nz<�698[Y�G A =H8[T�8p6-) _ 132 4\8RY>NP6P8[M C j 8&Z C T C 6WQ>Nz6P<>=4)V6P<>8[476P< 2 8R6PT[<[g
) 2e2 698[6P< j 8 ' 4 A )56PY>6W< j 8 )V6�U-) A 4 C[KFA 6W< j 8zZ C =S?78 K Z C M C Y3? C <�698[Y�G�<��
$ _ �[���!_�{ Z98 2 )VM C � <�698[Y�G98�
$ _ � $ �7� g ] 8L?F< A =H8[T K7C 4\8 2 Md<�47<�6 2 ¤ NP=5<>4 ?F< ' )VM J A < ' )5= C M _�� <>698[Y�G-) 2 8+T C <�fPQ�)5<>6 A 8 ' 2 j C 698 )V6NPZ C 478^� �«_ $ NX� Z98l?F< 2 6b?7)5MvZ CB] <>=S?F<>6 _|`�C 47<3?

cD
)V6
cL
6-) KFA 8 CB]6' ) K 6P8 CB]~¤ NW=V<�4D?F< ' < j 8£J A < ' )V=V8WgA <�M ' <>Y KFA 8 CB]K' ) K 698 K 8[M CpCB]	¦ < �B6 C = ]PK7C2' < j 8&J A < ' )V=V8 _

�,��I�� < � �/�5
9`
Re = 20, 40

E�`�C T�ZP4*)
Re = 20

)56
Re = 40

?F< KkA 8[Q�) C 6P8[47<�6 _I� ) 2 478[Y>NP66)VU K M C
NPZ C 478[G-)5=:)�GP4F< 2 ] )VM&<>6 2 )@? K T3)hY�8 KFCL' 6-)yT C 478[T

∆t = 1
)56 ]WCXK < j =:) KFA 8[Q�) C 698[4F6 COKFA 8R6b?F<¥Z C ZW4*)VGW=:)5:>6 C� �X� Y�8 KFCL' 6-)5U T C 4\8[T3)5U _ `�C T C2' 6 C Z C =S?F<&?F< K )VM&< A 4*)5Y>6 C j =V< ] <}698 K 47< ] )VJFY>6-)5Q C
K T C 2 )|Q�)5=:)56 ] <�4

x = 8.0
g A\C 47<¢? ] )V698RM )5Y�6P< j 8 ' 2 j C 698 6-) cL = 0.0

_ ��KkA 8[Q�) C 698R476P<�M KkA 8[6b?FN K M C ) 2 Md<�4*)5=4)
]6' 8 ]WCB] 8 A 6P8dZP8[4\8[M&< A 4\8 _oc <>Z98[478[Q�)S? K T3)�T CRA

Θ
Md<�4*)VM CpCB]

x = 8.0
'�K M&<>47) C GP4\8 A 6-)/NP47)V6P<�MON

Tb8 2 8[=5Q>N ]PC;A7C Y!TR<)6P8 ' 8[=@?FNygRT>?F<�4§?F< ' 4 A )V6WY>6 CXKkA <�698[Tb8;66)VY _#¦ <>Q�)V4FT�NP=H8[Q�)@? K Tb8 ]PC =5:�)5698
L
?F< ]PC =V:�)V6P8

47<�Q�)547T�NP=H8RQ�)@? K T[< j 8 C GPM C Y¢?78 2 8 ' 8[=@?F<�M¬M&<>4D?F<�6 CD' 2 ]PC =5:|ZP4F<>M=)VQ�<
y = 8.0

_ 132 C =4)V6-)S?F< ' 4 A )56PY>6 CXKFA )
)V6 A7C T C2' 66)VQ><+ZW4*)VT�8 2 N�?F<>M C 698 K =:)5Tb8[U �«_ 1 )56 �«_�� � 2 8

Re = 20
)56
Re = 40

_���A 8[G�<>=4) �«_�� $
698 ' 8�?78[M C ZP47)VM&<>4 ?78 'XC~K <>Z98R4\8[Q�)@? K T[< j 8^T C[A 8«g 4F<>Q�)V4FTBNW=H8[Q�)@? K T[< ]PC =V:�)V6P<�)V6�T C <�f9Q�)V<�6 A 8^NPZ C 4\8 2

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



< � � U�� < 
5� �-�	
 � � �F�����	��

�	��� �ONF�	����� � � ��
 ���	��
9N �/� � < 
 �5

�	�F
9N 
 � < �/�I
 � �/���F
9N � ��> �QK

� �FY	� < � �FADCctuE � ��> � ���O> ��K � < � �FA ; � �"�/� �-�	
 � �O>;
 > �;�
Θ
` �����	
 � >;� < �-�	
 � �O> � ��� < ��
 � �

L

 �\> �2� � �	

�	�F�

� �F�;� �
cD

I��
Re = 20


 �
Re = 40

A
� � � ��� � � � ���

�
Θ[o] cD

�
Θ[o] cD� ���
��� �&���
������� ��� � � 
$. � � ��	���� � � ��	 ���

� �&��� #(� ��� #(��������� ��� � � 
$. ��	���� ����	�� � ��	���� 
���	�� �
	)�&����' �
� 	
������� � ����	 . ��	���� � ��	���� ��	���� � ��	�
��
 �
����� ��� ����� � ����	 . ��	���� ����	�� ��	���
 ��	���
 
���	�� ��	�
��
� #(*�
��&�����
� ��� � ����	 . ��	���� ��
�	�
 ��	
��� ��	
��� 
���	�� ��	����
� #(	�, # � ������� � ����	 . ��	���� ����	�� ��	
��� ��	���� 
���	�� ��	�
��
� 	 � ��	 	 ��� � ��	������ ��	���� ����	�
�� ��	
��� ��	���� 
���	���� ��	�
��
� 	 � ��	 	 ��� � ��	������ ��	���� ����	���� ��	���� ��	���� 
���	���� ��	����
� 	 � ��	 	 ����� ����	 ����� ��	���� ����	���� ��	���� ��	���� 
���	���� ��	���


4F< 2 NP= A 8 A ) ] 47N j )VU	8 '�A\C 4 ?F< '�_t� ) ] )VM C g ] 8 K <l698[J7)/47< 2 NP= A 8 A ) 2 <>= Cp]PC GP4 C Nb?F<�Md8b? C 2 4F<��D<�47<>6WY>6-)5M )ZW47< ' <�4D?F<�6-)VM=)y47<>J7) A*' 8[M=) _
�,��I�� < � �/�b
9`

Re = 100
El� 47)

Re = 100
?F< A7C T CL' 6 C Z C =@?F< 2 8 ' 8[=@?F<�Mv6P< KFA 8[Q�) C 698[4F6 CP_;c ) KFA <>M

2 8[Y�6P< CXK Q�)V=4)V478 A )yZ C ZP47)VGP=4)5:>6 C Y�8 K N � �[�W_ 132 4\8RY>NP698R=:) K M C $ �X�[� Y�8 K7C2' 66)VUzT C 478[T CL' g K
∆T

� �W_��X_
� 8 K7C2' 6 CdCB]6' ) K 6 CXKFA T C <�f9Q�)5<>6 A 8 ] )V698RM )5Y�6P< j 8 ' 2 j C 698 C Z-)5J7<�M CaK cBA 4 C NPU98[= CL' )5M J A < ' )V= C M�g

St =
d

v∞t0
,

� �«_ $ . �
T>?F<�4l?F<

t0
Zq<�4*) CB] 8 A 4 j 8R6b?78 ' 4 A )56PQ>< 'q_ 132 C =4)V6-)S?F< ' 4 A )56PY>6 CXKFA )()56 A7C T CL' 6-)5Q>< C G

t = 200
ZW4*)�ª

T�8 2 N�?F<>M C 698 K =4)VT3) �«_��X�X_�x C <�fPQ�)V<�6 A NWZ C 4\8Wg#8[M&ZP=:) A N ] 8�T C <�f9Q�)5<>6 A 8 ] )V698RM )5Y�6P< j 8 ' 2 j C 698 )V6c�A 4 C NPU98[= CL'XC J A < ' )V= C Z98 K7C Z CB] 8[6-) '+A 8RG�<>=:) �«_�� �W_ � 8 KFCL' 6 CdCB]6' ) K 6 CXKFA C G�<>U	T C <�fPQ�)5<>6 A7CL' ZP47)�ª
T�8 2 N�?F<>M C 698 K =4)VT3) �«_5� $ _l{ Z98 2 )5M C =V8[UPT C g ] 8l?F<m�D4F<>T ' <>6PQ>8�6-)5U98[6b?78eT C <�f9Q�)V<>6 A 8£NPZ C 4\8 A\C Y�6 C
]K' 8[T�4\8 A 6-)5Te�D47<�T ' <>6PQ�<m66)VU98[6�?78aT C <�fPQ�)5<>6 A 8 ] )V698[M=)5Y>6W< j 8 ' 2 j C 698 _

� �FY	� < � �FADC�3 E � ��> � ���O> ��K � < � �FA �I�2� � �	

�	�F��� �F�;� �
cD
` �/��� < 
 �b�6� ��> �2� � �	

�	�F� � � 
 � � �I

�	���|{ �

KPIO{��;� �
cL

 � ; �b���;�FN"� < �QK/�_}	� �PK2
 < �

St
I��
Re = 100

A
� � � �����

cD cL St
� #(*�
��&�����
� ������� ������	������

1.330 ± 0.014 ±0.298
��	
� ��


� � #(� #������ � � ��	 .
1.364 ± 0.015 ±0.25

�
� �
��������� � ����	 .

1.350 ± 0.012 ±0.339
��	
�����

� #(	�, # � ��������� � ������	�
����
1.283 ± 0.007 ±0.149

��	
�����
� 	 � ��	 	 ����� ��	������

1.217 ± 0.003 ±0.186
��	
��
��

� 	 � ��	 	 ����� ��	������
1.250 ± 0.0026 ±0.190

��	
��
��
��	$� ��	 	 ����� ����	 �����

1.300 ± 0.006 ±0.195
��	
��
��

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�«_ . _P`�C T£ZP47<�T C=' 8R=@?78 < �

;=< 
9> ���FA
�FE���I;� < 
 �F
 �Z� K2���5
 ���	�����	�b
 R5IO{��;� � � TM
 �@����> �QK2�F
 �d��R�� �F��� � � TSI��
Re = 20

A

�wC j =V< ] 698O47< 2 NP= A 8 A < 'eA 8[G�<>=4) �B_5��� 698[M 478 2 T�4*)S?F<[g ] 8 K < c�A 4 C NPU98[= CL'XC J A < ' )V= Ca]WC GP4 C N�?F<>Md8
2 47<��D<�47<�6PY>66)VM=)947< 2 NP= A 8 A ) ] 47N j )VU&8 '�A7C 4D?F< 'q_Ex C <�f9Q�)5<>6 A NPZ C 4\8 cD )56d8RMdZP=4) A N ] 8

cL
Z98 KFA 8�4\8[UP= C

6-)5:¢?78 CB] 4F<��D<�47<>6WQ _
`�C T K M C ZP4*)5Tb8 2 8[=:) A N ] ) 2 GP47< 2 Md8 K 66)VM=) ] <�=VQ�) _ �;<�=VQ�< K M C@' A\C T ' 698[J78[=:)�ZP47< ] ' 8R=@?F<>M

)V6zY>8 K7C2' 6 C+CB]6' ) K 6 C 478[Y>NW698[=:)/6b?7)VU CL' Z C = C :>8�? _;¦ < 2 NP= A 8 A )/ZP4*)
Re = 100

KFC ZP4*)5Tb8 2 8[6-)�698 K =:)5T�)
�«_�� �W_En NWMd<�4*)VY�6-)h8[= j C 4*) A <>M ) 2 478[Y>NP6P8OZ C = C :�8�?F< ' )56 A7C Tb8OGP4F< 2 Md8 K 6-)VU ] <>=5Q>< 'eK M C ZW47< ]WKFA 8 ' )V=:)
' ZP47)V= C j )G+ N 698 KkA 4\8R6-) �X�21«_

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



</< � U�� < 
5� �-�	
 � � �F�����	��

�	��� �ONF�	����� � � ��
 ���	��
9N �/� � < 
 �5

�	�F
9N 
 � < �/�I
 � �/���F
9N � ��> �QK

;=< 
9> ���FADCu�cE�� I;� < 
 �F
 �Z� K2���b
 ���	�����	�5
 R5IO{��;� � � TM
 �@� ��> �QK2�F
 �d� R�� �F��� � � TSI��
Re = 40

A

���������
	���
�
���������������� ������� �!���#" �#��$ �!�&%'�)(*���+�+�-,.���/�0�����������21)�3%4$05��76��+�-,8���
Re = 100

��9
t = 200

�

: ;=<2>@?BA�C�D=EGFIHKJ�L F7M4LN<2O4F)APJ�EQO4>R<4M2A SRE T!A



�«_ . _P`�C T£ZP47<�T C=' 8R=@?78 < N

Cas

ko
ef

ic
ie

nt
vz

go
na

ko
ef

ic
ie

nt
up

or
a

20 40 60 80 100 120 140 160 180 200
-0.2

-0.1

0

0.1

0.2

1.15

1.2

1.25

1.3

1.35

1.4

cL

cD

� V	c

����
���
� � �
� 	

�� �
�
� c

L

����
���
� � �
� �
�� �
� � c

D

cD

cL

;=< 
9> � �FADCct�EH� ���	�5
 � < ��
DK�����> �G���O> ��K � < � �FA �I�L� � �	

�	�F� �B� �F�;� �
cD


 � �/
 � �/�I

�	���|{ � KPIO{��;� �
cL

K
���cK2
 �	�����	�b
 ��� � � � �Q`

Re = 100
A

;=< 
9> ���FADC�3 E � ���	�5
 � < ��
DKI����> � ���O> � K � < � � � ��

Re = 100

A Ge��
9> ��I � ��> �_IdY�����I ��� �	�F
 �I
U��� < �	
 A

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



</. � U�� < 
5� �-�	
 � � �F�����	��

�	��� �ONF�	����� � � ��
 ���	��
9N �/� � < 
 �5

�	�F
9N 
 � < �/�I
 � �/���F
9N � ��> �QK

�p��� ��(,�y-/�! �"l$(�y( $�"¥-�"L$�*)$+. ��-/� ���� #"L*)%�$�" �+ w.d0�% # -�" ' "�-� w� # (
� !m( # -/.� ��h(I'

� 8 A 47)VY>6 CD' <>T A7C 4 K T3)yZP4 CB] NPT A gPT3) j 8mM C 4\8[M C ) 2 4\8[Y�NP698 A ) 2 8m47<�J*) A < ' <>698[Y�G�<¥T3)V6P<�Me8 A )VTR< 2 Md<!ªA7CB]PC 4 C GP6-)5U+<>=5<>M&<>6 A\CL' � �P_5�Z1�� g K < KFA 8 ' =S?78pMd8 A 4*)5Tb8D)V6 A < j 4\8R= C2' )V6 ' <�T A\C 4 ' 4 A )V6WY>6 CXKkA ) _ � 8 A 4*)5Tb8
)56 A < j 478[= C2' ?F< CB]6' ) K 6P8 K 8[M C	CB] j < C M&< A 4*)S?F<&4\8[Y�NP6 K T[<£Md4F<>:>< _ �|8	G-)t=H8[UPT C 2 8 j C[A\C2' )V=:)�Md<�4 C2 8e698 A 8[6PY�6 CXKFA ) 2 4\8RY>NP698R6P< j 8eMd8 A 47)VY>6 C=' <>T A\C 4 K TR< j 8+ZP4 CB] NPT A 8«ghM&< ] Z C[KFA\C ZP6-)VM 2 8[6P<�Me8R4D?78bª
6�?F<>M <�=V<�Md<�6 A\C2' Md8 A 47)VT[<RgX4\8[Y�NP698[M C 4F<>=H8 A ) ' 6 C 698[Z98[T C ZP4*)PM&6 C :><�6b?FN 2 698[T�=@?FNPY�6-)VM=) ' <>T A\C 4D?7) _
¦ <>=V8 A ) ' 6 C 698[ZP8[T C ) 2 4\8[Y�NP698[M C Z C&K =5< ] <�Y><�M�Z C[KFA\C ZPT�N C

ε =

∑
i

∣∣∣[DΩ\Γ]~fi −W T [D
Ω\Γ
W ]W ~fi

∣∣∣
∑

i

∣∣∣[DΩ\Γ]~fi

∣∣∣
.

� �«_ $ 1��

� ZP=4) ' 2 8R6P<>Md8[4D?78R6b?78�<�=V<>M&<>6 A\C2'H' Me8 A 4*)5T�) K M ClA < KFA )V478[=:) 2 8l4\8 2 =:)5Y>6P< j < C M&< A 4*)S?F<,)56 j CXKkA\C[A <M&47<�: _)�wCB] 8 A T3) C NPZ C 478[GP=@?F<�6-)VU�Md4F<>:>8[U K7C='+A 8RG�<>=:) �B_5�>�P_ � 4F<>:�< 2 C 2 698[T C >QK �lK7C T ' 8 ] 4\8 A 6P<
C GP=:)5T[<[g�M&47<�:�8 � � )V6 � ; � KFA 8�ZP4\8 'XC T C[A 6-)VT�8 2 4\8 2 M&<>4D?F<�M KFA 478[6-)5Q

1 : 4
C 2 )V4 C Me8

30 : 1
g

M&47<�:>< ;�� Z98 K7C 698[M&<>6�?F<>6P< K )5MONP=H8RQ�)S?7) A\C T�8zZP47<�T C ZP=4) A7' <dT C[A 8R6b?F< _	� K <£6P8[J A < A < A )VZ�<dM&47<>:
K M C NPZ C 478[G-)5=:);ZP47)9) 2 4\8[Y�NP6-)5U ' A <¢? ] ) K <>4 A 8[Q�)S?7) _ ¦ < 2 NP= A 8 A )|M&<>4 ?F<>6b?78�47<>=V8 A ) ' 6P<~698[ZP8[T[<�ZP47)
M&6 C :><>6�?FN KkA ) K 6b?F<>6W<;Me8 A 4*)5T[< 2 ' <>T A7C 4D?F<�M ZP8 K7C 698 K =:)5T3) �«_����P_E{ ZP8 2 )5M C g ] 8 2 8 ]PC[K < j C <�698[T[<KkA\C ZW6b?F<^698 A 8[6WY>6 CXKkA )|ZP4 CB] NPT A 8Wg ' )5JD?78 j CXKkA\C[A 8�M&47<�:><~ZP47)|<>698RT�) j < C Md< A 47)@?7) C M C j C Y�8 ' )VJD? CKkA\C ZW6b? CmKFA ) K Tb8[6b?78 _ � T�4\8 A ) ' ) ] )5M C g ] 8�)VMd8 A N ] ) A )VZ j < C M&< A 4*)@?F<oMd4F<>:>< ' <>=4)VT ' ZP=4) ' 698l698[Z98[T CP_� 8 ]PCXK < j 8[6�?F<£<�698[T[<£6P8 A 8[6WY>6 C[KFA ) K M C ZW4*)tMd4F<>:�) 2 8 A\C T�ZW47<>T C}KFA7C ZP6-)5Q><dM C 478[=4) 2 8[6W<>Md8[4*) A )
' <�=:)5T C Me8[6�?FJ*) ] <�=«<�=V<>M&<�6 A\C2' T C[A 6PZP4 _ ' ZP=4) A*' )�T C[A 8[6b?7) _ � C Tb8 2 8[=:) K M C A N ] )B=4)V6P<>8[476 C CB]K' ) K 6 C[KFA
6P8[Z98[T[< CB] � 8[T A7C 4D?78

κ
)56 ' <>YIT CRA <>T K Z C 6P<>6 A 6 CLCB]K' ) K 6 C[KFA CB]p] <>=V<�:�8 2 8[6P<�Me8[4 ?F<>6-)5Ua<>=5<>M&<>6 A\C2'q_

` 8[T C =H8RUPT C~K ZP4F< ] Z-) K7C2' 8[6b?F<�M � 8[T A\C 4D?78
κ
=V8[:¢?F< 2 8[6P<>Md8[47)VM C ZW4\8 ' )5=V6 C J A < ' )V= C <>=V<�Md<�6 A7CL' '

Md8 A 4*)VT3) )V6 K+A <>M ]PCXK < j 8[M C :><�=V<�6 C 698 A 8[6PY�6 CXKkA�_ {|]6' ) K 6 CXKkA
ε(κ)

?F< A7C 47<3?+ZP4F<>M=)VQ>8 K T C 2 )
) 2 U CB] )VJFY>< _ n ?F<>6¡698[T�= C 6�?F<}M C Y>6 C�CB]6' ) K <>6 CB] j < C Md< A 47)@?F<	M&47<>:�< _ 132 ZP478 2 6�?F<>6 C[KFA Md8 A 4*)VT
ZW4*)VT�8 2 N�?F<>M C 698 K =:)VT3) �«_����«_

� �FY	� < � � ADCW?BEb� �d���;�O` >;
 �	��� ��
9N � �F�;� �FY�
 < 
 I��@� ���	�5
 � �/���Z�bK � < �	���B�5� �/�"�5MZ�;���I
 � �/���|{ � � ���Z�/�F>;� �
���/�5��
9> �sI^K/�O>;���;� �Z�	��A

�
	�� ��� 
 ,��+�
� �
*
� ,��+�
� �
* �
	 �+��� � 	-���&	��
����� ��� � �&��*
� ,+% 
�� � ����� �&� � �
�

�������
	���
�
�
 �+�+��
���� � # ����������� �
��������� 
�� ��� 	�� ��� � �&#&��� #(���)# � �&� #(�
�+# ����� ����
 �
������� ����� � ��� � ��!���! � �&#&��� #(���)# � �&� #(�
�+# 
���������� ���

��"�#$	%�����&
 
�*
�
����# � �&� #(�
�+# ������
���� �
��"�# ����' 
�
 
�*
�
����# � �&� #(�
�+# ����������� �
��"�#(� '�' 
�
 
�*
�
����# � �&� #(�
�+# ����������
 �

)*"�# �,+ 
�� � 
�
�� ��! 	 � �&� #(�
��#
1 : 4

����������� �

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�«_ 1W_P` < KFA )V478[6b?F<�698 A 8[6PY�6 CXKFA )>) 2 4\8[Y�NP698aZP4 CB] NWT A 8&Md8 A 4*)5T[< 2 ' <�T A\C 4 ?F<>M < 1

delez zanemarjenih elementov

re
la

tiv
na

na
pa

ka

0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

10-6

10-5

10-4

10-3

LST_25000
kva180x182r88
kva354x354r1616
SC-25440
SC-49900
SC-33900
NC-170x300r162
meja

κ

re
la

tiv
na

na
pa

ka

0 0.2 0.4 0.6 0.8 1

5E-06

1E-05

1.5E-05

2E-05

_2S � S����7V	YLS�� V	R h SfY;[��(S �]S�� SfY�ab`dX � V�\�ab`�R
κ

��
	 ��
� 	�
� �
� �
��
�

��
	 ��
� 	�
� �
� �
��
�

;=< 
9> � �FADCW?BE �,� < �/�b
DK2� �I� � �"�Q> � � �	
 �I���W�;�	����� �	�b
 �	���Z�	��� ���/�b��
9> � I9� �Q> < ���F�	�F
 �I
 K/�O>;� �;����
 A��W�PK/�
�Z� � ��
9> ��I��/� �0���cK2
 �	�����	�,� � ���Q> �����0��� < ����� I��/���	���/� �Z�	�F
9N � < �	���	�F� �QK K ���/�5�	
9>;
9`"� �0�����	�F
 �"�
���cK2
 �	�����	�����^M �Q>;� �;��� �

κ
A � � � < 
9>;
 �Z�B�WI�� ���d�	� �@��� � �

ε = 10−5
` I���> �/���	�d���	����KB� � � � < �Z��


K �/����� �F��{ < �cK�� � �c{��;� �QK2
 < 
9` � �B��� �F�QKPI����2� � K � < 
DK �B� �B�d��I�� < � �/� � �	
 �I� < �-�	
 � I��~K2
 �2��> �dK2���*�/�����	�b

>;��
 � �	��
 � < �F
9Nz}	���PK2
 < A

;=< 
9> ���FADC��FE Ge���*� �	� �cK2
 ���PKH
JI � � ��I����Z�	�����	�b
 K � < �	��� �	�5
 �	���Z�	�F
9N ���/�5�	
9>cA�
 {��;� � ���M������� ;�� 
7t)�W?F? ��`
� �F��� � � � � �cK/��> �;�5� �0�I��������I�� � 
[Cct �
��ta�F�;� � CFA Ge��
 Y < 
J�����@Cu�F� � � < �	���	�F���QKB���/�b��
9> � � ��
9> ��I���

�Z�	��� I �	��� � 
9> � � � � < 
9>;
 A ; �/���0�d� �Z�bK �2�ON Cu�F� �0� < �	���	�F���QK �	� �Q>;
9N �F

�O` � 
9> � �-
"� ��� < 
9>;
 A
�	�F���	�uI�
DK2�����	� Y�� � K/� � 
9> �H� � 
 �	� �Z� �FY �2� < �K�5��� K/� < 
9> ���	� � � � K/�d� �Z�|{ � � < �	���	�F� �FA � �/�5��
9>;
 �	� � 
JI � � � 

I����Z�	�F
 ���

ε = 10−5
A

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



NR� � U�� < 
5� �-�	
 � � �F�����	��

�	��� �ONF�	����� � � ��
 ���	��
9N �/� � < 
 �5

�	�F
9N 
 � < �/�I
 � �/���F
9N � ��> �QK

�p�>��� � $�"L$+� -/. # ! # .l-�"l$��h�
¤E] <�6B) 2 M&< ]£KkA 8[6 ] 8[4 ] 66)VU+ZP47)VM&<>4 C2' 2 8 A < KFA )54\8[6�?F<|N K Z�<>J76 CXKFA )/8R= j C 4*) A M C2'M'e] )5698[M=)5T�) A <>T C Y�)V6?F< A7C T ' j 698[6-)BT C[A 8[6�?7) _wn 8 2 j C 476�?7) KFA 4\8[66)«T C[A 8[6�?F<�?F<�ZW47< ] Z-) K 8[6 KkA 8[=5<>6 A7C T '�'XCB]WC 4\8 ' 66) K Md<�4*)igT3)yZ C2' 2 4 C Y�)�698 KkA 8[6P<�T ' 4 A )56PQ�8 ' T C[A 8R6b?7) _E� 4*)5Md<�4�?F< 2 <>= C 6P8 A 8[6WY>6 C 4\8 2 ) K Tb8[= A U-)H8 KIK7CB] <�=H8 ' Q�)
�@� $ � _#� 4F< ' <�4D?F<�6 C 47<>J7) A < ' A U-)5< 2 8;ZP4*)5Md<�4D?78 'XC )56 ' 8R=:) ] 8[Q�)S? C 6�NPM&<>4*)5Y>6-)5U K UW<>M NPZ C 4\8RGP=@?78 ' <>=:)5T C
J A < ' )5= C 8 '�A\C 4D?F< ' � � <�6 j < A 8[= _ � . < � g ¦ 8[M&J\8RT�)56 r T[<>4 j < Am� 1 $ � g � 4*)5Gq<�47JF<>T )V6 r T[<>4 j < Am� �R�R�H��_�n 8K =:)5T�) �«_�� < ?F<�T C[A 8[6b?78Wg K T�)5Q�)54\8[6P8 2 4 C GP66)VM=)hZ C j C ?7) _

� 8 A 4*)VT CaC GPM C Y>66)VU )V6 A < j 4\8[= CL' g«T3)>) 2 U98�?78I) 2 � ¤ � 47<�J*) A7' <�<>6P8[Y>G�<�T�)56P<>Md8 A )VT[<Rg K M C 2 8[6P<!ª
Md8[47)V= ) ]PC 478 2 =4)VY�6-)VU KFA\C Z�<>6b?�698 A 8[6PY�6 CXKkA ) g j =V< ] <;698LZP4 CB] NPT A 2 698[T�=@?FNPY�6-)VM=) ' <�T A7C 4D?7) _ ��CB] 8 A T3)C Md4F<>:�)G)56 2 8[6P<�Md8[4D?78[6�?FN KFCD'&A 8[G�<�=:) �«_���� )56e698 K =4)VT3) �B_5� < _E� 4*)

Re = 100
K M C ) 2 478[Y�NP6 2 8RY><>=4)

2 M=)547Nb? C Y CmA <�T C Y�)56 C gPZP47) ' )VJ ?7)VU
Re

J A < ' )5=:)5U+ZP8 K M C 2 8 2 8[Y>< A 6-)yZP4*)5GP=:)5:�<>T&NPZ C 4\8RG-)V=4)qU6) A 4 CXKFA 6 C
Z C =@?F<£ZP4*))ZP4 ' <�M Me8[6�?FJ7<>M

Re
J A < ' )5=VN _�� ) A 4 CXKFA 698~ZP4 C f9=V8~Z C^K 4F< ] )56-)oT CRA 8[6�?F<�ZP4*)5Tb8 2 Nb?F<>M C

2 8 ¦ < �B6 C = ]PKFCL' 8�J A < ' )5=H8
Re = 100

� K =:)VT�8 �«_��LNX� g
Re = 1000

� K =4)VT�8 �«_5� . � g
Re = 3200

� K =4)VT�8
�B_5�Z1�� g

Re = 5000
� K =4)VTb8 �«_ $ ��� g

Re = 7500
� K =4)VT�8 �«_ $ ��� )V6

Re = 10000
� K =4)VTb8 �B_ $/$ ��_�� 4*)

6P8b?FMd8[6b?FJF<>M ¦ <��«6 C = ]PKFCL' <�M J A < ' )V=VN K <�Z C T�4*)@?F<3? C@'«K )IZW4 C f9=4) gE478 2 <�6u698�? ' <>Y3?F< KkA\C ZP6�?F< 2 8[6P<!ª
Md8[4 ?78[6b?78 _ �h<;ZP4*) A 8[T C Md8�?FUP6P<>M

Re
J A < ' )V=5Nl?F< ' ZP=:) ' 2 8R6P<>Md8[4 ?78[6b?78LZP47)

ε ≈ 10−2 ZW47< ' <�=:)5T _tcA7C+KFA7C ZP6b? C 2 8R6P<>Md8[4D?78R6b?78e6-) K M C 478[Y>NW698[=4)#ZW4*) ' )VJD?7)5U ¦ <��«6 C = ]PKFCL' )5U^J A < ' )5=:)5U _l� 47)
Re = 1000' ) ] )VM C g ] 8 K < K Z�< A='BK )oZP4 C f9=:)�Z C T�4*)S?F<¢? CP_ � C j CB] ) K <�Q><�= C g ] 8e?F< ) 2 478[Y>NW6uZP47) ' <�Y¢?7) KkA\C ZW6b?7)2 8[6P<�Me8R4D?78[6b?F< 2 8 CB]WA <�6P<>T�G C =S?OGW=:) 2 N�ZP4F< ' <>4 ?F<>6-)o47<>J7) A7' ))T C[A ZP47)oMd8[6�?FJ*) KkA\C ZW6b?7) _ ` 8^Z C ?78 '

478 2 =V8 j 8RM C 2 ] <3? KFA*'XC M	g ] 8�?F<O6P8[Z98[Tb8�) 2 4\8[Y�NP698e698[T�=S?FNPY>6P8�)56 ] 8�?F< '�A <�M ZW4*)VM&<>4FN ] <>= CL' 8R=H8
' ZP4\8 'XCeK M&<�4 _I� 4*)

Re = 3200
K <LZ C Tb8R:><mZW4\8 ' ) A 47<�6 ]y_ � <>ZP478 '�K7C J7< ' < ] 6 C�'BK )�J A )V4D?F<lZW4 C f9=4)

2 <>= C GP=:) 2 NdZP47< ' <>4 ?F<>6P<|47<�J*) A7' <;Z98 C Z98 2 )VM C g ] 8 K <;ZP4 C f9=V8 2 8
ε ≈ 10−5 )V6 ε ≈ 10−6 Z C Z C =V6 C Md8Z C TB47) ' 8 A 8 )V6 KkA 8e698�?FGP=:)5:¢?F<L4F<��D<�47<>6WQ�)igyM&< ]WA <>M T C�' <�Y¢?7) KFA7C ZP6b?7) 2 8[6W<>Md8[4D?78[6�?78 CB]PKFA\C Z98 A 8 _;�

' )5JD?7)VU
Re

J A < ' )5=:)VUzZP478 '	A 8[T C N j C[A\C2' )VM C g ] 8 K <OZP4 C fP=H8 2 8 ε ≈ 10−5 )V6 ε ≈ 10−6 Z C T�4*) ' 8 A 8WgT�8[4|6P8[M ]PC T�8 2 Nb?F<Rg ] 8eZP4*) 2 8R6P<>Md8[4D?78R6b?FN ]PC
ε ≈ 10−5 J7<O6P< ' Z�<�=@?FNb?F<�M C 698[Z98RT[< ' ) 2 4\8RY>NP6 _� 8 A\CpK M CpK < ' 698 ] 8[=@?F6�?7)VU�) 2 478[Y>NW6-)VU CB] = C Y�)5=4) 2 8 KkA\C ZP6�? C 2 8[6W<>Md8[4D?78[6�?78

ε ≈ 10−5
_

~v = (1, 0)

~v = 0

~v = 0

~v = 0

delez zanemarjenih elementov

re
la

tiv
na

na
pa

ka

0.5 0.6 0.7 0.8 0.9 1
10-7

10-6

10-5

10-4

10-3

10-2

��
	 ��
� 	�
� �
� �
��
�

_LS �]S����*V�YLS�� V�R4h SfYL[ � S � S��?S7Y�a
`�X

;=< 
9> � �FADC��cE ; >;
 � � > �;� �/���Z� I"���cY��F
 �I
 �F��{�� ��
 R < �PK/�OTcA �,� < �/�5
DK2� ��� � �"�Q> � � �	
G�M�G� �L�	����� �	�5
 �	���Z�	���
���/�5��
9> �sID� �Q> < ���F�	�F
 �I
 K/�O>;� �;����
J� ���I������
 C���t � C����;�P�F��R �����	���OTcA

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�«_�� �W_ A 698[66) A7C T ' T C[A 8R6b?7) N«�

� �FY	� < ���FADC��FE 
)�/���	���/��� �/���Z�9���/�5�	
9> �H�cY����2�	�F
9N 
 �F� �|{/� � < �QKH� ���I�d����
 C���t � C����;� �F� AzU �2�ON0� < ��

���	�F� �QK^KI���/�b��
9>;
 �Z�XC��F� � � �u�cC��cA

���
* ��� �+�
* #(���
� �)#
α κ

,�� �"� �
* � ,��+�
� ��* �
� #(���
	 #(� ���
����
 �)#�
)# � # � #(���
	 #(� ���
����
 ���+� #(*
��


��	�����
��
1.4 · 10−6 6.3 · 10−6 ��	���
 ����������
������ ���������������

��	 ����� �
1.0 · 10−5 6.3 · 10−5 ��	�
 � ��������������� ���������������

��	 �������
1.0 · 10−4 5.0 · 10−4 � ����������������� ��
����������

��	 �������
1.2 · 10−3 1.2 · 10−3 ��� ����������������
 ��������
����

��	 �������
1.5 · 10−2 5.0 · 10−2 ����� ��������������� � 
�������


x

v y

0 0.2 0.4 0.6
-0.1

0

0.1

0.2
Ghia
ε=10-2

ε=10-6

ε=10-5

ε=10-4

ε=10-3

x

vx

v y y

0 0.2 0.4 0.6 0.8 1

-0.8 -0.4 0 0.4 0.8

-0.8

-0.4

0

0.4

0.8

0

0.2

0.4

0.6

0.8

1

Ghia
ε=10-5

ε=10-2

x x

vx

yv
y

v
y

;=< 
9> � �FADC � E Ge��
 ���	��� �cK � N�
 �5�����	�b�F
9N � ����� < �QK K {/� �/�F
 > �;� �/����
 � ��

Re = 100

I�� � ��I < 

�	��� �	��� � ���Z�
I��/���	���/��� �/��� � � � �d�PK/�	���Z�	���I���O}	
 �gK2
 �Z� � N�

��� ?yt�� A

x

v y

0 0.1 0.2 0.3 0.4
0.2

0.25

0.3

0.35

0.4
Ghia
ε=10-6

ε=10-5

ε=10-4

ε=10-3

x

vx

v y y

0 0.2 0.4 0.6 0.8 1

-0.8 -0.4 0 0.4 0.8

-0.8

-0.4

0

0.4

0.8

0

0.2

0.4

0.6

0.8

1

Ghia
ε=10-5

v
y

vx

x

y

x

v
y

;=< 
9> � �FADC�� E Ge��
 ���	� � �cK � N�
 �5�d���	�5�F
9N � ����� < �QK K {/� �/�F
a> �;� �/����
 � ��

Re = 1000

I��(� ��I < 

�	������� � � ���Z�
I��/���	���/��� �/��� � � � �d�PK/�	���Z�	���I���O}	
 �gK2
 �Z� � N�

��� ?yt�� A

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



N $ � U�� < 
5� �-�	
 � � �F�����	��

�	��� �ONF�	����� � � ��
 ���	��
9N �/� � < 
 �5

�	�F
9N 
 � < �/�I
 � �/���F
9N � ��> �QK

x

vx

v y y

0 0.2 0.4 0.6 0.8 1

-0.8 -0.4 0 0.4 0.8

-0.8

-0.4

0

0.4

0.8

0

0.2

0.4

0.6

0.8

1

Ghia
ε=10-5

x

v y

0.04 0.06 0.08 0.1 0.12 0.14 0.16

0.375

0.38

0.385

0.39

0.395

0.4

0.405

0.41

0.415

0.42

0.425

0.43

0.435
Ghia
ε=10-6

ε=10-5

ε=10-4

ε=10-3

v
y

vx

x

y

x

v
y

;=< 
9> � �FADC �FE G?��
 ���	��� �cK � N�
 �b�����	�b�F
9N � ����� < �QKwK {/� �/�F
�> �;� �/����
 � ��

Re = 3200

I��(� ��I < 

�	���5�	��� �G���Z�
I��/���	���/��� �/��� � � � ���PK/�	���Z�	���I�d�O}	
 � K2
 �Z� � N�

� � ?yt � A

x

vx

v y y

0 0.2 0.4 0.6 0.8 1

-0.8 -0.4 0 0.4 0.8

-0.8

-0.4

0

0.4

0.8

0

0.2

0.4

0.6

0.8

1

Ghia
ε=10-5

x

v y

0 0.05 0.1 0.15 0.2

0.36

0.37

0.38

0.39

0.4

0.41

0.42

0.43

0.44

0.45

Ghia
ε=10-6

ε=10-5

ε=10-4

ε=10-3

v
y

vx

x

y

x

v
y

;=< 
9> � �FA9ta�cE G?��
 ���	��� �cK � N�
 �b�����	�b�F
9N � ����� < �QKwK {/� �/�F
�> �;� �/����
 � ��

Re = 5000

I��(� ��I < 

�	���5�	��� �G���Z�
I��/���	���/��� �/��� � � � ���PK/�	���Z�	���I�d�O}	
 � K2
 �Z� � N�

� � ?yt � A

x

vx

v y y

0 0.2 0.4 0.6 0.8 1

-0.8 -0.4 0 0.4 0.8

-0.8

-0.4

0

0.4

0.8

0

0.2

0.4

0.6

0.8

1

Ghia
ε=10-5

x

v y

0 0.05 0.1 0.15 0.2

0.36

0.37

0.38

0.39

0.4

0.41

0.42

0.43

0.44

0.45

Ghia
ε=10-6

ε=10-5

ε=10-4

ε=10-3

v
y

vx

x

y

x

v
y

;=< 
9> � �FA9tuCFE G?��
 ���	��� �cK � N�
 �b�����	�b�F
9N � ����� < �QKwK {/� �/�F
�> �;� �/����
 � ��

Re = 7500

I��(� ��I < 

�	���5�	��� �G���Z�
I��/���	���/��� �/��� � � � ���PK/�	���Z�	���I�d�O}	
 � K2
 �Z� � N�

� � ?yt � A

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�«_��X�X_P`�C T£ZP4F<>T C&KFA\C ZP6-)VQ�< ' Tb8R698[=VN N[�

x

vx

v y y

0 0.2 0.4 0.6 0.8 1

-0.8 -0.4 0 0.4 0.8

-0.8

-0.4

0

0.4

0.8

0

0.2

0.4

0.6

0.8

1

Ghia
ε=10-5

x

v y

0 0.05 0.1 0.15 0.2

0.36

0.37

0.38

0.39

0.4

0.41

0.42

0.43

0.44

0.45

Ghia
ε=10-6

ε=10-5

ε=10-4

ε=10-3

v
y

vx

x

y

x

v
y

;=< 
9> � �FA9tFtuE Ge��
 ���	� � �cK �VN�
 �5�d���	�5�F
9N � ����� < �QK�K�{/� �/�F
 > �;� �/����
 � ��

Re = 10000

I��&� ��I < 

�	���
�	��� � ���Z� I��/���	��� ��� �/��� � � � ���PK/�	���Z�	���I�d�O}	
 � K2
 �Z� � N�

� � ?yt � A

�&���L� ��. # �� w( # . ��-/. ��$�� � ( ! # "L$�"���%

`�C T}ZP4F<>T C	]K'XCB] )VM&<>6 2 ) C 698[=56P< KFA7C ZP6-)5Q><;?F<a< ] <�6 ) 2 M&< ] T�=V8 K )5Y>6-)5U~ZP4*)5Md<�4 CL' g�T3) K <&NPZ C 4\8[GP=S?78
2 8+ZW47< ' <>4D?78R6b?F<p698 A 8[6PY�6 CXKFA )J)V6 KkA 8[G-)5=V6 C[KFA )w6�NPM&<>4*)5Y>6-)5U K UP<�M _ �h<aZP4F< ]^]6' <>Md8 ] < K < A =V< A ?F<�Me8
?F<"+ 47Md8[= � K KFCB] <>=V8 ' Q�) � $ � ) 2 ' < ] <>=§Md<�4*) A7' <IU-) A 4 C[KFA 6W< j 8�Z C =S?78 K Z C M C Y3? C =V8 K <�4 K T[< � C ZPZW=V<>4 ?F< ' <M&< A\CB] < _an NWMd<�4*)VY�6 C ?F<aZP4F< ' <�4D?F<>6 C 47<�J*) A < ' ) 2 ] <>=V8[= A 8[4 A =:)56 j � � 1b�i_px 8 K 6P<¢?F< K <;?F<pZP47)VM&<>4;ZP4*)
Re = 800

NPZ C 478[GP=S?78[= 2 8 ' 8R=:) ] 8[Q�)S? C 478 2 =4)VY�6-)VU ' 4 KkA 6BNPM&<>47)VY�6-)VU 8[= j C 47) A M C2' � x < K T�8[4D)V6 8 �«6� � Nb� g A 4F< K U C < A 8[= _ ���[�[�H� gRM&< ]L] 4FN j )VM=) A N ] )�M&< A7CB] <t4 C GW6-)VUL<�=V<�Md<�6 A7CL' � A 47) j C 4*)�< ' )V6L�|8[4 j N K U�@� < � g ¦ 8[M&J\8[T � 1[�R�H��_
c�A\C ZP66)VQ�8�?F< ' ) KFC Tb8oZ C = C2' )5Q C Tb8[698[=V8 _w� 8oTb8[478[T A <�4*) KkA )5Y>6 CI]WC =V:�)V6 K T CIK T�8[= CIK M C ) 2 GP478[=:) ' )VJ7)V6 C

Tb8[6P8[=H8
H
_�n 8 'BKFA\C ZPN^ZP4F< ] Z-)5J7<�M C Z98[478[G C =4)VY�<>6zU-) A 4 CXKkA 6-)�ZP4 C f9= _ � 47< 2 ] )5Md<�6 2 ) C 6-)V478[M C j 8 KU-) A 4 C[KFA ? C
v
gET�)�ZP4*)�<>6P8[T C M&<>4F6P<>M,ZP4 C f9=5N�N KFA 47< 2 8^<�698[T[<�MONuZW47< A7C T�N _ ¦ <��B6 C = ]WK7CL'XC J A < ' )V= C

] <�f96-)V478[M C�K Q�<>= C[A 6 C ' )5J*)V6 C Tb8[6P8[=H8
Re = Hv

ν

_p¦ 8 2 M&<>4 ?F<pM&< ]0' )VJ7)V6 C )V6^J*)54*)56 C Tb8R698[=H8 K M C
Z CL' 2 <>=:)qZ C ZP4F< ' <�4D?F<>66)y47<�J*) A7' )

� L/H = 30
_ x 8[698[=X?F< 2 4 C GP66)VM=)§Z C j C ?7)�ZP4*)5Tb8 2 8[6£698 K =:)VT3) �B_ $ �«_n 8 KFA <>698RU K M C ZW47< ] Z-) K 8[=:)wU-) A 4 C[KFA <>698[T C 66)VY _L� 47)VM&<>4 K M C 478[Y>NP6P8[=:) KFA 8[Q�) C 698R476 C g 2 8 A\C+K M C

=H8RUPT C 2 8=) 2 KFA7C ZP6-)�4 C GP6-)�Z C j C ?)NPZ C 4\8RG-)V=4)hTb8[4 ' 47< ] 6 CXKFA )�Z C =S? ' 'XC 2 =:)5J7Y�)VU�698�?FGP=:)5:¢?F<|4 C GWN _�x 8R4?F<�ZP4F< ] Z C[KFA 8 ' Tb8d478 2 ' ) A < j 8pZW4 C f9=V8Wg CB]6'XCB] ) 'BK <�U ' <�=:)5Y�)V6+Z C 6 C 47Md8[=:)q698a4 C G K7C <>6P8[T3)/6-)5Y _
` N ] )�ZW4*) A <�M ZP47)VM&<>4FN K M C :><�=V<>=4)hZP47< ]6'BK <>M ]PC T�8 2 8 A ) g ] 8 ?F< ' ZP=4) 'eKkA ) K Tb8[6b?78aMd8 A 4*)VT=)56 A <�ª

j 478[= C2' 2 ' 8[=VY�6 COA 4\8R6 K � C 4FMe8RQ�)S? C 2 8[6P<�Md8[47=S?7) '�_ 132 ) 2 TBNWJ7<>6�? ] 47N j )VU�8 '�A\C 4 ?F< ' ?F<¥4\8 2 ' ) ] 6 C g ] 8 ?F<M&47<>:>8
500 × 50

] < ' < A ª A\C Y T CL' 6-)5U�<�=V<�Md<�6 A\C2'zK
101101

<�698[T C Md<�476 C Z C 4\8 2 ] <�=@?F<�6-)VM=) 'XC 2 =4)VJFY�)
]PC2'XC =@? ]PC GP478 2 8p4F<>J7) A < ' ZP4 C GP=5<>Md8OZP47)

Re = 800
_ n 8 A <3?oM&47<�:�) K M CpK ZP47<�M )56b?78[=4) KkA\C ZW6b? C 2 8bª

6P<�Me8[4 ?78[6b?789)56&ZP47)VM&<>4 ?78[=4)W4F< 2 NP= A 8 A < K ZP47< ' <>4D?F<�6 C 4F<>J*) A*' )@? C A 8[4 A =4)56 j 8 � � 1b� )56&47<�J*) A*' 8RM ) ] 4FN j )5U8 '�A7C 4D?F< 'q_o� 4*)5Md<�4D?78 ' 8;?F< '+A 8[G�<�=H8[U �«_�� <M)V6 �«_5�2N«_o{ Z98 2 )5M C g ] 8 K <L47< 2 NP= A 8 A )/Z C Z C =V6 C Me8aN�?F<�ª
Md8b? CmK ZP47< ' <>4 ?F<>6 C 4F<>J7) A*' )S? CO]PC 6P8[Z98[T[< 2 8[6P<�Me8[4 ?78[6b?78

ε = 10−6
_ � 4*)

ε = 10−5 ?F< CB]PKFA7C Z98[6�?F<CB] ZP4F< ' <�4D?F<�6P<p47<�J*) A*' <OJ7< ' < ] 6 C�K7C 4\8 2 Md<�476 C Me8�?FUP6 C gqZP4*) ' <>Y3?7)VU KFA7C ZP6b?78RU 2 8[6P<�Md8[4D?78[6�?78eZ98
U-) A 4 C 2 478 KFA < _

132 C =:)56-)S?F< ' 4 A )V6WY>6 CXKkA ) )V6 A7C T CL' 6P< �DNP6PT[Q�)@?F< K M C ZW4*)VT�8 2 8R=:)9698 K =4)VTb8RU �«_ $ � )56 �«_ $ �«_w� 47< ] 6 CXKkA )
P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



Nb� � U�� < 
5� �-�	
 � � �F�����	��

�	��� �ONF�	����� � � ��
 ���	��
9N �/� � < 
 �5

�	�F
9N 
 � < �/�I
 � �/���F
9N � ��> �QK

4F<>Q�)V47T�NP=V8[Q�)S? K T CpC GPM C Y3?F<

4F<>Q�)V47T�NP=V8[Q�)S? K T CpC GPM C Y3?F<

xs,u

xc,l, yc,l

xr,u

xr,l

x

y

H
xc,u, yc,u

j �q
f l
n�j
ol
� �
j nl
�lr

L

;=< 
9> � �FA9t�3 E ; >;
 � � ����> � � ���O> � �	� � � �F
 �d�_K > �/� � < � A ; �d�*�/
9}2�d� � �F���/���Z�|{ ��K2���b
 �%� � �Z���WI�� ���d�	���dI
xc,l, yc,l

` �����	
 �O>;� < �-�	
 � �O> ����� < ��
 � � � �
� �F���/����
"��� �	�F
 �"�
xr,l

Ae� � IO{��;������
 �	� �	�F
 � ��
5���?��� �2� ���/� �-�	
 �Z�
����> ��K ���2�O>;


xs,u

` �d���	
 � >;� < �-�	
 � � �"� �2�^I��Q> < ���F�	
 K�� �2�O>;

xr,u

A ; ���*�/
 � �zIO{��;�����Z�|{ �~K2�	�5
 �%� � �Z� K
���2�O>;


xc,u, yc,u

A

ZW4*)VT�8 2 8R6-)VU ) 2 C =:)56-) ? KFC <�698[T[<lT CRA ZP4*)yZP47< ' <>4 ?F<>6-)/47<�J*) A7' ) A 8R4 A =4)56 j 8 ��� 1b�i_n 8 K =:)5T3) �«_ $/<�Z98
ZP47)VT�8 2 Nb?F<�M C U-) A 4 CXKFA 6P<~ZP4 C f9=V< C G 4\8 2 =:)VY�6-)5U KFA\C ZP6b?78[U 2 8[6P<�Me8[4 ?78[6b?78 _
� ) ] )VM C g ] 8 K <�ZP4 C f9=:) ]PC

ε = 10−5
K T C 478�?�Z C Z C =56 C Md8
Z C TB47) ' 8b? CW_�� 4*) ' <>Y3?7)VU KFA\C ZP6b?78[U

2 8[6P<�Me8R4D?78[6b?78 ZP4 C f9=4) CB]PKFA7C Z98�? C ZP47< ]6'BK <�M 'lC GPM C Y¢?FNLT C 6PQ�< ' 4F<>Q�)V47T�NP=V8[Q�)S?�g K 8�?9?F< A 8RM©698[Z98RTb8
6P8b? ' <�Y¢?78 _;� 4*)

ε = 10−4
' ) ] )5M C g ] 8�?F< K Z CB] 6b?7) ' 4 A )V6P<�QmZP4F<>T�4\8 A <>T§g 2 j C 476�?7)�Z98¥?F<mZ C Me8[T�6b?F<�6ZW4 C[A )>) 2 U CB] )VJ7Y�N _

L/H

H

0 5 10 15 20 25 300

0.2

0.4

0.6

0.8

1

x/H

y
/
H

;=< 
9> � �FA9t�?BE � ��> � �d�O> � �	��� � �F
 �d�O`
Ra = 800

`
ε = 10−6

A � I;� < 
 �F
 �Z�SY��d��IZ� 
 ���	�uI�
 � �O> � K2���5
 ���	�����	�b

R 
Z� ` 
 ��` 
D?a`w��` tc` ?a` ��` � ` Cu�OTcA ;=< 
9> � �Z� �F�M� �cK � 

�	�F
 ���	
U� ��I����|{/���Z�	� �_I�� M �Q>;���;� ?BA

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



�«_��X�X_P`�C T£ZP4F<>T C&KFA\C ZP6-)VQ�< ' Tb8R698[=VN NX�

� �FY	� < � �FADC��cEwGe���*� �	� �cK2
 ���PK��d��I�� < � �/� �QKH�/���c{/
9N �cK2���;���Z�PK I�� �	
 �I� < �-�	
 �Z� < �/�I
 � �/�	���|{ �D� ��> ��� ���O> �
�	��� � �F
 �d� � �	


Re = 800
A

� � �+�&� � ��� 	-�&��� �
� 
 ��� � #(� � #(����*
�
� 	 � �+��� 
�� � �+��� 
�� � #(	�, # � � ����� %
� ����� ��
���� ������� � ����� � ����� ������� �
��
����

	��
�+����# � 	 � � 
 � � ��	 	 	$� � �&��%�	 � #(��*
	 � 
 � � ��	 � 	 � � �
	 ��	)�
	
	 �+��� # � � 	������ ������� 	��
������	������

1920 × 128 ≈ 8.000
������	������ ����	������

xr,l
��	
��� ��	�������� ��	
��� ��	������ ��	
��� ��	
��� ��	
���

xc,l
��	������ ��	���
�� ��	�����


yc,l
��	������ ��	�� ��	��������

ω(xc,l, yc,l)
�*��	 ������� �*��	������

ψ(xc,l, yc,l)
�*��	���������� �*��	�������� �*��	�����������
 �*��	 �������

xr,u
����	 ��� ����	 ������
 ����	 ��� ����	 ������� ����	 ��� ����	 ��� ����	 ���

xs,u
��	���
 ��	���
���� ��	���
 ��	�������� ��	���� ��	���� ��	����

xc,u
� 	 ����� � 	 ����� � 	 ������


yc,u
��	�����
 ��	�� ��	�������


ω(xc, yc)
��	
��
���� ��	������

ψ(xc, yc)
��	 
�����
�� ��	�
������ ��	 
�������� ��	�
�����


� �FY	� < ���FADC � E Ge�d�*� �	� �cK2
 � �PKH����I�� < � �/���QKSI�� < �/�I
 � �/���F
 ����> � ���O> � �	� � � �F
 �d� � ��

Re = 800

A
ε 10−4 2 · 10−5 10−5 10−6 10−7


�� #(�������+� ��	���
�� ��	������ ��	������ ��	������ ��	�
����

xr,l

�	���� ��	�����
 ��	������ ��	
����� ��	������

xc,l
��	���� ��	���� ��	���� ��	���� ��	����

yc,l
��	���� ��	�� ��	�� ��	�� ��	��

ω(xc,l, yc,l)
�*��	 ����� �*��	������ �*��	������ �*��	���� �*��	����

ψ(xc,l, yc,l)
��	�����
�� ��	�����
���� ��	���������� ��	�������� ��	��������

xr,u
����	�
�� ����	 ����
 ����	 ����� ����	 ����� ����	 �����

xs,u
��	�
�� ��	������ ��	������ ��	���
�
 ��	���
��

xc,u
� 	���� � 	 ��� � 	 ��� � 	 ��� � 	 ���

yc,u
��	���� ��	���� ��	���� ��	���� ��	����

ω(xc, yc)
��	 ����� ��	
����� ��	
����� ��	���� ��	
���

ψ(xc, yc)
��	 ����� ��	�
���������� ��	�
���
������ ��	�
���������� ��	 
����������

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



N < � U�� < 
5� �-�	
 � � �F�����	��

�	��� �ONF�	����� � � ��
 ���	��
9N �/� � < 
 �5

�	�F
9N 
 � < �/�I
 � �/���F
9N � ��> �QK

L/H

H

0 5 10 15 20 25 300

0.2

0.4

0.6

0.8

1

x/H

y
/
H

;=< 
9> � � A9t)�FE � ��> � ���O> � �	��� � �F
 �d�O`
Ra = 800

`
ε = 10−6

A ��I;� < 
 �F
 �Z�=����> �QK2��� M����a> �	
 �Z��R 
��cA ��3 `

��cA �Qt)�Q` 
 �cA �Qtc` 
��cA �cC��FA 
��cA �cCQ` 
��cA �F� �Q` ��`S�cA � �Q` �cADC ` �cADC��Q` �cA9t�`S�cA9t)�Q`S�cA43 ` �cA43��Q` �cA ?a`S�cA ? �Q`
�cA �Q`w�cA �u�Qtc` �cA �u�P?cTcA ;=< 
9> � �Z� �F�M� �cK � 

�	�F
 ���	
U� ��I����|{/���Z�	� �_I�� M �Q>;� �;� ?BA

Vx

y

0 0.5 1
0

0.2

0.4

0.6

0.8

1

ε=10-7

ε=10-6

ε=10-5

ε=10-4

Vx

y

0 0.5 1
0

0.2

0.4

0.6

0.8

1

Vx

y

0 0.5 1
0

0.2

0.4

0.6

0.8

1

Vx

y

0 0.5 1
0

0.2

0.4

0.6

0.8

1

vxvxvx vx

y
/
H

;=< 
9> � �FA9t �cE � ��> � �d�O> � �	��� � �F
 �d�O`
Ra = 800

A Ge�	
 ���	��� �cK �\N�
 �5�����	�b�F
9N � ����� < �QK�I�� � ��I < 

�	���
�	��� � ���Z�sI��/���	���/��� �/��� � � ��


x/H = 3, 6, 9, 12
R7��� < �PK/� � �d�;�5
 �����	�F
 TcA

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



� ���������
	e� �

� ���u�
��� � �	� �+��� �
�����
��	

c U-) A 4 CXKFA 6 C�' 4 A )V6PY�6-)VM 2 8RZ-) KFC M K )5MaNP8[=VQ�)S?F< ' <>=4)VT3)VU ' 4 A )V6PQ�< 'OK M C¥C G ] <>=H8R=:) ]K' 8¥ZP4*)5M&<>4\8
�
Z C ?78 '

A NP4FGPNP=5<>6 A 6P<�6P8[4\8 ' 6W<	T C 6 ' <�T[Q�)@?F< ' T C[A 8[6b?7) )56 A NP4FGPNP=5<>6 A 6-) A\C T�ZP4F<>T C�CB]uK Z CB] 8�? C j 4F< ' 8R6P<ZP=4) A*' <|T C[A 8R6b?F< _

�e��� � "� #""!e$�" # .m$I!m( #	� � ��" ! # .l-�"l$��h�
� 2 8 ] 6b?7)5U	6P<>Tb8�? ] < K < A =5< A ?7)VUa?F< ' <>Ym8 '�A\C 4 ?F< ' 4\8 2 ) K T C2' 8[= C 478 2 =4)VY�6P< C GP=:)5T[< ]K'XCB] )VM&<>6 2 ) C 698[=56-)5U
' 2 j C 6 K T C j 698R6-)VU A\C T C2'�_)�wC =5< j ZP4 C GP=5<>M CL'eA )VZ98 ¦ 8 �B=V<�) j U«ª3���>6P8[4 ]�KFC ZP47< ] M&< A 478 2 ) K Tb8 '£A N ] )T C[A 8[6b?F< 2 j 47< A\C )56�UP=V8b?F<�6 CaKFA 478[6b? CaA <�4 8 ] )H8RG98 A 66)VM ] 6 C M )V6 KkA 4 C Z C M _ n 8 ' 8 ] 6 C 4\8 2 ) K T�Nb?F<¢? C
ZP4\8 'XC T C[A 6P<�T C[A 8R6b?F< 2 4\8 2 =:)VY�6-)5M=);478 2 M&<>4 ?7)¥M&< ] J*)54*)V6 C )V6 ' )VJ*)56 CP_¬n 8[478 ' 698
T C 6 ' <�T[Q�)S?78 '
T C[A 8[6b?7)«?F<�ZP47) K7CRA 698 '�' <>=4)VT C )V6 ] N KFA 4*)@? K T3)VU�8[ZP=4)VTb8RQ�)S?78[UhgWT C[A K7C UP=H8�?F<�6b?F<�<�=V<�T A 4 C 66)VT[<[gF) 2 C =V8[Q�)@?F8
?F< ] 4 K T3)5U	4F<�8[T A\C 4D?F< ' g9ZP47< 2 478[Y>< ' 8[6b?F<LZW4 CXKkA\C 4 CL'�_

�;< � 8[UP=;�;8 ' )V< K )V6 �[C 6W< K~� $/. �;KFA 8 ZP4F< ]PKkA 8 ' )5=H8�ZP4F< ' <�4D?F<>6 C 47<�J*) A < ' 2 8 ]K'XCB] )VM&<>6 2 ) C 698bª
=V<�6 A\C T�6P< KkA ) K =@?7) ' < ' ) K T C 2 6P<�� C N K7K )56P< K�� ?F< ' < A <�T C Y�)56P< ' T ' 8 ] 4\8 A 6-))T C[A 8[6b?7) _ � Z C 4\8[G6)V=H8 KFA 8
' 4 A )56PY�6 ClA\C T CL' 6 C � C 4FMONP=H8RQ�)S? CW_�� )V<�47<>6 ] <><�= K < A 8R= _)��� �X� g � �[�R�§K7C NPZ C 4\8[G-)5=:) ' <>Y�Md4F<>:�6 C � �I� < �b
 

{/��
5�§� M&< A7CB]PC 2 8O47<�J*) A < 'dA\C Tb8 KFA ) K =S?7) ' < A <�T C Y�)56P< ' T ' 8 ] 478 A 6-)hT C[A 8[6b?7) 2 8 ¦ 8 �B=V<�) j Ub?F< ' 8mJ A < ' )5=H8M&< ]

Ra = 102 )V6 Ra = 107
_Er T[<>4 j < A )V6 c 8RMd<�Q ��� $ ���9KFA 8�Z CRA 4 ] )5=H8 A <o47< 2 NP= A 8 A < 2 NPZ C 478[G C $R�M&< A\CB] < 4 C GP6-)VUd<�=V<�Md<�6 A\C2' 2 8 KkA ) K =@?7) 'XC�A <�T C Y�)56 CP_ % <�) K Me8R6d< A 8[= _)��� � . �qK7C 478 2 ) K T C2' 8[=:)9ZP47<�U CB]

) 2 KFA 8RQ�) C 698[4F6P< j 8 ' 6P< KFA 8RQ�) C 698[4766)E4F<>:�)VM A\C Tb8 2 8 KFA ) K =@?7) 'XC£A <�T C Y�)56 C '
1 : 4

T C[A 8R6b?7) _ � j C[A7C ª
' )V=4) K7C g ] 8 ]PC ZP47<�U CB] 8	ZP47) ] <&ZP47)

Ra ≈ 2 × 105
_�{|CXKkA UBN6) 2 <�6 )V6 � 8[NW= � . �>�tKFA 8	4\8 2 ) K T CL' 8R=H8

' ZP=:) ' j < C M&< A 4*)@? K T[< j 8}4\8 2 Md<�4D?78~698~6P< KkA 8[Q�) C 698R476 C^C GP698[J78[6b?F< _ 1 6 j G�<>4 � � < � ?F<�NPZ C 4\8RG-)V= ' 4kªA )56PY>6 C � C 47MONP=V8[Q�)S? C 2 8p47<�J*) A < '£] )5�D<�47<�6PQ�)V8[=V6 C j 4F< A <�T ' 8 ] 478 A 6W<lT C[A 8[6b?F<9)V6�ZW4\8 '[C T C[A 6W<lT CRA 8[6b?F<2 4\8 2 M&<>4D?F<�M KkA 478[6-)VQ
1 : 8

_
` N ] ) A NP47GPNW=V<�6 A 6W< K )VMONW=H8[Q�)S?F< )V6 <�T K Z�<>47)VM&<>6 A ) K7C G-)V=4)lZ C j CXKFA7C T�4\8 A ZW47< ] Md< A 4\8 2 ) K Tb8 'q_� K )V<�U )56 8 )V<�6 � �R�R�EKFA 8+6BNWMd<�4*)5Y>6 C M CB] <>=:)5478[=58 A NP4FGPNP=5<>6 A 6 C 698[478 ' 6 C T C 6 ' <>T[Q�)@? C ' T C[A 8[6b?78[U

2 ¦ + n;c ZP47) KFA7C Z C M _ $R� � n|c T C[A 8[6b?F< 2 4\8 2 M&<>4D?F<�M KFA 4\8[66)VQ
1 : 4

KkA 80) 2 ' < ] =H8
	�)56 )V6 8 <
� N��>4�� �����X�R�i_Ic )5MaNW=:)�4\8R=V8 KFA 8 A7C T ]PC 698&Z CB] =H8 j ) ' )VJ7)V6P<�T C[A 8R6b?F< ] <�f966)V4\8R6P< j 8 ¦ 8 �«=5<�) j Ub?F< ' < j 8J A < ' )V=V8

Rah = 1010
_ � Z C 478[G-)5=H8 KFA 8�4\8 2 'XC ?¥Z C Z C =4)V6 C M=)5U � <>G-)5J7< ' 8 _p`�C ZP47< ' <>4 ?F<>6 C 47<�J*) A < '

K M C NPZ C 4\8RG-)V=4) 2 8pZP4*)5Md<�4D?78 'XC 2 698[J*)5M )h4F< 2 NP= A 8 A ) _
N N



N . < �,��I�� < � �/�b
 �	
 �I� < �-�	
 �

� 8[4\8 ] )q6P< KkA 8[G-)5=V6 CXKFA ) ' <�4 A )5Tb8[=56-)VUe4 C GP66)VU K = C ?F< ' ZP4*) ] <|ZP47)y478 2 M&<�4D?FN ' )VJ7)V6P<;ZP4 C[A )hJ*)54*)V66)qT C ª
A 8[6b?F<;J A )V47)h8[=4) ' <>Y ]PC 6W< KFA 8[Q�) C 698R476P< j 8 A7C Tb8Wg«6P< CB]K' ) K 6 CaCB] 4 C GP6-)VUeZ C j C ?F< ' 698mU C 47) 2 C 6 A 8[=V6-)�UKkA <�698[U _	c 8[=V8 A < A 8R= _~����� < � KFC ZP4*)5Md<�4D?78[=4)�4F< 2 NW= A 8 A <&M CB] <>=:)54\8R6b?78 A NW47GPNP=5<>6 A 6P<d698R4\8 ' 6P<dT C 6Bª
' <�T[Q�)S?F<£ZP4*) ' ) K7C T3)VU ¦ 8 �B=V<�) j Ub?F< ' )VU�J A < ' )V=4)VU M&< ] <�T K Z�<>47)VM&<>6 A\C M�g $[� 8/¤tc gU$R��� n;c )V6 � �
8/¤tc 6BNPM&<>47)VY�6-)VM=) K )5MONP=H8RQ�)S?78RM=) _ � j C[A\C2' )V=:) KFC	K 8[M C Md8�?FUP6P<p4\8 2 =:)5T[<pM&< ] $[� )56 � �¬47< 2 NW=�ª
A 8 A )J)V6 2 8[T�=@?FNWY�)V=4)ig ] 8 $[� K )VMONW=H8[Q�)S? C =V8[UPT C NWZ C 4\8[G6)VM C 2 8�ZP4 ' )EZP4*)5GP=:)5:�<>T KFA 47NPT A NW4 )56 C GW=:)VT[<
A7C Tb8 2 8 ¦ 8 �«=5<�) j Ub?F< '[C J A < ' )5= CpC T C =:) 1010

_ � <>6 j )V6��|8 ' ) ]PK7C 6 � . ���/KkA 8M) 2 ' < ] =H8 8/¤tc+K )5MaNW=H8[Q�)S? CA NP47GWNP=V<�6 A 6W< j 8 ' 2 j C 6 K T[< j 8 A\C T�8 ' T ' 8 ] 478 A 6-))T C[A 8[6�?7)�ZP4*) Ra = 1.59 · 109
_ � Z C 4\8[G-)5=H8 KkA 8

A 8[T C T�=H8 K )VY�<>6 c Md8 j C 4*)56 K T ��Z CB] M&47<�:>6-)wM CB] <>= 2 � 8R6^� 4*)V< KFA|] NPJF<>6b?F<�M CB]}KFA <>698[UhgyT C[A;A N ] )
] )V698RM )5Y>66) c Md8 j C 47)V6 K T �£M CB] <>= _

� ����� � � *��/�/� � * ��* � �

� $[��U6) A 4 CXKFA 6 C&' 4 A )V6PY�6 C
K )VMONP=V8[Q�) ? C ' <>=4)VT3)VU ' 4 A )V6PQ�< ' K M C�K )5MONP=:)�4\8R=4) 698R4\8 ' 6 C T C 6 ' <�T[Q�)S? C
2 4\8[T�8s�

Pr = 0.71
� '�] )��D<>47<�6PQ�)H8[=56 C j 4F< A )oT C[A 8[6b?7) 2 478 2 M&<>4 ?F<>M KFA 4\8[6-)5Q

1 : 4
_un NPM&<>47)VY>6 C

4F<>J7) A < '�K M Cd]PC[K < j =:) 2l2 j C 478�? C Z-) K 8[6 C T C MOG-)V698RQ�)S? C Md< A\CB] 4 C GP6-)VUB)V6	T C 6PY>66)VUz<�=V<>M&<�6 A\C2'+A <�4
' 8[=VY�6P< A 478[6 K � C 47Md8[Q�)@?F< _

x C[A 8[6b?78o?F< 2 4 C GP6-)VM=) )V6 2 8RY>< A 6-)VM=)�Z C j C ?7) K T3)VQ�)V478[698L698 K =4)VT3)G< _��X_En 8 KFA <>698RU�ZW47< ] Z-)VJF<>M CU6) A 4 CXKFALA <>T C Y�)56P<£6-)5Y _@8 < 'XC~KFA <>6 C j 47<¢?F<�M C )V6 ] 47:�)VM C 698zT C 6 KFA 8R6 A 66) A <>M&Z�<>478 A NW4*) Th = 1
g

] < K 6 C ZP8^UP=H8 ] )VM C )V6 ] 47:�)VM C 6P8^T C 6 KkA 8[6 A 6-) A <>M&Z�<>478 A NP47)
Tc = 0

_ �;6 C )V6 KFA 4 C ZuT C[A 8[6b?F<
KkA 8}8 ] )V8[G98 A 698Wg K T C 2 6b?FN
66) A\C ZP= C[A 6W< j 8 A\C T�8 _ 132 4\8[Y�NP6P< K M C ) 2 ' 8�?78[=4) 698 ]6' <�U
M&47<�:�8[U�ª|ZP47)¦ 8 �«=5<�) j Ub?F< ' <>M J A < ' )V=5N ]PC

109 698¥Md4F<>:�) K ZP4*)5GP=:)5:�6 C 105
'XC 2 =4)VJFY�)-)V6pZP47) ¦ 8 �B=V<�) j U�?F< ' <�M J A < ' )5=VN

1010 698pMd4F<>:�) K ZW4*)VGW=:)5:>6 C 2 · 105
'XC 2 =4)VJFY�) _ �wCB] 4 C GP6 C[KFA ) C M&47<�:�8[U K7C 6P8 ' < ] <>6P< '+A 8[G�<>=4)W< _��X_

A 4\8bf9Y>6-)yZP47)VTb8 2 KkA 47NPT A NP47<lM&47<�:><�Z98;?F<¥ZP47< ]PKFA 8 ' =@?F<�6	698 K =:)5T3)>< _��X_

� �FY	� < � �cADCFE G,�Z� �/�D>;
 �I�I�������QNF` >;
 �	��� ��� � �F�;� �FY�
 < 
 I�� �	
 �I� < �-�	
 �Z�H�5�K� Y�� < �	�F�b���9� �/� �cK2���s> �;� 

K/�O> �	
 �Z�zK�> �;� �/����
 A � ��I����	� �Z� �	�5� �/�F
 � �Z�

1 : 4
A � �F�;� �FY�
 < 

�	��� ���PK/�	�9� �2�O> �QK2��� � � �cK/��> �;�5���

� ��{/� �/�u{��d�PK/�D� < �	���	�F���WA
�
	�� ,��+�
� �
* � ,��+�
� �
* � ,��+�
� ��* � � � ��
 � #(��	��
� ��� 	���� � #(��	��
� ��� 	����
	 �+��� � �
* �
	��
���+� � �+�&'�����
 � �&��*
� ,+% �-�&��*
� ,+% ,+�
���
�)#(	 � �
*
	 � � ,��
�)#(	 � �
*
	

� 	 � ��	�
�
�� ��� ��
������ �������
103057

� �
� + 
�� � 
�
�� � 	 
�������� �������

204941
� �

c )VMONW=H8RQ�)S? COK M C ) 2 ' < ] =4) K Z�< A )5M=)y478 2 =4)VY�6-)VMM)qM CB] <>=:) C

• GP47< 2 Z CB] M&47<�:>6W< j 8pM CB] <>=V8Wg

• K Z CB] M&47<>:�6-)VM M CB] <�= C M¬GP47< 2 ] NPJF<>6b?78«g

• K Z CB] M&47<>:�6-)VM M CB] <�= C M 2 � 8[6	�;47)V< KkA\C2' )VM ] NPJF<>6b?F<�M	g

• K Z CB] M&47<>:�6-)VM M CB] <�= C M K � ) C M&<>=V= )S?k< ' )VM ] NWJ7<>6�?F<>M )V6
P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



< _��X_9n 8R4\8 ' 698aT C 6 ' <�T[Q�)@?78 ' T C[A 8[6b?7) N/1

-

6

x

y

0

H

L

∂T/∂n = 0

∂T/∂n = 0

Th Tc

?

~g

;=< 
9> � �cADCFE �,�cY��F
 �F��{�� ��
=I�� �	
 �I� < �-�	
 �Z��� �/� �cK2���w> �;�yK/�O> �	
 �Z� K � � �cK/��> �;�5�F
 > �;� �/����
BI(� ��I����	���Z�	�
�	�5� �/�F
 �

L : H = 1 : 4
A � �	���F�	� �/�5�K��
 {/�d�	��� 
 ��N < � �Z�	��� �	���	��� ��� �

Th = 1

 �
Tc = 0

A(� � �����	�F

� ��
9> ��I�� �Z�	���0�I�����;�\C�t �
��ta�F�;�P� CQ` � ��
D�d�	���	� �Z� I��/� � �/
 � ���|{ < �*�/�����	�b
�� ��
9> ��I��/��� � �/����K � �Q> �
�d�	�b������K/�WI < 
9}2�d�WA

• 2 ] )V698[M=)5Y>66)VM¬Z CB] M&47<�:>6-)5M�M CB] <>= C M _
� Z C 4\8[G-)5=:) K M CeA < C 4F< A )5Y>6 C ) 2 478[Y>NP6P8[6 C 8/¤tc T C 6 KFA 8[6 A7C

C = 0.1
� �wC Z�< � . . � � )V6z<>T K Z�<�4*)5Md<�6«ª

A 8R=V6 CaC Q><�6b?F<>6 C&A NP4FGPNP=V<�6 A 6 Cd� 4\8R6 ]WA = CL'XC J A < ' )5= C
Prt = 0.6

� � C 4 ' 8 Al� �B�>�H��_
`�C T )V6	ZP47<�6 CXK A\C ZW= C[A < K M CeK )5MONP=:)�4\8R=4)�ZP47) ¦ 8 �B=V<�) j Ub?F< ' <>M�J A < ' )V=VN

Ra = 106 − 1010
_ �;<�ª

f96-)54\8[=4) K M C j 8 ' <>698[Y�G-)O�b$ _ < � g�ZP47) Y><�Md<�4 K M C 2 8 ]PC =V:�)V6 K T C�K Tb8[= C ) 2 GW4\8[=4)oJ*)54*)56 C T C[A 8[6b?F< _n <�Tb8 A <>4*)E8 '�A\C 4 ?7)#NPZ C 4\8[GP=S?78�? C£¦ 8 �«=5<�) j Ub?F< 'XC J A < ' )V= C ghT�) j 8 ] <�f966)V4\8�? C 698 ' )VJ7)V6 C T C[A 8[6b?F< Rah� 698+ZP47)VM&<>4 	()V6 )56 8 < � N���4 � �����X�R��A <�4 c 8R=H8 A < A 8[= _£��� � < �H��_a¦ 8 2 M&<>4 ?F<aMd< ] J A < ' )5=:)#Z C�C G�<>U
] <�f96-)VQ�)@?78[Um?F<

Ra

Rah

= 43 = 64.
�5< _����

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



. � < �,��I�� < � �/�b
 �	
 �I� < �-�	
 �

� 8�=V8[:¢? C f 2 )VT�8[=V6 C ZP4F< ]PKkA 8 'XC Z C ?78 ' 8 K ) 2 8[M ) K =4)5M C 2 <�= C�]PC = j C T CRA 8[6b? C g)J7)V47)V6P< 50cm
)V6

' )5J*)V6W<
2m

_t� 8 2 478[T ' 6�?F<¢?�ZP4F< ] Z CXKkA 8 ' )5M C g ] 8H)VMd8
ν = 15.6 · 10−6m2/s

g
βT = 1/300K−1 )V6

λ = 0.0261976W/mK
_E� 8 A <)Z C j C ?F< 'LA 8[G�<�=:)6< _ $ 698 ' 8b?78RM C;CB]6' ) K 6 CXKFA�A <�MdZ�<�4\8 A NP476P<)478 2 =4)VT[<

)56 A\C ZW= C[A 6P< j 8 A\C Tb8 CB] ¦ 8 �B=V<�) j U�?F< ' < j 8�J A < ' )V=V8 _ n 8 ' 8�?78[M C�A N ] )|GP47< 2 ] )5M&<>6 2 )@? K T3)|Y>8 K7C2' 6-)
T C 4\8[T§g�ZP4*)/Tb8 A <>47<�M K M CdK )VMONP=H8RQ�)S? C 478[Y>NW698[=4) K T�NPZ98�? 2 ' 47< ] 6 CXKkA ? C 2 ] )VM&<>6 2 )@?78[MM) 2 8 ) 2 GP478[6-)
ZW4*)VM&<�4 _

� �FY	� < � �cA9tuESG,�QK/��I��cK � ���*� � ��� < �	
J{QN �Z�PK2
 � }	���PK2
 < �;� 
 � � ��I < 
9> �����	��� �	� �/�5�K�D���*� �	���	� �/����I��
� ��
 ���	� �F� < ���	�b� ��}	
 ����> �^> �;� �/���Z�WAbGe��
9> � I�� �Z�	�����b�6�/
 Y��d��I2�/
 ���	�uI�
 � � > �=� � �Z��� �	
 > �/���	�	
9N �	���

JIWK � � � < 
 �	
 �I� < �-�	
 �Z��
 � I���
JI�Y�� �/�F
 � ��
 ���	� � ���	� ���	��� �/��� � I�
9> � < ���H� � �2�WA

Ra ∆T [K] q0 = λ∆T
h

[
W
m2

]
∆t ∆t · t0[s]

106 ��	���� ��	��������
10−5 1.1 · 10−1

107 ��	�� ��	������
10−5 1.1 · 10−1

108 � ��	 ���
10−6 1.1 · 10−2

109 ��� ��	��
10−6 1.1 · 10−2

1010 ����� ���
10−7 1.1 · 10−3

� 8 K )5MONP=H8RQ�)S? C 6P8[4\8 ' 6P<lT C 6 ' <�T[Q�)@?F<�ZP4*) ¦ 8 �B=V<�) j Ub?F< ' <>M�J A < ' )5=VN
Ra = 106 6-) K M C NWZ C 4\8[G6)V=:)Z CB] Md4F<>:>6W< j 8&M C«] <>=V8 _ `�C TL?F<l=H8[M=)5698R47<�6B)V6 KkA 8[Q�) C 698R47<>6 _on 8 C G�<>U	Md4F<>:>8[U )V6 A N ] )�ZW4*) 2 <�= CT�478 A T[<�M Y�8 KFCL' 6P<�M T C 478[T�N K M Cz]PCXK < j =4) KkA 8[Q�) C 6P8[476 C	KFA 8[6b?F< _zn 8b?FMd8[6�?FJ*) Y�8 K7CL' 6-) T C 478[T§g�T3)K M C j 8£NPZ C 4\8[G-)5=:)P?F<aG-)5= ∆t = 10−6

_a� 8 2 8[Y>< A 6 C�KFA 8[6b?F< A <�T C Y�)56P<pZW4*) K )VMONP=V8[Q�)S?78[UzZP4*) ' )5JD?7)5U
¦ 8 �«=5<�) j Ub?F< ' )5U+J A < ' )V=:)5U K M C NWZ C 4\8[G6)V=:) A\C T CL' 698pZ C =@?78OZP47)�6-)5:¢?7)5U Ra J A < ' )V=4)VU _� 4*) ¦ 8 �B=5<�) j Ub?F< ' <�M J A < ' )V=VN

Ra = 107
K M C NPZ C 478[G-)V=4)«GW47< 2 ] )VM&<�6 2 )S? K T3)PY>8 K7C2' 66)9T C 478[T

∆t =

10−5 gqZP4*) Ra = 108 )56 Ra = 109
K M C NWZ C 4\8[G6)V=:)

∆t = 10−6 ghZW4*) Ra = 1010 Z98 ∆t = 10−7
_

� 4F<>U CB] 66)wZ C ?78 ' ?F<lZP4*)
Ra = 107

A 4\8�?78[= � �X�X� Y�8 KFCL' 6-)5UzT C 4\8[T CL' gqZP47)
Ra = 108 )V6 Ra = 109�X�X�X� Y>8 K7C2' 6-)VU T C 4\8RT CL' g|ZP47)

Ra = 1010 Z98 � �X�X� Y>8 K7C2' 6-)VU T C 478[T CL'�_ � 8R698[=4) 2 8[U¡6-) K M C
NWZ C 4\8[G6)V=4)h47< 2 NP= A 8 A7CL' M&< ] ZP47<�U CB] 6-)5M Z C ?78 'XC M _
� ����� � � ���/� 1,�36)� + *�6)�

n 8 K =4)VT3)U< _ $+ZP4*)5Tb8 2 Nb?F<>M C�KFA 8RQ�) C 698[476 C�A <>M&Z�<>478 A NP4F6 C Z C =S?F<pZW4*)
Ra = 106 g�Z CL' ZP4F<>Y�6 C	A <�MaªZ�<�4\8 A NP476 C Z C =S?F<mGP47< 2 Z CB] M&47<�:>6P< j 8£M CB] <>=H8 2 8 Ra = 107 )56~Z C2' ZP47<�Y>6-) A <�MdZ�<�4\8 A NP476-)wZ C =@?7)K Z CB] M&47<>:�6-)VM M CB] <>= C M Ke� ) C Md<�=V= ) ] NPJF<>6b?F<�M 2 8

Ra = 108 )56 Ra = 109 )56sZ C2' ZP47<�Y>6 CA <>M&Z�<>478 A NP4F6 C Z C =S?F< K Z CB] M&47<�:>66)VM�M CB] <�= C M 2 � 8[6��;47)V< KFA\C2' )VM ] NPJ7<�6b?F<>M 2 8
Ra = 1010

_
� < ]WA <>M T C ZP47)

Ra = 106
A\C T ]WCXK <�:>< KkA 8[Q�) C 6P8[476 C�KFA 8[6b?F<RgBZP4*)

Ra = 107 Md<3?F698�ZP=V8 KFA Z CXKkA 8[6P<6W< KFA 8[G-)5=V698 _l� 2 j C 476b?F<�M ] <�=VN A7C ZP=5< KFA <>6P<M)56 '}K Z CB] 6b?F<>M ] <>=5N^M&4 2 =V< KFA <>6P< K <pZ C ?78 ' )S? C�' 4kª
A )V6PQ�) _ x C 6 ' <�T A ) ' 6-) A\C Tm?7)VUzZP4F<>698[J78 '	K M&<>47) A\C T�8 ' 2 ]PC =5: C G�<>U KFA <�6ygy698 ' 2 j C 4 C G A\C ZP=4) KkA <>66)
)56&698 ' 2 ]PC = C G&M&4 2 =4) KFA <>6-) _ { GdZP47)VU CB] N&698 ' 47Uhg C 2 )54 C Md8|698 ] 6 C T CRA 8[6b?F<Rg ' 4 A )V6PQ�) A 8 ]6' 8 ] <�=H8
T CRA 8[6�?F<pZP47<�Md<�J\8 A 8 _O�¬K 4F< ] 6b?F<�M ] <>=5N�T CRA 8[6b?F< ?F< A\C T K T C 4\8�? ] 8 KkA 8[Q�) C 698R47<>6hg A <�MdZ�<�4\8 A NP476 C
Z C =@?F<)?F< KkA 478 A )�f9Q�)54\8[6 CW_�� 4 A )V6PQ�) K <mZ C ?78 ' =S?78b? C Z�<�4*) CB] )VY�6 C g A7C T CL' 6 C Z C =S?F<)?F< 2 8 A\CeC[K Q�)5=:)54\8�? C Y><
)56 K T C 4\8�? ] 8 K )5Md< A 4*)5Y>6 CP_
P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



< _��X_9n 8R4\8 ' 698aT C 6 ' <�T[Q�)@?78 ' T C[A 8[6b?7) . �

;=< 
9> � �cA9tuE � �	���F�	� �/�5�K��� � �F� < � ��RZC R �cA � �PTF�OTcE I < �PK/� � ���;�5
 �����	�F
 E �	� � �	

�;� �/����� �	� �/���Z� � ��

Ra =

106
` � � �2�QK2��� �F�QK � ���d�	��� �F� < �Z�

Ra = 107
Y�����I �F���/�I�d�����G� { �H�����K� < � ` � � �2�QK2��� �F�QK � �d�d�	��� � � ;

�F� < �Z�
Ra = 108

`
Ra = 109


 �
Ra = 1010

A

� 4*)
Ra = 108 698 KFA 8b?78�? C ' 4 A )V6WQ�)oG C =@?OZ C j C[KFA\CW_ � <¢?F698�ZP=V8 KFA ?F<�6P< KFA 8RG-)V=5698~698 2 j C 4F6b?7)Z C = CL' )VQ�) A\C ZP=5< KFA <>6P< )V6¥6P8 K Z CB] 6�?7)�Z C = CL' )5Q�)RMd4 2 =5< KkA <>6W< _EcBA 4\8 A )5f9Q�)V478[6 CXK 47< ] 6b?7) ] <>= K < 2 Md8[6b?FJ\8 _

`�C TL6-)W6-) A )BZP4*)5GP=:)5:�6 C ' <>Y K )VM&< A 4*)VY�<>6yg[Y�<>ZP478 ' ?F< 2 8[Y�< A 6 C¥A <>M&Z�<>4\8 A NP4F6 C )56OU-) A 4 CXKkA 6 C Z C =S?F<�G-)5= C
K )5Md< A 47)VY>6 CP_ � C =5:�)56 K T�8 K Tb8[=V8 KkA 47NWT A NP4 '£A7C T�N K < 2 Me8R6b?FJ7Nb?F< _

� 4*)
Ra = 109 )V6 Ra = 1010 6P8 KFA 8b?78�? C�' 4 A )V6WQ�)wJ7<OZ C j CXKkA <3?F< K T C 478�? ] 8£Z C Q�<>= C[A 66) ]PC =V:�)V66)C G�<�U KkA <�6 _ � <>Y�)V6P8 ' 4 A )V6PQ�< ' 698 KFA 8�?78�ZP47)VGP=4)5:>6 C 698 Z C = CL' )5Q�) ' )VJ7)V6P<	T C[A 8[6�?F< _ � 8 A7C ?F< A N ] )

CXK 47< ] 6b?7) ] <�=¥T CRA 8[6b?F<~Z C Z C =56 C Md8 ZP4F<>M&<>J\8R6yg C
KkA 4\8 A )5fPTb8[Q�)@?7) 6P<^M C 4F<>M C&' <�Y j CL'XC 4*) A ) _©�
A\C T CL' 6P<>MvZ C =S?FN KFC ZP47) KFC[A 6-) ' 4 A )56PQ�) 2 <>= C 4\8 2 =:)5Y>6-)5U ' <�=:)5T CXKFA 6-)VUB)V6�Y�8 K7CL' 6-)5U K T�8[= _o�wC =S?F< K <L6P<
Z C 698 ' =@?78Wg�?F<�6P<�ZP4\8 ' )V=V6 C )V6�T�8 C[A )5Y>6 CW_

n 8�Z CB] =V8 j )�Z CL' ZP4F<>Y>66)VU A7C T CL' 6-)5U�Z C =S? K M C ) 2 47) K 8[=4)�ZP4 C f9=5< A <>M&Z�<>478 A NW47<[g�U-) A 4 CXKkA )U)56 ' 4kªA )56PY>6 CXKFA )|698�4\8 2 =:)5Y>6-)5U ' )VJ7)V698RU ' T C[A 8[6b?7)a� K =:)VT�8 < _ �X��_ � 4 C fP=:) ?78 K 6 C ZP4*)5Tb8 2 Nb?F<¢? C�A 8[6�?FJ\8[6b?F<
M&<¢?F6P<�ZP=H8 KkA ) K Z C2' <>Y�< ' 8[6�?F<>M ¦ 8 �B=V<�) j Ub?F< ' < j 8pJ A < ' )5=H8 _ � 4 C f9=4)�ZP47)VTb8 2 Nb?F<3? C Z CB] 4 C Y¢?F< C G A\C ZP=4)KFA <>6-)ig 2 8 A\C ?F<lMd<3?F698&ZW=H8 KkA 698&ZP4 C f9=:)5Uyg9T3)�ZW4*)VT�8 2 N�?F<¢? CdK Z CB] 6�?7) ] <�=�T C[A 8R6b?F<L6P8b? A 8[6b?FJ\8«g K 8�? A N
6P<&ZP4*)5U98�?78 ]PC 6P8 KFA 8b?78R6b?78 ' 4 A )V6WQ>< '�_+� 4*)

Ra = 109 )56 Ra = 1010
' 4 A )V6PY�6 CXKkA 2 <>= C 698R4\8 KkA <[g

Tb8[4;6P8[Tb8 2 Nb?F<O698eZP47) KFC[A 6 C[KFA Md8�?FUP6-)5U KkA 47NWT A NP4 '�A\C T�N _¥{ G A7C ZP=4) KFA <>6-)§?F< ' <�4 A )VTb8R=V698dU-) A 4 CXKFA
P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



. $ < �,��I�� < � �/�b
 �	
 �I� < �-�	
 �

y=
3

.5
00

0
0

0

0.2

0.4

0.6

0.8

1

y=
2

.5
00

0
0

0

0.2

0.4

0.6

0.8

1

y=
3

.0
00

0
0

0

0.2

0.4

0.6

0.8

1

y=
2

.0
00

0
0

0

0.2

0.4

0.6

0.8

1

y=
1

.0
00

0
0

0

0.2

0.4

0.6

0.8

1

y=
1

.5
00

0
0

0

0.2

0.4

0.6

0.8

1

X

T
em

pe
ra

tu
ra

0 0.025 0.05 0.075 0.1

0

0.5

1

y=
1

.0
00

0
0

-3E+06

-2E+06

-1E+06

0

1E+06

2E+06

3E+06

4E+06

y=
2

.0
00

0
0

-3E+06

-2E+06

-1E+06

0

1E+06

2E+06

3E+06

4E+06

y=
2

.5
00

0
0

-3E+06

-2E+06

-1E+06

0

1E+06

2E+06

3E+06

4E+06

y=
3

.0
00

0
0

-3E+06

-2E+06

-1E+06

0

1E+06

2E+06

3E+06

4E+06

y=
3

.5
00

0
0

-3E+06

-2E+06

-1E+06

0

1E+06

2E+06

3E+06

4E+06

X

V
rt

in
cn

os
t

0 0.025 0.05 0.075 0.1

-2E+06

0E+00

2E+06

4E+06

y=
1

.5
00

0
0

-3E+06

-2E+06

-1E+06

0

1E+06

2E+06

3E+06

4E+06

y=
1

.0
00

0
0

0

10000

20000

30000

y=
1

.5
00

0
0

0

10000

20000

30000

y=
2

.0
00

0
0

0

10000

20000

30000

y=
2

.5
00

0
0

0

10000

20000

30000

y=
3

.0
00

0
0

0

10000

20000

30000

y=
3

.5
00

0
0

0

10000

20000

30000

X

V
er

tik
al

na
hi

tr
os

t

0 0.025 0.05 0.075 0.1

0

10000

20000

30000

T

ω

v y

x x x

;=< 
9> � �cA43 E G?����� < 
 � �	���F�	� �/�5�K���O` K2���b
 ���	�����	�5
 
 � K/�	���5
9> � < ��� N�
 �5�d���	�5
 � � K2
9}	
 � �QN
y =

0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5
I��

10%
> �;� �/���Z�@�cY ��� � < 
/�	� �	�F
 ALGe�d��� < 
 I��

Ra = 107
�2� � �	
 


> ��I��/�F
 � �F� < ��� �	�	����`
Ra = 108

� �	�	�D> �/����`
Ra = 109

� � 
9> � � �	��� �	����� 
 �
Ra = 1010

�
�	�����	
 � 
9> �cA

6P8b? ' <�Y¢?78l698 K Z CB] 6b?F<�M ] <�=VNdT C[A 8[6b?F< _�� )VJ ?F< ' T C[A 8R6b?7)§698 KFA 8�?78�? C�'pA7C T�N ' 4 A )V6WQ�) g�T3) 2 Me8R6b?FJ\8�? C
' <�4 A )VTb8R=V6 C U-) A 4 CXKkA�_
P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



< _��X_9n 8R4\8 ' 698aT C 6 ' <�T[Q�)@?78 ' T C[A 8[6b?7) . �

� 4*)5Tb8 2 ) 2 C =:)566)S? A <>M&Z�<>478 A NP4F< 2 8�478 2 =4)VY�6P<�Y>8 K7C2' 6P<zT C 4\8[T[<O?F< 2 8
Ra = 107 ZW4*)VT�8 2 8R6s698K =4)VT3) < _��P_�n 8 K <>4*)S?7))Z�< A )VU 2 8[Z C 4F< ] 6-)5U K =:)5T�=H8RUPT C^C ZP8 2 )5M C 4 C ? KkA*'XC ' 4 A )V6WQ�80)56
6b?F< j CL'XC Z C[A

'�A\C T CL' 6P<>M Z C =@?FN _ � < ]
K =4)VT�8[M )h?F<£Z C $ �[� Y>8 K7C2' 6-)VU�T C 4\8RT CL'�_�n 8 K =:)5T3)?< _ �zKFC ZW4*)VT�8 2 8R698
A <�MdZ�<�4\8 A NP47698£Z C =@?78 ' Y�8 KFCL' 6P<�M�478 2 M=)VT�N ���[� T C 478[T C2' 2 8

Ra = 108 g�698 K =4)VT3)J< _ <+ZP8 A <>MaªZ�<>478 A NP4F698	Z C =@?78 2 8
Ra = 109

K Y�8 KFCL' 6-)5M ) 2 8RM )5T�) � �X� T C 4\8RT CL'�_z� 47)VTb8 2 Nb?F<�M C 47< 2 NP= A 8 A < K
� ) C M&<>=5=4) ?F< ' )5M ] NPJ7<�6b?F<>M _tn 8 K =:)VT3) < _]N Z98 K7CpA <�MdZ�<�4\8 A NP476P8pZ C =S?78OZP4*)

Ra = 1010
_

;=< 
9> � �cA ?BE � �	���F�	� �/�b����� � �F� < � � � ��

Ra = 107

I�� � �	�,� � �2�QK2�F
9Nz> �;� �Q> �QKQAs� �*��� < 
9> �/�I
 �Z�St)�u�
Y�����I2�/
 ���	�uI�
 � �O>;
9N � � �2�QK2�F
9N > �;� �Q> �QKQA

�©CXK 47< ] 6b?F<>M ] <�=VN�T CRA 8[6b?F<¥ZP47)y6-)V:3?7)VU ¦ 8 �«=5<�) j Ub?F< ' )5U+J A < ' )5=:)5U C Z98 2 )5M CmA <�MdZ�<�4\8 A NP476 CpK = C ª?F< ' ) A\CXKkA C 2 )V4 C Md8 KFA 4\8 A )5f9T�8[Q�)S? CP_ ��4F< 2 ] )VM&<>6 2 )@? K T3)�Z98[478[M&< A <�4 KFA 4\8 A )5f9Tb8RQ�)S?F< ?F< ] <�f96-)54\8[6 K

Sp =
∂T

∂y
|x=L/2,y=H/2.

�5< _ $ �

c Z CL' ZP4F<>Y>66)VM=) A <�MdZ�<�4\8 A NP4766)VM=)«Z C =@?7) K M C Z98[4\8RMd< A <�4 KkA 4\8 A )5fPTb8[Q�)S?F< ) 2 4\8RY>NP698R=:) _w� 4*)
Ra = 107K M C£]PC G-)V=4)

Sp = 0.25
ghZP4*)

Ra = 108 Sp = 0.30
ghZW4*)

Ra = 109 Sp = 0.77
)56zZP4*)

Ra = 1010

Sp = 0.1
_+` )V8[6 )V6 x 8[4\8 ��)H8[6P66) K&��� �[�R� Z C 4 C Y�8 A 8

Sp = 0.5
2 8

Ra = 1.58 · 109
' T ' 8 ] 4\8 A 6-)

T C[A 8[6b?7) _ 	�)56 )V6 8 < � N���4 � �����[�[� Z98
Sp ≈ 1

2 8
Rah = 109 − 1010

_
P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



. � < �,��I�� < � �/�b
 �	
 �I� < �-�	
 �

;=< 
9> � �cA �FE � �	���F�	� �/�5�K��� � �F� < � � � ��

Ra = 108

I�� �F�	�,� � �2�QK2�F
9Nz> �;� �Q> �QKQAs� �*� � < 
9> �/�I
 �Z�_C��u�
Y�����I2�/
 ���	�uI�
 � �O>;
 N � � �2�QK2�F
9N > �;� �Q> �QKQA

;=< 
9> � �cA
�cE � �	���F�	� �/�5�K��� � �F� < � � � ��

Ra = 109

I�� �F�	�,� � �2�QK2�F
9Nz> �;� �Q> �QKQAs� �*� � < 
9> �/�I
 �Z�_Cu�F�
Y�����I2�/
 ���	�uI�
 � �O>;
 N � � �2�QK2�F
9N > �;� �Q> �QKQA

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



< _��X_9n 8R4\8 ' 698aT C 6 ' <�T[Q�)@?78 ' T C[A 8[6b?7) . �

;=< 
9> � �cA�� E � �	���F�	� �/�b����� � �F� < � � � ��

Ra = 1010

I�� �F�	�?� � �2�QK2�F
9N�> �;� �Q> �QKQA � ��� � < 
9> �/�I
 �Z� Cu�F�
Y�����I2�/
 ���	�uI�
 � �O>;
9N � � �2�QK2�F
9N > �;� �Q> �QKQA

� � ��� � � �����&* . + *�� ��*5+"�

� 47<�6 CXK A7C ZP= CRA < K T C 2 ) A 4 ] 6 CdKFA <�6 C ZP47< ]PKFA 8 ' =@?78&Z CL' ZP47<�Y>6 C+n N K7K <>= A\CL'XC J A < ' )V= C g§T3) j 8 2 8d698[J C
j < C Md< A 47)@? CO] <�f966)V4\8RM C 2

Nu =
1

H

∫ H

0

∂T

∂x
dy.

�5< _ ���
n 8 K =4)VT3) < _ .�ZP47)VTb8 2 Nb?F<�M C j 4\8R�D< CB]6' ) K 6 CXKkA ) n N K7K <>= A\CL' < j 8�J A < ' )5=H8 CB] Y�8 K 8 _ � 8 K7C2' 6 C Z CL' ªZP47<�Y>6W< ' 47< ] 6 CXKFA ) 'zA 8RG�<>=:)J< _ � ZP47)VM&<>4D?78RM C£K ZW47< ' <�4D?F<�6 C 47<�J*) A*' )@? C 	()V6�8R6 ] 8 < � N��>4�� �����[�R� _
� <�T K Z�<>4*)5M&<>6 A )P?F<lG-)5= C N j C[A\C2' =@?F<�6 C ��	§8[G�<�4>g ���X�b� � g ] 8|?F<l4\8 2 Md<�4D?F< Nu/Ra1/4 T C 6 KFA 8[6 A 6 C 2 8=H8RM )�698[4F6 C M&<¢?F6 C ZW=H8 KkA )V6

Nu/Ra1/3 ZP47)VGP=4)5:>6 C T C 6 KFA 8[6 A 6 C 2 8 A NP4FGPNP=5<>6 A 6 C M&<¢?F6 C ZW=H8 KkA�_ �
)V6 A <�47Z C =V8[Q�)S? CmK M C ?7)5U ) 2 4\8[Y�NP698R=:)G)V6l?7)VU£ZP4\8 'eA 8[T C 698 A 8[G�<�=:)�< _ � ZW4*)VM&<>4 ?78[M C 2 4F<��D<�47<>6WY>6 C 47<!ª
J*) A*' )@? CW_ � j CRA\C2' )5=:) K M C g ] 8 K <IY�8 K7CL' 6 C Z C2' ZW47<>Y�6P< ' 4F< ] 6 CXKFA ) 2 <�= C�]WC GP4 C Nb?F<�Md8b? C¥K ZW47< ' <�4D?F<�6 C47<�J*) A*' )@? CP_e� 47)

Ra = 107 ?F< A\C T~JF<d=H8[M=)5698R47<�6 )V6�M CB] <>=EGP47< 2 Z CB] Md4F<>:>6W< ' ) K T C 2 6 C[KFA )tZ CB] 8ZP4\8 ' )V=56P<£47< 2 NP= A 8 A < _ � 4F<>:>8�ZP47) A <>M ¦ 8 �«=5<�) j Ub?F< ' <>M,J A < ' )5=VN
N K Zq<�Z C Z-) K 8 A ) 'BK7C f 2 )5T C g 2 8 A\C
Z CB] M&47<>:�6 C M CB] <�=�66)�Z C[A 4F<>G�<�6 _

� 4*)
Ra = 108

K M C ZP4*)5Md<�4D?78[=4) 4F< 2 NP= A 8 A < 2 )V6
GW47< 2 Z CB] M&47<�:>6P< j 8^M CB] <>=V8@)V6
N j C[A\C2' )5=:) g] 8 K7C ) ] <>6 A )VY�6-) _~� 4*)
Ra ≥ 109 ZP8 8/¤tc ) 2 478[Y>NW6 2 ] NWJ7<>66)VM Z CB] Md4F<>:�6-)VM M CB] <>= C M Z CB] 8

G C =S?FJ7<}47< 2 NP= A 8 A < _ � 47)
Ra = 109

K M C ZP47)VM&<>4 ?78[=4) 4F< 2 NW= A 8 A < 8/¤ c K )VMONP=V8[Q�)S?k<zGP4F< 2 ] NPJF<>6b?78
)V6 Kl� ) C M&<>=V= ) ?F< ' )VM C 2 )V4 C Me8 � 8[6��;4*)5< KFA7CL' )VM ] NPJF<>6b?F<�M _ 132 478[Y>NW6 GW47< 2 ] NPJ7<�6b?78�Z CB] Md4F<>:�6P<
' ) K T C 2 6 C[KFA ) C G KFA <>698[Uz698[Z C2' <LZ C Z C =V6 C Md8p6P8[Z98[Y�6 CdA\C T CL' 6 CeK =:)5T C )56	ZP4F<>6 C[K A7C ZP= C[A < _)`�C ?F<

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



./< < �,��I�� < � �/�b
 �	
 �I� < �-�	
 �

Cas

N
u

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
6

7

8

9

10

11

12

13

14

15

16

17

18

C=0

Cas

N
u

0 0.005 0.01 0.015
15

20

25

30

35

40

45

50

C=0
LES brez dus.
LES z dus.

Cas

N
u

0 0.005 0.01 0.015

16

18

20

22

24

26

28

30

C=0
LES brez dus.

Cas

N
u

0 0.001 0.002 0.003 0.004 0.005 0.006
80

82

84

86

88

90

92

94

96

98

100
LES z dus.

� � � � �
� � � � �
� � � � �
� � � � �
� � � � �

� � � �
� � � �
� � � �
� � � �
� � � �

� � �
� � �
� � �
� � �

� � �
� � �
� � �
� � �

� 8 K � 8 K

� 8 K� 8 K

N
u

N
u

N
u

N
u

C = 0�����
	���
����������
���������������

C = 0

���������������

�����
	���
����������C = 0

;=< 
9> � �cA � E �,�cK2
 �	�����	�?�(� ���Z� < � �QK/�|{ ��}	� �PK2
 < �0��� � � � � I��FE
Ra = 107

R5IO{��;� � � < �PK/�OT�`
Ra = 108R5I {�� � � �������	�G� T `

Ra = 109
R�� �F��� � � < �PK/�OTM
 �

Ra = 1010
R�� �F��� � �������	���OTcA

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



< _��X_9n 8R4\8 ' 698aT C 6 ' <�T[Q�)@?78 ' T C[A 8[6b?7) . N

� �FY	� < � �cA43 E�	�� �2�QK2��� �F�QK � ���d�	��� ��� ���2� < ���QK/� }	� �PK2
 < �
Nu


 � � ��
 ���	� � �cK � > �;��� < �-�	
 � � � ���PK/�	���Z�	���
� � ; ���O}	
 �gK2
 �Z����
 � �	� � < A �ZCW?F? � A Ge��
 ���	��� �/��� ����I�� < � �/���~Y�����I �F���/�I���������|{ �@������� < �

C = 0
 � �d��I�� < � � ��� � � ; � Ge

�;��� <D< 
XR
LESp

T0
 � U��/� � ��

���	� R
LESvd

T �/�F}2�	���Z�	��A R��gT 
)�
Nu

� ��

Ra = 108


 �
Ra = 109

�	��� ����I�� < � �/������
 � 
�� � � �F�QK/�*� � < 
 � �F�;���2� �Z� ���Z�|{��QK/� ���cK2
 �	�����	�5

Nu/Ra1/4

A R�� T 
 � �Q}2�
Nu/Ra1/4

���cK2
 �	�����	� �Z� �	���=� � �F�QK/�*� � < 

Nu

I��
Ra = 3.125 · 107


 �
Ra = 1.56 · 108

A
Nu Nu/Ra1/4 Nu/Ra1/3

Ra C = 0 LESp LESvd � �
���
������� �)#&,�� � �
� �
������� �)#&,�� � �
� �
�������
107 ����	���� ����	�� ��	�������� ��	�������
 ��	���
���� ��	���
�� �

3.125 · 107 16.91+ ����	���� ��	�������� ��	���
����

108 ����	�
 ����	�

22.56∗

��	�����
�� ��	��������

1.56 · 108 25.57+ ��
�	���
 ��	�����
�� ��	��������

109 ����	���� ����	���
 ����	����
43.63∗

��	�������� ��	��������

1010 ����	 ��� ��	�����
�� ��	��������

'	K T�=V8 ] N K A 4 ] ) A*' 8[M ) ] 47N j )VU}8 '�A7C 4D?F< ' �i��4F<>NP<�4>g ���[�>�H��_¥{ G KkA <>6P8[Ud?F<mZ CB] M&47<�:>6 C�' ) K T C 2 6 CXKFAZ C[A 4F<>GP6 Ce] NWJ*) A ) _�� 47)VM&<>4 ?78 ' 8 K )VMONW=H8[Q�)S? K;� ) C M&<>=V= )S?k< ' )VM )V6 � 8[6z�;4*)5< KkA\CL' )5M ] NWJ7<>6�?F<>M Z98|?F<
Z C Tb8 2 8[=V8Wg ] 8 � 8[6&�;47)V< KkA\C2'XC�] NPJF<>6b?F<IZ CB] 8¥Md8[=5<>6PT C[KFA G C =S?FJ7<)47< 2 NP= A 8 A < _ 132 4\8[Y�NP6 2 ] )5698[M=)5Y>6 C
]PC = C Y�) A*' )@? C T C 6 KFA 8[6 A <+M CB] <>=V8a?F< ' <�=:)5T C T�4\8 A 6P8[Z CL' < ] 8[=�6P< j 8 A ) ' 6 C T C 6 KFA 8[6 A7CP_�x <�4 K M C ? CNPM&< A 6 C Z CXKkA 8 ' =S?78[=4)h698p66)VYRgR?F<¥G-)V=h47< 2 NP= A 8 AIK )5MONP=H8RQ�)S? Z CB]PC G�<>6B) 2 4\8[Y�NP6BN�ZW4*)

C = 0
_

132 4\8[Y�NP698[6 C 478 2 M&<�4D?F<
Nu/Ra1/4 ?F< ZW4*)VGW=:)5:>6 C T C 6 KFA 8R6 A 6 C 2 8 Ra = 107−108 g[T�8[4�698[Tb8 2 Nb?F<698m=H8RM )�698[476 C M&<¢?F6 C ZP=H8 KFA�_E� 4*)

Ra = 109 − 1010 Z98I?F<;T C 6 KkA 8[6 A 6 C 478 2 Md<�4D?F< Nu/Ra1/3 g«Tb8[4]PC T�8 2 Nb?F< A NP4FGPNP=5<>6 A 6 C M&<¢?F6 C ZW=H8 KkA�_
� 4*)§Md8[6b?FJ7)VU ¦ 8 �B=V<�) j U�?F< ' )VUpJ A < ' )V=:)5Uyg�T�?F<�4 ' 4 A )V6PQ�)§6P< 698 KkA 8�?78�? C�' 2 ]PC =V: Q><>= C[A 66)VU ' )VJ*)56 C G�<>UKFA <>6yg�?F<mZP47<�6 CXK;A\C ZP= CRA <L698�? ' <�Y¢?7) A 8[M�gqT>?F<>4 ' 4 A )56PQ>< ' 66) _ ` 8RM ?F< A <>M&Z�<>478 A NW47698eM&<¢?F6P8eZP=V8 KFA

2 <�= CaA 8R6PTb8M)V6 2 8 A\C ?F<�ZP4F<>6 C[KIA\C ZW= C[A < ' <�=:)5T _

� � ��� � �
�/������ %� �/���
	&* 
&� * 
 *�. �!�������"� � * #%� ��� 
/* + $&� � $&����� + �&� � � ���
�%��1,�
+ *�6)�

� 47<�U CB] ) 2 KFA 8RQ�) C 698[4F6P< j 8o4F<>:�)VMd8 A7C Tb8oZP4*) Ra = 106 ZP47<�T C CXK Q�)V=4)V478�? C Y�< j 8)47<�:�)VMd8)ZP4*) Ra = 107]PCOA NP47GPNW=V<�6 A 6W< j 8OZW4*) Ra = 1010
K M C ZW4*)VT�8 2 8R=:)�698 j 4\8Rf9U CB]6' ) K 6 CXKFA ) A <�MdZ�<�4\8 A NP47< CB] Y�8 K 8 ']6' <�U A\C Y Tb8RU _|`�C Y T�) K M C ) 2 GP4\8R=:) A )VT C G A7C ZP=4) KFA <>6-) ' 2 j C 476b?7)�Z C = C2' )VQ�)/T C[A 8[6b?F< _|`�C 47<3? A7C Y>6 CA 8RM	gWT>?F<>4 ' 4 A 6-)5Q�)y698 KkA 8�?78�? C 698�?FZP47<3? _tx CBC 4 ] )V698 A ) A7C Y!T KFA 8

A = (0.0011, 3.5), B = (0.0301, 3.5).
�5< _ ���

A 478Rf KFC 698 K =:)5T�) < _ 1 gwT>?F<�4L:><d698	ZW4 ' )tZ C j =5< ] ' ) ] )VM C�CXK Q�)V=4)V478�? C YaZ CRA <�T K ZP4F<>M=)V6b?78R6b?78 A <>MaªZ�<>478 A NP4F< K Y>8 K7C M ZP47)
Ra = 107 g#Md< ]WA <�M T C ZP4*) ' )VJ ?7)VU ¦ 8 �B=V<�) j Ub?F< ' )VU�J A < ' )V=:)5U�ZP4*)5U98�?78 ]PC

) 2 4\8 2 8aG C =@?�6P<�ª Z C 6 C2' =S?7) ' gWTb8 CRA )VY�<>6B)56�6P<�ZP4\8 ' )5=V<�6 2 698[Y>8b? A NP4FGPNP=5<>6 A 6P< j 8 A\C Tb8 _� 47<�U CB] ) 2 C[K Q�)5=:)54\8�? C Y>< 'aA NW47GPNP=5<>6 A 6P< A7C T CL' 6P< 4\8 2 M&<>47< =V8[UPT CLC Z98 2 Nb?F<>M ClA N ] )�698 A <�MdZ�<!ª
4\8 A NP476 C ª ' 4 A )56PY>6-)5Ua� 8 2 6-)5U&Z C 4 A 4F< A )5U _ 132 4*) K 8[=4) K M C ?7)VU K Z C M C Y3? C Y�8 KFCL' 6-)5U K <>4*)S? A <�MdZ�<�4\8 A NP47<

P	QLR
SUTWV*XZYL[]\ ^G_2`	\�ab`�R
cb\dVe_2[OcbSfRba
V	gf[ h5V



./. < �,��I�� < � �/�b
 �	
 �I� < �-�	
 �

Cas

T
em

pe
ra

tu
ra

0 0.005 0.01 0.0150.5

0.6

0.7

0.8

0.9

1

Cas

T
em

pe
ra

tu
ra

0 0.005 0.01 0.0150.5

0.6

0.7

0.8

0.9

1

Cas

T
em

pe
ra

tu
ra

0 0.01 0.02 0.03 0.040.5

0.6

0.7

0.8

0.9

1

A
B

Cas

T
em

pe
ra

tu
ra

0 0.001 0.002 0.003 0.004 0.005 0.0060.5

0.6

0.7

0.8

0.9

1

� �� �� �� �� �

��
��
�

� �� �� �� �

� �� �� �� �

� � �� � �� � �
� �� �� �

��
��
��
��

		
		
		
		


 
� �

� �� �� �� �� �� �� �� �� �
















��

� �� ���

� � �� � �� � �� � �

� �� �� �� �� �� �� �� �

� �� �� �� �� �� �� �� �

��

�����

�����

�����

A

�����
B

� h
�nh o
�f �o
�

� h
�nh o
�f �o
�

� h
�nh o
�f �o
�

� h
�nh o
�f �o
�

;=<�� > � �cA
�FE �! cK � �#"%$��#&'&)(#*��+(#, ��&.-/,0(1$2 43 � � �SK1&)$53O> �QN7698XR �cA �F�cCFCQ`*3 A � T � ";:<8XR �cA ��3��cCQ`*3 A �PT A �! 
IO{/$=, � �1" �cKPI5 /$ < E

Ra = 107
`
Ra = 108

`
Ra = 109

� "
Ra = 1010

A

>#?A@CBED'FHGJIAKMLONQP5R#L2S.RT@CU.LVFWP5K�U.BX@.SCF#YXK Z[F



��������� �	�0��

�+��������
����������H��
������0������� ���

� ��

�!�"� ��#��$� �!�"�%
&�"�
#'�=��(*) ���,+�-.�0/ ��� �=�	1J����� �2�3� �4�245� �=�	( ������6 � � �7�5�����

Vrtincnost

T
em

pe
ra

tu
ra

0.0E+00 5.0E+05
0.9

0.92

0.94

0.96

0.98

1

Vrtincnost

T
em

pe
ra

tu
ra

-2.0E+06 0.0E+00 2.0E+06 4.0E+06
0.9

0.92

0.94

0.96

0.98

1

Vrtincnost

T
em

pe
ra

tu
ra

0.0E+00 5.0E+04 1.0E+05
0.9

0.92

0.94

0.96

0.98

1

Vrtincnost

T
em

pe
ra

tu
ra

0 1E+07
0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

8 8 8 8 88 8 8 8 89 9 9 99 9 9 9 : : : : :: : : : :: : : : :
; ; ; ; ;; ; ; ; ;; ; ; ; ;

< < < << < < << < < <
= = = == = = == = = =

>>
>>
>>
>>
>

??
??
??
??
?

@@
@@
@@
@@
@@

AA
AA
AA
AA
AA

BB
BB
BB
BB
BB

CC
CC
CC
CC
CC

DD
DD
DD
DD
D

EE
EE
EE
EE
E

F FG

HHI
I

JK

L LM M

N N N N NN N N N NO O O O OO O O O OP ���2� �$#��$� �!� P ���2� �$#��$� �!�

P ���2� �$#��$� �!�P ���2� �$#��$� �!�

� h
�nh o
�f �o
�

� h
�nh o
�f �o
�

� h
�nh o
�f �o
�

� h
�nh o
�f �o
�

;=< � > � �cADCu�cE � (#*��+(#, ��&[- , "%$_K5, & � "%3#" � M ��I2" � �+$=, &.,0(#& � I�� 3 � �5$QK5"%(
�5(#, � �J( K9&)$53O> � 6 8XR �cA �F�cCFCQ`*3 A �PT
I��
Ra = 107

R5IO{/$=, � � < (PK�$OT�`
Ra = 108

R5IO{/$=, � �1 /(��#"%$OT�`
Ra = 109

R�� �+$2 � � < (PK�$OT � "
Ra = 1010R�� �+$2 � �  /(��#"Q$ T A

Q 1��2� �SR$��
���4��TR$��45U�� (V#J���2�W

�$�5( �2���2����XZY[�\�����$��]^Y��2��(��
R$�$��U �\Y[���H��
=��X_� ��`[��1��$��abR�� ��U��H��ac]
��a3��U��
#2�cY[��U�45��R�
d�2��Y[��45��e2���4�!�"��]$�f�"]$�2�;�	�2�0���f�"���g�H��X7
��A�	�"���2� �2�h�"�H�������f�"�������H�c�H��1�

�����hY[�iR$��4�j
U���ak#J���2]l)nmT���o�����iprq���s -.�Tt �

Ra = 106
`[��1��$��U �&R$� ��U��0�	a;�3��� �2a3�u�+����� �H��4 �nX+�0�W�wv$�xv$� 4nXy1J���H��R$�

���0�����5���+�����$��U � ���V�	���H��XE�H��a3�V���+�z�2�
#o�A�z
*R$� ��U��H��ac] � 	 ��1��$�{Y[�����2�2���cY$���
Ra = 107

12�W����a;�
a;����($���\��45� Y��2�5#��$�|��v$4 �5���W
��	�$�|��v$a3�
#}��� �u~ ��auY[���0�	�2]$�0�\�5��

���"�5�$#���� ���7�!�V�\a3�
#��$�\��������45� �0�	�$� �

>#?A@CBED'FHGJIAKMLONQP5R#L2S.RT@CU.LVFWP5K�U.BX@.SCF#YXK Z[F



� 6 � �!(�I2- < & ��& � � � * - < �-� � �

Vrtincnost

T
em

pe
ra

tu
ra

-2.0E+04 0.0E+00 2.0E+04
0.5

0.6

0.7

0.8

0.9

1

Vrtincnost

T
em

pe
ra

tu
ra

0 5E+06
0.5

0.6

0.7

0.8

0.9

1

Vrtincnost

T
em

pe
ra

tu
ra

-1.0E+05 0.0E+00 1.0E+05
0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

Vrtincnost

T
em

pe
ra

tu
ra

-1.0E+06 -5.0E+05 0.0E+00 5.0E+05 1.0E+06
0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

� � � � �� � � � �� � � � �
� � � � �� � � � �� � � � �

� � � �� � � �� � � �� � � �

��
��
��
��
�

��
��
��
��
�

��
��
��
��
��

��
��
��
��
��

��
��
��
��
��

		
		
		
		
		
















��
��
��
��
�

� �


���
�

��

� ��

� � � � �� � � � �� � � �� � � �

� � � �� � � �� � � �� � � �

P �!�"�5�$#��$����� P ���"�5�$#���� ���

P �!�"�5�$#��$�����

� h
�nh o
�f �o
�

� h
�nh o
�f �o
�

� h
�nh o
�f �o
�

� h
�nh o
�f �o
�

P ���"�5�$#���� ���

;=<�� > � �cADCFCFE � (#*��+(#, ��&.-/,#"Q$XK5, & � "%3#" � M ��I2" � � $=, &[,V(#& � I��;3 � �5$QK5"%( �5(#, � �J(sK &)$53O> � : 8XR[��A ��3 `*3 A��PTsI��
Ra = 107

R5IO{/$=, � � < (PK�$OT�`
Ra = 108

R5IO{/$=, � �4 /(��#"%$OT�`
Ra = 109

R�� �+$2 � � < (PK�$OT � "
Ra = 1010R���� $2 � �  /(��#"%$OTcA

>#?A@CBED'FHGJIAKMLONQP5R#L2S.RT@CU.LVFWP5K�U.BX@.SCF#YXK Z[F



��������� �	�0��

�+��������
����������H��
������0������� � �

� v$�+��eH�������u�2�����
#�� �$�h���&� �����54 �	�2���2�$��Xx�=���	�"� #��$��U � ��v$�+�	e0���W�H�z���&��Y+��1�� a3� � 	 ��1��$� Y[�����2�2�.� Y$�2�
Ra = 108

12������a �i�
#����"�$�i
���#}���
T − ω

��v$a3�
# ��� �5� ��� a;��Y$�0� 
7�54 ���S��v$45� ��� � � ��Y$�0� 
\��������4 ����� �H�
a3��Rz�"��auY[���0�	�2]$�2�d�5�z

���2� �$#��$� �!� ���de2� 
���R$�$����v ���0���H�7X �"���\Y[� ���0���H�u
���R$�$��v[��4�� �$��Y$�0� 

� 45���V� �
�=���	�"� #���� � 	 ��1�� � Y[���!�"�����V�SY$���

Ra = 109
� �
Ra = 1010

12������a ���V�Se�� 
���#}���y��v$a3�
#}��� � � v$4 �5��� ���V�
�$��Y$�0� 
7�54 �$�nXW
S�2����] ���{a3��U��
#�� 1J����4 ��R$�5�2��1���4 �w�0��1�4 �5#��$� ����acv$� � ����� ���0�"��auY[���0�	�2]$�2� � � 

���2� �$#��$� ���2� �

�
� ����R$���A��1 Y��2��(��
R+� �51{� �2��� 4 ���"�����$��U � 
 �"]$��v$]$4 �����2�$�7�2�����5a �2���=�T4 ��($���TY[����]$R$� a3� � Y[��au�	j
#}���h�51��0�	#�]$�+�<�2Y[���f�2�2�W
 ��� ($���"�2� 	 ��]$�2�5���g���.
�� �2�0��� ��`g����a ���������c) / �2�T�H� �.� �	4 � p,����s - ��au� � 1��0��#�]$�+��45�
�2Y[�����2�2�T� 1 #J�����W

�$�5( �2���2���0�2��a3Y[���0���"]$��� 
��"�
#'�=��(�� � ��� �	� Y ���f�"�0�	4 �$�9��a3Y$4 � �"]$R$�SY$��� �=�	1�]�����au�
�+�4��4 �5�
� ����� q �

� � �245� �A��( �2a3�*] �2Y[��4 �<��� ��4 �51��5�H�	�2� `g�����f
����$��� � �2��� 4 ����� �i�5� �0��1.
��	�ue�� �2����� Y ���2��

�$��U �*R$��4 �
�2Y[�����2�0��X��
� � ���=��1�]���� �+�cR�� �+�	au�5��� �"]$��v$]$4 �����2�$� (u�"������
 � mT��au�5�+���f�"�+� � �����54 �	�2���2�+�S`g�����f
����$�2��X
�i�A�	�"���2���+�����0�W�H�����V

���2� �$��� Y$�2�

Ra = 107
X ��� �H���2�$��� 1��0�
����� � �+� �2Y[���f�2�2] � � �|Y$�2�5au���g�H�	a3�

�2Y[�����2�2�T�
R
Ra = 107

R��
Ra = 1010

X7��Y+��1�� a3�S
���4 � �cY[���H�����{�������2U������ Y$���y

� ������� (3`g�����f
������J��(�1

���#2��������a�� ��
745���5U�(����.
���U � e!�"�.
7�54 � �x~ �w�+�	�=��1�]����{�+� ��v ���2�	�_a;�W��($�$�5( �!�"��]$�f�"]$��X����/���w�
R$U���
����2�$�
1J�i(��5�"���1�2Y$����a3��acv[�h�"��auY[���0�	�2]$�2�h� � � �"��a �2Y[�����2��� Y �����V�	�$� e�� ��������Y+���2�W
���� �

� � ����� � $&� � $/����� + �/� . + ��+ ��. +"�36��

t �u

� e �H��� ��
745���5U�(�����
=�&e!�"��

�54 � ��au�d�51��H��#�]$� ��4 �_�2]$�2v$]�4 �����"��� ���V�	�2� �!�"� ��� R$�2]$U���U �&�2��R+� ��� ��� ���
�+��e��<��� ac]$4 ����� ��� R7
��	j R$�5au���$1�� ���+�	45�$� �5�3�"]��2v$]$45���f�"�$���"�����$�yY[��Y[��45�$��a;�h�0��1.
7��� X�Y$�2��R ���0��

4��H�	au�
�2��1�]$4��V�	�2�&
*�2��a �0��1�R$��45��]l1�U���4�� 1��+��a3���$��a �f
��	4 �5�0�	�"��

�$� �	�+��4 �51�� � � � �245� �A��( �7�5��� � � ���5��+
Y$�2�5�=��1�]�����a3��� ��

�$��4 R �2��
��3� ��Y[���2� ���2�

v′xv
′
x

X
v′xv

′
y

X
v′yv

′
y

XZ�2]$�2v�]$4 �����"���|�
�5�$���2� #��$�|���$����U������
k =

1
2
v′iv

′
i

X��2]$�2v$]$45���f�"�$�S�2��Y$45���"�$� �"������
��
v′xT

′
X
v′yT

′
� �|
��	�2� �	�$���i�2��a3Y[���0���"]$���

T ′T ′
12�
Ra = 108

X
Ra = 109

�5�
Ra = 1010 � / ���_�+�W��a �	����e2��a�� ��

4 ���5U�(����.
���a e!�"��

�54 ]\��Y+��1�� a3�$X$R � ��� ��v�au�
# ���

�"]$��v$]$45���f�"�$�wY$�2��R�
/�2��a �+� 1�U����2�W����a R$��45] �2��Y$45� ���2���$�{� � �2Y[�
R$������a R���45] a3�21�4 � ���2���$�	X�a3��R��2��a
���u� �2����R$�����_R$��4x�����0������� � �!�V�W�H�34 ��a3�5�+������� �{~ �h��� �2��4 ��R��$�u1 m ��� ����1�]$45�0�	�"� 	 �5� �.�<��4 � p � +�+ s �
/ �2�

Ra = 109
�+�W��R$��a3� a �	�/��� ac]$a �2]$�2v�]$4 �����"��� ( � ]$�f�2]+����� �i��v ����v$] �+� �2�2��R$� ��� �����0������� �

~ ��a �+���!�V�����z
���#�� � �*

�!�"� ������
 � ~ ���V���5( Y$�2���+��eH� R$��4�
��
R$�$�*� � Y��2���2� ���2��R�� e2#�] �����V�	����� � t
�+���H��e2#2�����
#�� a�� ��

4 ��� U�(����.

� a e��"�.

� 45��a ��� a;��� �2�5ac]$a �2]$�2v$]�4 ���f�"�$� ���5�$���2� #��$� ���$����U������ Y[��a3� �A�
U����!
��
R$�$� � � ���wR ��4 ��# ���"�H���&�
R3
����!�"�5�=��4 ��� au� ���$� Y$4 �����"� � � ����Y$�2���2�$�$X
a;��� �2�5a ��4��$���"]$��v$]$45���f�"�$�
�"��Y$4 ���2�$� �"���&� �|a;��� �2�5ac]$a �2��a3Y[���0���"]$���$�h
������ ���$��� ��� �+�	(+���H���V�c
�a3� ���$�%Y$4 ���!�"� �

� � ��� � � ��6 � � $/#"6 �

t a3���"�
R��i
���4 �5�
�5(�

���2� �$����
d
�($�5�2�2� �!�"�$��

���2� �$#��$��a 1J��Y�� �2] ��au�4�2� ac]$45�5�H��4�� �$�T���0�����5���+�����$�3�+�Wj
�0� 

�$�S�����f
�������� ���S
 R$��`g���2���$��� ��4 ��� U������2�$�����0��������1 �0�	1�a3��� ����a ���2�0���$�5� ���,+$� / ���H��
9�2a3�h�0�	1�� ���=��45�
Y$�2��� ��
745���5U�(����.
���a e��"�.

� 4 ] X�R$�� ���� �0�	�$��a �+�Te�� �2�5�$�w�����V���W����X

Ra = 106
j
1010 � ~ ��� ��� �!�V����� ��� ��j

�2��� � �\4 ��a3�5�+�������|Y��2�
Ra = 106 �{/ ���

Ra = 107
��Y+��1��5au���+���!�V�W�H�������h

���"�5�$���.
�
|a3�}�����ZY$4 �����"�

��v ��v[��( ���2���+��( � P �!�"�5�$��� � �����V�W�H�W����Y[���2� �
R�� #����$X%Y��0��

�5au�$X R+� ���c�2��� � �2��� 4 �	�"������� � / �2� 

� e ��� (
� ��

4 ��� U�(����.

� (he��2��

� 45� (h��Y+��1�� a3� Y$����($�
R 
T�"]$�2v�]$4 �����2��� ���!��� a �"���A��X=�0�W�%�"���TY[� ���0���H� 
���R$���wv[��4��
�$��Y$�0� 
7�54 ���%Xy�$�2��� a3���"��� #���� � � �A�����2� #���� � / �2��($�
R ��au�u�H��1�� �2�=�	4 � �wY[��a3�
#}���3Y$�2�5�=��12�3R$� ��U��0��a3��


\�
R�

� ���$� �!�"�x�
Rz#2���0��Xy�"��auY[���0�	�2]$�2�$�3

���"�5�$#���� (\`[��1��$� ( R$� ��U��0�	a3�W
d� � �51��0�	#�]$�+�i�"]$��v$]$45���f�"�$�5(

>#?A@CBED'FHGJIAKMLONQP5R#L2S.RT@CU.LVFWP5K�U.BX@.SCF#YXK Z[F



��q � �!(�I2- < & ��& � � � * - < �-� � �

Frekvenca

S
pe

kt
ra

ln
a

am
pl

itu
da

0.0x10+00 2.5x10+03 5.0x10+03 7.5x10+03 1.0x10+04
10-4

10-3

10-2

10-1

100

101

102

103

Frekvenca

P
ow

er
sp

ec
tr

a

0.0x10+00 2.5x10+04 5.0x10+04 7.5x10+04 1.0x10+05
10-4

10-3

10-2

10-1

100

101

102

103

A
B

Frekvenca

S
pe

kt
ra

ln
a

am
pl

itu
da

0.0x10+00 2.5x10+04 5.0x10+04 7.5x10+04 1.0x10+05
10-4

10-3

10-2

10-1

100

101

102

103

Frekvenca
0.0x10+00 2.0x10+05 4.0x10+05 6.0x10+05 8.0x10+05 1.0x10+06
10-4

10-3

10-2

10-1

100

101

102

103

� ��

��
��
��
��
��
��
��
�

��
��
��
��
��
��
��
�

���
�

� �� �� �� �� �� �� �� �� �� �� �� �� �� �

��
��
��
��
��
��
��

��	
	








��
��

� � � � �� � � � �
 
 
 

 
 
 
� � � � �� � � � �� � � � �� � � � �

� � � � �� � � � �� � � �� � � � � � � � �� � � � �
� � � �� � � �

	 �2����
����$�J� 	 �2���f
����$�2�

	 �2���f
����$�2�	 �2����
����$�J�

A

B

� nh
� f o
�k �
�
�
�nk
j f �

� �

� nh
� f o
�k �
�
�
�nk
j f �

� �

� nh
� f o
�k �
�
�
�nk
j f �

� �

� nh
� f o
�k �
�
�
�nk
j f �

� �

;=<�� > � �cADCctuE ; �+(O>=&., � < " � ��*�� < � &[-  �Q` � I2, �/3#- " ��" � � I 3 � �5$QK5" � N �5(#, � � &)(#*��+(#, ��&.-/,0( K & $53O> �QN
698XR �cA �F�cCFCQ`*3 A �PT � " : 8XR �cA ��3��cCQ`*3 A��PTdI��

Ra = 107
R < (PK�$ IO{/$=, � � T�`

Ra = 108
R  /(��#"%$ I=$�{�, � � T�`

Ra = 109
R < (PK�$ � �+$2 � � T � "

Ra = 1010
R  /(��#"%$ ��� $2 � � TcA

>#?A@CBED'FHGJIAKMLONQP5R#L2S.RT@CU.LVFWP5K�U.BX@.SCF#YXK Z[F



��������� �	�0��

�+��������
����������H��
������0������� � �

���������
	��
��������������������� �!�"�$#��%���!��#��&���'�)(*�
Ra = 108 + (-,�./���10��32*�4#��%��56�
�

Ra = 109 + #87 .�9��10��2*�4#��:��5��<;=(>����2��?7@�-./�&�A9��-#�� �&�<BC��D/�"./�E9/#*./2��F�@��7 ���8.G#H�!�
v′xv

′
x I v′xv′y I v′yv′y I �&������������� �&�@�J�/�
�"���!�%K��@�

���"���!,�� 0��
k = 1

2
v′iv

′
i I �&������������� �!� �L�8.-7M�N.O�&� �P�Q.*�'./2*� v′xT ′ I v′yT ′ �
�R2/���H�&���"S=�T�8��U<7 ���=���&���-�

T ′T ′ �

V�WGX%YLZ\[=]1^G_a`cbMd*e�`�f!e�X%g!`-[Ad*_hg!YiX!f%[�ji_ k&[



� + � �!(�I2- < & ��& � � � * - < �-� � �

���
	���
 8����%4 ���-)(���%) ���*+��<+7� ,��B
	�S	�,
�S	���� ;2

Ra = 1010

��� ���#��+ 
�
 	�, �0,*�
	��"	V8��������

��������������������� ��!���!#"$�&%��'�)(*!,+.-��/��!��102!��)���	3,45��687�9,6,%&4:3;��4:3<3,�>=)087�4?=@!�9<!	924:AB"�4:7������#�	%�38��AC����4:3,�	A
�&3*3,�	DE��-,3>=)4F"G��7)4:-,�&3,���	!	���	3#=)4	�IHJ7)4:3,!	�K��!�0,%&!	��4L�)(*!�!�0,�����	%��,DFME�	�)!#"$3,!�02!#"$0,7)4:M�3,��(ON 6,�)��4:%P��!>Q
"$�&(SR)��4�"$��%&!�(T+�!$-8"$���)3,!��)�U=)!V02!#"$0,7�4�M:3,4��;�WNF6,����4�%&��!#"�4��;�VR)��4�"$��%X��!$-CY �EZ$%�4:�&��A>=)4�"�4:�;��R)��4�"$��%�����3
!$-["[�&��3,!	�)�\=)!]NF6,���)4:%P��!#"�4��;�1R���4�"$�&%X�^!$-_ME�	���8�WYL4:D:68%&���>���J`baKc<���&(d68%X�	e��f=gD�-,6,R�4�3,!]02!$-,(*7)4:h�3,!
"$�&���	!�D�3,!����\=)!/��4�!$-,%��&M:3,!�6>=)4:(*�#=)!V�@087�4�"�4�7U=)4�3,!^igNgc17�4�R��&�)"$�j=)!�kg�&3]��3C`l45mn68o:7�o/prqEs�s�tu�@Hv!	��7�Q
-8��%&�I�)(*!8+v-,�1(�!$-,4:%I02!$-,(�7�4:h�3,4�"$�&���	!�D�3,!��)���w9,7�4�DV-86,R�4�3>=��13,4*-��T0,7��E"$��%&3,��A<7)4:D�6,%&������!x"y�/HJ7)�
087���(�4�7U=��x"$�zHI��!�(�4:%&%&� =)4�"�4��;�5��3W{w�	31i@7)��4��)��!x"�4:����-,6,R)4:3>=����)(*!G6,��!���!#"$�&%��\+8-��G02!$-,�����d0,7��&9,%��&h�3,!
4�3��	�	4 7�4�D:6,%P������4	+$0,7)��M:4�(*4�7l=)4F02!#"$0,7)4:M�3,!dN 68����4�%&��!#"�!�R)��4�"$��%&!�0,7���{w�	3Vi@7��&4:����!x"�4:(O-,6,R)4:3>=)6VDE�
!$-[��4:384:�W9,%&��h|=)4n087�4�"	4:7U=)4�3,�b7�4:R)�&�)"[�u�

}*~�� �_��� �W������� �^���
�l�5�������'���@�.�
� !��	!x"�4V0,7�4��	!C�	!	���	3>=��)7�4�M:6>=)4�(*!1"�(�3,!����&A���38h:4:38��7��)����A��	0,%&���>��e:�f=��	A.� � !��	!x"[�w0,7�4��	!C�)!�3,M�3,��A
e�4:%&��e5���n!�(�4:�@p�s���tu+��.-���3,�����.4��L�	%u��prqEs��8+yq:s;�[+yq#�	�>tX w��3*"Ve�4:����3,�&AW�>�	3>=)!	3,��AB�U{w�	7)-,!�6,%��	�����w4����	%��
prqx��¡>tu+�YF�x"$3,�&�Cp¢��s	tX £�����G����(*!G-["��G��D:(�4�-T(�3,!	����AW087���(�4:7)!#"*���	��R�3,�&A1�	0,%&���>��e:�j=��
�z����!��^0,7)4:�	!/��!�3,M�3,��ACe�4:%&��e�=)45��!�(�4���p�s���tv4:����024�7���(�4�3�����%�3,!V02!��>��DE�	%u+y-,�V0,7�4�3,!�� ��!�0,%&!	��4

D�3�����3,!¤02!#"$��R��	(�!,+LM�4B3,�¥7�!�9,6¦e�4:%&��e�4C02!������E"[�&(*!�D:7��	M:38!§D:�	02!�7)!,�¨N 68(*4�7���M�3,!T=)4C0,7)!�9,%&4:(
7��	D:�&���	!x"��	%K�.-��	3,�)�$�w����!$-,4�%X�E"�e:� prqEs;�[+wq:s;�[+wq#���>t��T©ª4:0,7��x"W=)4���!��B0,7�4��	!C��!	3,M:3,4Ve�4:%��&e:4G"�4�-,3,!
��7��rQ|-,�&(�4�3,D�!�3��	%&4:3.+�=)4/�.-��	3,�)�$�wDE�10,7)"$�K0,7)��9,%&�&h:4��B��D�9,7���%w���	(�!]-8"�4V-,�&(*4�3,D:�f=)�I��3_��!��<D�7��	�>�T"
7��x"$3,�&3,�Je�4:%��&e:4�� � �w02!$4:3,!	�)���E"$�&��"$�J��(�!16,02!�7���9,��%&����6,-,�J(����Wc$!�3,M:3,�1e:4:%&��e:�TD�!���7��#=)!T!�D���7)!�(V�
08%��P��"����	!	����3>=���=)4 �)�$�&e:�&7��	3���3,��������e��.«[�&q#�$�I¬��	7�������4:7)���)����M�3���-,!	%�h:�&3,���#���)�>�	%���=)4F"$��R)��3����	!����	3>=)4�+
h = 4cm �T�.7��	� Pr = 0.71 ����4�(*024�7�����6,7�! T0 = 300K ��4:M�4V0,7)4:�	!]�	!	���	3#=)4	�^i@3,!]�	!	���	3>=)4
=*>@?BADCFE!GIH@JLKNMPO2Q*K%RSQT?BUSK.EVO2JWUSAX?SRBE*YXJ Z<E



��� q �$~ ���dY$�2�����uY$45�5��
��h�����0������� ���

����U������2�$XZY$����R$Y[�����V� 

� a3� ���V�	4 �$�d�2��a3Y[���H�	�"]$���
T1 = T0 + ∆T

� P ���"��Y$�+��($�5�2�2� �!�h1��H���=�
v0

� �
�"��auY[���0�	�2]$�2�+�S�H��1�45� �=�

∆T
R��� ��$�5�0�	�0� � ��

�$��45R �2��
�� � � � ��

45���5U�($�W
��Se��"�.

� 4 � � P �0��v[��45� ���,+ �2a3�

Y$�2��R ���0��

�54 �%���2���"���2� �	4 � �ce!�"��

�54 � �

y

~g
v0, T0

���
� �
�� �� �
��
� ���
�
	

∂vx

∂n
= 0, vy = 0, ∂T

∂n
= 0

∂T
∂n

= 0∂T
∂n

= 0

h

10h

8h

3h

h

x

T1 = T0 + ∆T

�

q
+ �

�
�


�� ��
�������������� (V$=* (#&[, � ��� � " ,0$��2" ��� $ �/$ � �"!#� &)$ 
$� ,0( 
 $ �%� � &'&�( 
 $=& � " � ( �)(*� &,+#&)$ � - �-� ,V(H � ��. (#* $
(#" �/
 $=* (#,0(#"10 � &.,0$#+#&[" �2� ,0$43 � +5+#& ��� "%$ &)(#* � (#, � &[-/,V$ �

~v = (v0, 0) 6 T = T0

�7(�� &[,  �" � 08+#&)(#" � 0
9�: �;� (70 � &[,V$#+#& (#" �/
�� " � 3 �<(*� +#& (#" � 0 9 � " �7� ,V(H � ��. (#* $ & (#* � (#, � &[- ,0$

T0 6 +#& (#" �>= � " �?�@�
+#& � �  /( ��� "Q$ �A! $ � � , � " � ~∇T · ~n = 0

�7(�� + � $2 �" � � +#&)(#" �CBD� ,0(H � ��. (#* $ 
 $="@+#& � "+&."%$ &)(#* � (#, � &.-/,0$
T1 = T0 + ∆T

�;(�� �A! +#& $ � - - � $=, � � � * $FE�, �G� "H+ 
=�2IKJ 9 6 ��L4M*
 $="N&�( 
 & � &5" � �A! +#& $ � " � ,0$��2" �O� $ �/$ ���
(��P! �/$=, " � (#* ,0$��2- � ,V(H � $#+#& � & � * $ , �#! & � & & $ 
;! ~∇T · ~n = 0

� " ~∇vx · ~n = 0 6 vy = 0
�

� � ac]$4 ����� ��� ��au���51�
��W�H��45� Y$���
Ra = 3 · 105

X{�A���iY$��� v$45� ���$� ] ���"����12���"��auY[���0�	�2]$�2�$� �0��1�4 �5�
�
∆t = 50K

� Q 1��H��#�]��$� �2a3� Y[���$��

� 4 ��1J�h�"�2�$
/���2��Y$�$�w(��5�"��� ���2��1��0���A�
v0 = 2m/s

X
4m/s

�5�
8m/s

X
�=���T] ���"����12��� ��
7����4 R ���W

�5ake!�"��

�54 ��a

Re = 5000
X
Re = 104

�5�
Re = 2 · 104 � / ��� �+�W��a �	����e2�


/���"��Y$�$� ($�5�2�2� �!�"� 1��0�	�=� �2a3�d]$Y[���H��v$� 45�_�0��#�]$� �2���|a3�2�����RQTSVUXW�Y�Z[Z�\\1
105


���1�45� e2#�� X Y��2� ���2��R$�����
QTSVUK][]�^�\[\i1

1.36 · 105
�5�dY��2� �+�W�!

� e ��� ($���"�2�����"�_QTSCU4Z[Z�^[\[\31

2 · 105

���1�45� e2#�� � / �
R+�	�2��� �ca3�2�!�2��(

�2� � ��
���R$���$�[
��V��v[��4 � ��� � � P Y�4 �5
c1J������a;���g�H���W�H� ��4 ��au�����"��
�
 �$`ba a;�	�"��� ���$� ���2��U��H��45�W
 �2a3� 1J�
�"�h�2�2�%au���!���S�0��1�� ���=��4 � 
�Y[��U�4 � 
 ��]F� � �i�5�|Y$�2�5�=��12��4 � U��0�
 �#��$�3�+� �24 �5���c� ��� +��

d � �#( �A�e���fB%�)g (ih�"%$ �  /+5$/&�$ � " g$� h � ( � �/0+$/&�$ . &)(i& ��� $ !#�-�%� � &j&�$ 
 $=& � " � $k+
h = 0.04m 6 T0 = 300K 6

ν = 16.1 · 10−6m2/s 6 βT = 1/T0 6 λ = 0.026198W/mK
� "Fl , � "  �& � $/&�$ . & (i& ��� $

Pr = 0.71
�

Re v0[m/s] t0 = L/v0[s] Ra ∆T [K] q0 = λ∆T
h [ W

m2 ]m#n#o#o p#qro[p o[qro#s#tvu
105 piu�qrn#m p#p#q w/x

n#o#o#o m[qro#m o[qro[pyt#x m ·105 s#n[qro#n m#m[qrt#n
pyo#o#o#o wzqro#s o[qro#o#t#t s ·105 n#m[qrnvu s,wzq w/s
m#o#o#o#o x[qrovu o[qro#o,w/t n ·105 xvu�qr{[p nvu�qrs#x

>#?A@CBED'FHGJIAKMLONQP5R#L2S.RT@CU.LVFWP5K�U.BX@.SCF#YXK Z[F



� � � g�� !��H���X����� + �
	����A�
��� �

d � � �i�A� �������8g-�
���
� + 
���	��������P!#�����#
?����� 
�� �%���
� & �?
����X��� ���,���N� ��� � � ����� + 	!��"
� & ���#�$�%� 
�� & �&�' � � � ��� � ��� & �(�&���)� ��� ���*���i���+���(�
�,�)���-�$�%� 
�� & �&�#��� � �&�*�i�.��	!��� �$�,�
/(0�1�2�3 4$5 q 1�671�/#1�895�:�;*<=:(0�:�>=:�;�?�@ 4$5 q 0�:�>�8�?�@ 4$5 q 8A:�5$0B3�8�CD?�@ 4$5 q ;�EB1�@

p m s w { 1�671�/#1�895�:�; F�1�6�?7F ;�:�G�6�?74�HI�JLK m#n,w#w/o w/o pym w/o s#o#o m,w x#s#m m#n,w#w/o pyo#m#n#t#sI�JLK s#s#t#o#o w/o pym n#o s#n#o w/x pyo#o#o s#s#t#o#o pys#{#{#o[pI�JLK w/t#t#o#o n#o m,w {#s w/o#o u o pym[p w w/t#t#o#o m#o#o#x[pys

M�N+OPNRQ
Re = 5000, Ra = 5 · 105

�TS�UWVYX S�Z\[^]�_a`b]TU�S�]R`dc
XY[\_fe�`hg�S�e9`h_
∆t = 10−2

[\Xji=g�k�lnm�`
o=_bgRk�p�X=k�q�Sa_b`
o=k�Z.S=rPs
t�g�VYe�t�V=g�kuct�`heAVv]R`woY`%ch`hZyxz_bSdxR{YXYk�|�o S}xR[.{ul~_bgRk�pW`�Z�S9{Ye�`�`�mY[.�Rk�_a`Yr��&g�S�e�t�k�UWk�mYg�kWe�`wmYgRchk�]Rt�k�XYk~c#e�`�t�S9X�xR`Y|e�xRkWg}]�kPl�S%c
gBt�[.X=U�[�r}��m S�l�[\_b`Tt�g�qhS�X�xRk�c
gRt�[.XY�WkWc�|�eA[dxR[.{nt�`heu`
oYXYS���S�[\l�e�`�t�S�X�xRk9r-�T`�t�S�Xdx�S�xRkP�R[.gR`he�SXYS�]�mYgR`�t�[�c
[.��[\XY[^`%c
[.gRk�| l�S9t�`bmYgR[._bS�gRXY[&c
gRt�[.XYkW�ul�Sa`dc
[.gR`aXYku`�iY]�kWq�Sa]�S�_a`aX�xRkWX�l�S�U�k�t�XY[zoYkWZ+r���S]RZ.[\e
[��=r��%��mYgR[.e�S9l�V�xRkW_b`�t�k�_am�k�g�S9t�VYgRX S�m�`�Z�x�S�l�S�t�g�[�U�S9]�`%c�X=k�e�`�g�S�e�kj]�eAVYm Sdxbl��TVY]�]Rk�Z\t�`dc
[._�Bt�k�c�[\Z.`�_�c
l�oY`�Z.p#]Rm�`
oYX�xRk#]Rt�kWXYk�r��-g�kWoj]Bt�k�X=`bX S�oYk�]RXY[ze�`9t�S�X�xRk(]�k(t�VYoY[�m�k�g�[\`
oY[.UWXY`�m�`9x�S�c
Z�x�SdxR`c
gBt�[.X=��[+| eA[=xR[.{�t�`he�m�`
U�S�]�[z`
oYX S9��SamYg�kWe�`bch`hq�S9Z�S*chk�X�[.l#e�`�t�S�X�xRk9r���]Rt�g�[^ch`hqhS�ZzX S�c
gR{
V�lWg�S�UWXYkl�S�m�`hgRk�X S�oYk�]RXY[�t�ch`hgR[�chkWU�xRk��Bt�k�c�[\Z.`�_!SdxR{YX=[.{�t�`he�`dc
XY[\{�]Rt�gRVYe�t�VYgW|�eA[(m S�XY[\]�`�`
oYZ\`
U�[\Z\XYk�qhSm�`�_bkWX S�l�S�mYgRk�XY`h]�t�`hm=Z.`�t�k([\l(oYX S�e�`�t�S�X�xRk9r
�wS�]�Z\[.eA[~��r\�%��m=g�[.edS�l�VdxRk�_a`jU�S9]�`dc
XY`�m�`dc
mYgRk�UWXY`,��VY]R]�k�Z�t�`%ch`��Bt�k�c�[\Z.` c�lWoY`hZ\pboYX Sje�`9t�S�X�xRk9r��m S9l�[\_b`Y|=o SwxRkum=g�k�X=`h]TX SdxBchk�U$xRV�X S�Z.k�chk�_�| l�S�chkWt�g�XYkW_¡oYk�Z\V�e�`�t�S�XdxRku[\X�X SdxR_bS�X�xR��[&c�]�gRk�oY[\XY[e�`9t�S�XdxRk�r£¢wg�VYq�[�c
g�{�mYg�kWXY`h]�S�t�`hmYZ\`�t�k!m S�`�m S�l�[\_b`�X S�oYkW]�XY[PmYgR[\chk�t�g�XY[�]Bt�g�S�XY[+r���S�[.]Rt�[�]RZ.[\eA[m=g�[.edS�l�VdxRk�_a`¤t�VYo=[�m�`�o=X
V�e�`�t�S9X�xRk,m�`dc
mYgRk�UWk�XY`¥��VY]R]�kWZ\t�`%ch`��Rt�k�c
[.Z.`¦c�`
o=c
[\]�XY`h]Bt�[�`
o§U�S�]�S=r

¨ [.o=[._a`Y|�o S©]�k�mYg�kWXY`h]�t�`�mYZ.`�t�k�]�U�S�]R`h_ `�]��W[.Z.[\g�SdxB`
U�k,]�mYgRk�_a[.Xdx�S©[\Xªo S©XYk£`
o=]Rt�`�m S�chk�Z.[\e�``
o�m�`%c
mYg�kWU�XYkac
g�kWoYXY`h]Bt�[�r!«PS�]�`%c�X=`jm�`dc
mYg�kWU�xRkam�`�oYX
V£e�`9t�S�X�xRk�m�`%c�m=g�k�UWk�X=k�q�S���V=]�]�kWZ\t�`dchk�qhS�Bt�k�c�[\Z�S�xRk(mYg�[\e�S�l�S�XY`�c¬t�S9i�k�Z.[��=r­��r

d � � �i�A� ���'����® � + � & �&� � � & ������� ���O� ��"�� �;
����X��� ���c� � & �����¯�����&� � � (w� + + �i�°��� & � � �>.���� & ���A���
���A!�� ��� � ��A!�� �
���
�%���%� � � + �$��� �£�$� �%�.�����&� � ���$�#
���� l ��"�� ����	!� ���¯�
	!��� ��� & � + �
	����A�
��� ��� � ��� !�� ��"�	��������&� � �	!��"
�i�A��±
C = 0 ² �
� + �
	����A�
��� ��� + � ��"�	�������� �
	³	!��"
�i�.��	 !�´N����µ#���+� + �$� & �
	 "��z.%��� ����	 � ��)�R"�� � 0 + �$���%� 0

LESvd

�
C = 0 LESvd

Re Ra Nu Nu · q0 [ W
m2 ] Nu Nu · q0 [ W

m2 ]n#o#o#o
3 · 105 pyt[qrm m#m#o[q w

pyo#o#o#o
3 · 105 s#o[qrm pyo#s#t m#t[qrt pyo#m#t

m#o#o#o#o
3 · 105 w/n[qrn m#{[p#p s#n[q w m#o#s[p

¶�·d¸+¹-ºz»�¼�½d¾­¿�À�Á%Â�¿�Ã�ÂW¸+Ä�¿�»�Á%¾°Ä�¹B¸�Ã+»�ÅB¾ Æ)»



�=r���r��L`he¬mYg�kWe�`bmYZ\[\tRchk(e�`�t�S�X�xRk ���

N
u

0

20

40

60

80

100

���
�

N
u

N
u

0

20

40

60

80

100

���
�

N
u

N
u

0

20

40

60

80

100

		




N
u


�����
��?��������� d ��	k� ��� �����
�¯�&� � �/� ���w�
�R(�� + + �i���$� & �;.���� & ���.� & !%"
�/� � + � ��"�� ��� + �$���&� !#� ���¯�
	!���
Re =

5000, Ra = 5 · 105
��� ! � � ����� + 	!���)����� � + � & �&�>
���� �/
�� 6 
����%�/
��#!��i��� ���*�%����"@�.�K�%� ����� ��� & �¯���
�&� �5!#�

��� & � + �����&����
£��" + ����
���	��@���;� 9 L�L¬� � + � & � � 0 
���� �/
�� & �,!��
����	7�
1200 · 10−2 · 0.0198s = 0.24s

�

¶�·d¸+¹-ºz»�¼�½d¾­¿�À�Á%Â�¿�Ã�ÂW¸+Ä�¿�»�Á%¾°Ä�¹B¸�Ã+»�ÅB¾ Æ)»



��� � g�� !��H���X����� + �
	����A�
��� �

Cas

N
u

20 40 60 80 100 120
0

5

10

15

20

25

30

x

N
u

2 4 6 8
0

10

20

30

40

50

���
�

� � �� � �� �� � � �� �

��	
	

N
u

N
u

«PS�]
x


��°��
��1������
v� l � & ���������&� (�� + + �i���$� & � .��$� & ���.� & !%"
�/� � + � ��"�� ��� + �$���&� ±�"
� + �&� ² �
� & ��" & � + �&� + �)����"� � + ��± �.� & � ² Re = 5000, Ra = 5 · 105
� 
 �
	��H�A�
��� ��� � ��� ! � ��"�	��������&� � ��	¬��"
�i�A���

M�N+OPNDO
Re = 104, Ra = 5 · 105

� S�UWVYX S�Z\[�]�_a`v]PU�S9]�`%c�X=[._ e�`hg�S�e�`h_
∆t = 5 · 10−3

r��-g�[\_ak�g x�S�c9Su]�[._*VYZ.S��W[yx�iYgRk�l�m�`
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oYX�xR`a]Bt�k�X=`Yr
�L`he�`dc
XYkwg�S�lW_ak�g�kTmYg�[\e�S�lWV�xRk�_a`nX Sn]RZ.[.eA[ �=r\���=r���m S9l�[._a`Y|�o Sn]�k-xRk�mYg�kWXY`h]�t�`hmYZ\`�t�k�qhZ.kWoYkTX S]R[._*VYZ.S��W[yxR`*m=g�[�_bS�X�xR��kW_ � k��
XY`hZ\oY`dchkW_ �Bt�k�c�[\Z.V�m�`dchkWU�S�Z�r~��S�]�Z.[\e�S�{ ��r\� �*[.X �=r����*mYg�[\e�S�lWV�xRk�_a`U�S�]�`%c
XY`¬m�`dc
mYg�kWU�XY`���VY]R]�k�Z�t�`%ch`¬�Rt�k�c
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Re = 2 · 104, Ra = 5 · 105
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∆t = 10−3
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oYX�xRk�]Rt�k�XYk�l�S�]�[._*V=Z�S��W[yxR`TiYgRk�l�m�`
oY_ag�kWp�XYkWq�S
¶�·d¸+¹-ºz»�¼�½d¾­¿�À�Á%Â�¿�Ã�ÂW¸+Ä�¿�»�Á%¾°Ä�¹B¸�Ã+»�ÅB¾ Æ)»



�=r���r��L`he¬mYg�kWe�`bmYZ\[\tRchk(e�`�t�S�X�xRk � �

N
u

0

20

40

60

80

100

120

140

160

180

���
�

N
u

N
u

0

20

40

60

80

100

120

140

160

180

���
�

N
u

N
u

0

20

40

60

80

100

120

140

160

180

���
�

N
u


�����
��?�����[Jz� d ��	k� ��� �����
�¯�&� � �/� ���w�
�R(�� + + �i���$� & �;.���� & ���.� & !%"
�/� � + � ��"�� ��� + �$���&� !#� ���¯�
	!���
Re =

104, Ra = 5 · 105
� 
 �
	��H�A�
��� ��� � ��� ! � ��"�	��������&� � �£	!��"
�i�A��� 
���" + ����
���	��V���1��L�L�� � + � & � � 0


���� �/
�� & �,!��
����	7�
600 · 5 · 10−3 · 0.0099s = 0.0297s

�

¶�·d¸+¹-ºz»�¼�½d¾­¿�À�Á%Â�¿�Ã�ÂW¸+Ä�¿�»�Á%¾°Ä�¹B¸�Ã+»�ÅB¾ Æ)»



��� � � g�� !��H���X����� + �
	����A�
��� �

Cas

N
u

0 20 40 60 80 100
20

22

24

26

28

30

32

34

36

38

40

x
N

u
0 2 4 6 8

0

20

40

60

80

100

���
�

� � �� � �� �� � � �� �

���
�

N
u

N
u

«PS�]
x


��°��
��1�����	��� l � & ���������&� (�� + + �i���$� & � .��$� & ���.� & !%"
�/� � + � ��"�� ��� + �$���&� ±�"
� + �&� ² �
� & ��" & � + �&� + �)����"� � + ��± �.� & � ² Re = 104, Ra = 5 · 105
�>
 �
	����A�
��� ��� � ��� ! � ��"�	��������&� � �a	!��"
�i�A���

Cas

N
u

0 50 100 150
20

22

24

26

28

30

32

34

36

38

40

x

N
u

0 2 4 6 8
0

20

40

60

80

100



�
�

� � �� � �
 

 
 � �� �

��
�
��
�

N
u

N
u

«PS�]
x


��°��
��1��� 9 L�� l � & ���������&� (�� + + �i���$� & � .��$� & ���.� & !%"
�/� � + � ��"�� ��� + �$���&� ±�"
� + �&� ² �
� & ��" & � + �&� + �)����"� � + � ± �\� & � ² Re = 104, Ra = 5 · 105
� l ��"�	�������� �w	!��"
�i� !�´N��� µ#�¯�+� + �$� & �
	³"h��.%��� ����	 � �

+ �$���%� 0 ��
���" + ����
���	��@���;��L�L�L¬� � + � & � � 0 
���� �/
�� & �,!��
����	7�
5000 · 10−3 · 0.0049s = 0.0245s

�

¶�·d¸+¹-ºz»�¼�½d¾­¿�À�Á%Â�¿�Ã�ÂW¸+Ä�¿�»�Á%¾°Ä�¹B¸�Ã+»�ÅB¾ Æ)»



�=r���r��L`he¬mYg�kWe�`bmYZ\[\tRchk(e�`�t�S�X�xRk � �=�
_a`
oYk�Z.S!]�_a`�mYgR[.e�S9l�S�Z\[ X S¬]�Z.[\eA[��=r � ��|�](m�`
oY_ag�kWp�XY[\_ _a`
oYkWZ.`h_¡l ¨ S�X�¢wg�[\k�]Bt�`%c�[\_ oYVY�Rk�X�xRkW_m S�X S�]�Z\[.eA[=�=r����=r}��S�[\]Rt�[=mYgR[._ak�g `hi�[.]Rt�k�_ U�S�]�V�mYgR[.e�S9l�V�xRkW_b`wt�`�e�`dc
XY[\��k�[\X�[\l�`�Z.[\XY[yxBk~c�gBt�[\XYU�XY`�]Rt�[X S!]RZ.[.eA[L�=r �
�hr(«PS9]�`%c�X=` m�`%c
mYg�kWU�XYk*c
g�kWoYXY`�]Rt�[}�TVY]�]�kWZ\t�`dchkWq�S¬�Rt�kWc
[.Z.Sac
l�oY`hZ\pve�`�t�S9X�xRkvm S!]�`¬l�S`hi�k#]�[\_*VYZ�S9��[yxR[�m=g�[.edS�l�S9XY[^XYS�]�Z\[.e�S9{��=r�����[.X���r �[�vt�k�g�c¬t�S�i�k�Z\[^�=r �=r��m S9l�[._a` chk�Z\[.e�`jg�S�lWZ.[\e�`�c�X S�m�`%chk�oYS�XYk�_ mYg�kWXY`h]RV¤t�`hmYZ.`9t�ka_ak�o¦]�[\_*VYZ�S9��[yxB`�l![\X¦]R[._*VYZ.S ���[yxR`£iYgRk�l�m�`
o=_bgRk�pWXYk�q�S£_a`
oYkWZ�S=r§� `
o=`hiYXY`¦e�`�tbmYg�[TXYS�g�S�c
XY[Te�`hX�chk�e���[yxR[Tc©e�`9t�S�X�xR[�|�eA[T]�_a`xR`!]�[\_*VYZ.[�g�S9Z\[^lWqh`hg�S�xW|�]R[._*VYZ�S9��[yxRS�iYg�kWlvm�`�o=_bgRk�pWXYk�q�Sb_b`
o=k�Z�S�m�`
o Sbc
[\� xRkuc�gRk�oYX=`h]Rt�[�l�SbmYg�kWXY`h]t�`�mYZ.`�t�k�r(s
_!S9t�g�S�_a`Y| o S!]�[\_*VYZ�S9��[yx�S�iYg�kWl*m�`
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oY[\_a`£l�c
Z�S9q�S�X�xRkW_³c g�S�l�ch`9xbg�S�UWVYX S�Z\XY[\��e�k�`hm=g�k�_ak[.Xj`hi�`�iY]Rt�`9xRkWU�[\{�mYg�k�chk�g xRkWXY[\{,S�Z.qh`�g�[�t�_a[�{�mYg�[\oYk�_a`bo=`!_b`hpWXY`h]Bt�[z]�[._*VYZ\[\g�S�X�x�S�e�`h_amYZ\k�eA]�XYk$xR��[\{]�[\]Rt�kW_a`dc�r��(k�g#mYS ]�k�mYgRk�o=c
[.o=kWc9S�|Lo S g�S9U�VYX S9Z.XY[\��e�k�_b`
UW[}l�S�c
]�S�eAo S�XdxR`j[.XYpWk�XY[\g�]Re�`�VYm�`hg�S�i�`oY[\g�k�e�t�XYk�X
V=_bkWg�[.UWXYkT]�[\_*VYZ�S9��[yxRk�XYkTi�`nX S#ch`hZyxR`u��k�XYkWe�Sdx�oYkW]�k�t�Z\kWt�[yxW|�xRkTm�`h_ak�_*i�k�Xat�VYoY[ g�S�l�ch`�xXY`%c�[\{�XAVY_ak�g�[\U�XY[\{�S9Z.qh`�g�[�t�_�`%c![\X 0 l�[\e�S�Z\XY[.{�_a`
oYkWZ.`dc�r

¨ m=g�[.UWV�xR`
U�[�oY[.]Rk�gBt�S��W[�xR[�]R_b`*VY]�m�kWZ.[&_akWt�`�o=`�gR`hiYXY[\{�kWZ.kW_bkWXAt�`dcbX S�oYq�g�S�oY[�t�[�l�c�S�Z.UWXY`*t�g�S�XY] �
� `hgR_!S��W[�xR`uXYSnt�S9eaXYS�U�[\X�|�oYSv`h_a`hqh`
U�Sug�kW��kWc�S�X�xRk�e�`h_bm=Z.kWe
]RXYk�xR�R[.{¬mYgR[._ak�gR`dc�l�chkWU�xR`*X S9t�S9XYU�XY` �]Rt xR` 
)qh`h]Bt�k$xR��[._a[ g�S�UWVYXY]�eA[\_b[�_bgRk�p�S9_b[ ��r}��Svo=`h]�kWqh`*t�k�q�Sn��[.Zyx�Su]�_a`TxR`nc¬S9Z.qh`�g�[�t�_*VboY`�m�`hZ.XY[\Z\[ l_akWt�`
o=`�e�`hXYU�X=[.{�k�Z\k�_ak�X�t�`%c�r

� S�UWVYXY]�e�kWq�SuS�Z\qh`hg�[7t�_bS�XY[\]�_a`(V=m�`hg�S�i=[.Z\[�X S�e
Z.S�]�[\U�XYkW_ l�S�mY[\]�V�]R[._*VYZ.S���[yxBk�chk�Z\[.eA[\{*c
gRt�[.XY�WkWc�r,�m�`�g�S�iY[\Z.[�]�_a`#{Y[�t�g�`�]Rt�X=`(c
gRt�[.XYUWXY[ l�S�mY[\]�|�eA[ m�`uX S��Rk�_ _aXYk�XdxRVaX
V=oY[Ychk�U�mYg�kWoYXY`h]Bt�[+r-s*t�kW_�|�e�`t�Z.S�eaX=[�c
e
ZyxRVYU�kWX�c!]�[\]Rt�kW_�k�XYS�U�i�|Y]Rk([.lW`hqhX=k�_a`*e�`�g�k�e��W[�x�S9_ t�Z.S�e�Snc¬S9Z.qh`�g�[�t�_*V�|Ae
[AxRk�l�S9t�`*i�`hZ�xmYg�kWqhZ\k�oYkWX�[\X�]Rt�S9iY[.Z\k�X�r ¨ gRt�[.XYUWXY`h]Rt}xRk#chk�Z\[.UW[.X S�| eA[^c
]�kWiYV�xRkv`
o=ch`
o=kn{Y[�t�g�`�]Rt�X=k�q�S�m�`hZyx�S=r��(k�g}xRkoY[\g�k�e�t�XY` c
eAZ�xRV=U�k�XYS c�]�[\]Rt�kW_ k�XYS�U�i&|LZ.kvt�S�l�X�xR` m�`h]RZ.k�o=[.U�X=`�c
e
ZyxRVYU�VdxRk�c
[\� xRk�gRk�oYX=kamYgR[.iYZ\[\p�e�k{Y[�t�g�`�]Rt�XYkWq�S�m�`hZyx�S=r
� S�l�c�[�t�S*X
VY_ak�gR[.UWX S�]R{Yk�_bS�l�S�]R[._*VYZ�S9��[yxB`vchk�Z\[.eA[.{¬c
gRt�[.XY�WkWc!c�{Y[�t�gR`h]Rt�XY`�c
gRt�[.XYUWXYk�_ l�S�m=[.]�V]�kLxRkPm�`�e�S�l�S�Z�S�l�S�V=U�[.X=e�`dc
[\t�`�[.XvVYm�`hg�S�iYXY`Yr ¨ mYgR[._ak�g
x�S%c
[
]}mYgRkWchkWg xRkWXY`#g�k��R[\tRc�[yxR`wm�`
o Sdx�SwoY`hiYgRkg�kWl�VYZ�t�S9t�k�r

���
	 ��� � %
������� !  �& ��& ������������������

� [�t�gR`h]Rt�X=`(c
gBt�[.X=U�XY[Yl�S�mY[.]-]R[._*VYZ.S��W[yxRk�chk�Z\[.eA[.{*c
gBt�[.X=��k�c�]�_a`#[\l�m�k�Zyx�S�Z\[
cvchk�e�t�`hg�]Re
[ `hi=Z.[\e
[�r���S�g�S�oY[m�`h_bS�X�xRe�S9X�x�Sag�S�U�V=XY]�e�kv_b`
UW[z]�_a`biY[\Z.[^m=g�[._a`hg�S�XY[�[.l�c9Sdx�S9t�[^]�[\_*VYZ�S9��[yxRk(]�S�_a`ac o=chk�{�oY[\_bkWXYl�[ �x�S�{�r ¨ mYg�[\{Y`
oYX�xRk*X S�_ak�g�S%c9S9_b`¬X
V=_bkWg�[.UWXY[}S�Z.q�`hg�[�t�k�_ g�S�lW��[.gR[\t�[LX S¬t�g�[�oY[\_bkWXYl�[yxRk�rv«�k�mYg�S%cbxRkg�S9l���[\g�[�t�kWc�XYSat�g�[zo=[._ak�XYlW[�xRk([.l#_!S�t�k�_bS9t�[\U�XYkWq�S�qhZ.kWoY[.�RU�S�k�XY`�]Rt�S�c
X S=|�i�`h_a`at�k�pWe�`¬l�S�qh`9t�S%c
Zyx�S�Z\[oY`%ch`hZ�xuqh`h]Bt�`�_ag�kWp�`�l�S�[.l�c9Sdx�S�X�xRk �2`~s£]�[._*VYZ.S��W[yxWrj�-g�[�mYgRk�{Y`
oYV�XYS�t�g�[~oY[._ak�X=l�[�xRka]�k¬�Bt�k�c�[\Z.`k�XYS�U�i�m�`dc�k�U�S�|L]�S�x~xRk�m�`�t�g�k�i=XY`�gRk��RkWc9S9t�[-l�S¬t�g�[�e�`h_am�`hXYkWXAt�k�{Y[�t�g�`�]Rt�[�[\X�t�g�[�e�`h_am�`hXYk�X�t�k*c
g �t�[\XYU�X=`h]Rt�[+r �-g�S�c©t�S9e�`�xRk�g�S�l�_ak�g
xRkj_bkWo�m�`%c�gR��[\XY`¤gR`hi S£mYg�`9t�[TmYg�`�]Rt�`�g�XY[\XY[T`hi=_b`
U$x�S�c�t�g�kW{oY[\_bkWXYl�[yx�S�{�_bS�X�xPVYq�`
oYXY`ae�`9t�c�o=chkW{�o=[._ak�XYlW[�x�S�{&|=l�S9t�`�]�kugRk�Z.S9t�[�c�X=[&oYk�Z\k�p#g�`�iYXY[.{ [\XAt�k�qhg�S�Z.`%cm�`dchkWU�S=r���S�V=]�m�k��Rk�X¦m=g�k�{=`
o�c�t�g�[�oY[._ak�X=l�[yxRk*i�` m�`�t�gRk�iYX=`�[\l�i�`hZyxR��S9t�[ VYU�[\XYe�`dc
[�t�`h]Bt(c9S�Z\U�XYkWq�S]Rt�[.]�edS�X�x�S�[.X�S�Z\qh`hg�[7t�k�_ VYU�[\XYe�`%c�[�t�k$xRk#m S�g�S�Z.kWZ.[\lW[\g�S�t�[)r
� S�l�c�[�t�S�c9S9Z.U�XYS�t�g�S�XY] � `�g�_bS���[yx�S�l�S©chkWe�t�`hg
xRk¦m�`�Z�xRVYiYX=[.{ªo=`hZ.pW[.X�[.X S�Z.q�`hg�[�t�k�_ l�S©c�S�Z.UWXY`
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t�g�S�X=] � `hgR_b[\g�S9X�_!S9t�g�[\U�XY`,chkWeAt�`hg�]ReA[�mYg�`
oYV=eAtb]Rt�S£]RmYZ.`���XY`£VYm�`�g�S�iYXYS�c�c�]Rk�{ chk$x�S�{ lWX S�XY`�]Rt�[[\X,t�kW{YXY[\e�k�r ¨ mYgR[.{Y`
o=X�xRk�X S�_ak�g�S%c9S9_b`�[\l�i�`hZyxR��S9t�[}S�Z.q�`hg�[�t�k�_ l�S m S9g�S�Z\k�Z\XY`�g�S�U�VYXYS�X�xRk�c9S�Z\U�XY`t�g�S�X=] � `hgR_b[\g�S9XYk�_bS9t�gR[.e�k9|�q�STm�`h]Rm�k���[�t�[
[\XnlW_!S�XdxR��S9t�[A�Rt�kWc
[.Z\`�m�`�t�g�kWiYXY[.{nmYgR`
��kW]�`hg
xRkWcnl�S�[\l�g�S9U�VYX�r
�LVYo=[T[\l�i�`hZyxR��S�XdxRk�VYU�[\XYe�`dc
[�t�`h]Rt�[�]Rt�[.]�edS�X�x�S!xRk�kWoYk�X X S9��[.{©q�Z�S%c
XY[\{���[\Z�xRk�c�r©�wS�o S9Z�xRkWc�S�Z.[�i�`h_a`l�[\]�e�S9X�xRk�_ X S�UW[.X S=|-]�e�S9t�k�g�[\_ iY[Pl�S,]Rt�[.]�edS�X�xRk¬chk�e�t�`hg xRk�c�m�`hZ�xRVYi=XY[.{¤oY`hZ\p�[\X�Z.S�{Ye�`,V=m�`hg�S�i=[.Z.[¢wS�VYi�k���{Y[\k�]�c9S�Z\U¯e�k#X S9_bkW]Rt�` � S�S�g�`%c�[\{�r¨ mYgR[.{Y`
oYX=`h]Rt�[�X S9_bkWg�S�c9S�_a`�t�VYoY[�X S9oY`h_ak�]Bt�[\t�[��C` a l�S�gRk���k�c9S�XdxRkjt�g�S�XY]�m�`�gRt�XY[\{©k�X S�UWil - `ba£r ,�m�`hg�S�iY[\Z.[Pi�`h_b`�m�`�]Rt�`�mYe�k�|�eA[�lW_!S9X�xR��V�xRk$xR`¦]�m�`�_b[\XY]�e�`£l�S�{�t�k�c�X=`h]Rt - `ba£|�e�`9t!]�`V=m�`hg�S�iYS�m�`
oY`hi=_b`
UW[�xPS�Z\[�_bS�eAg�`�kWZ.kW_bkWXAt�`dc�r

¨ oY[\]�kWgRt�S9��[�xR[�]R_b`¦g�S9lWc
[.Z\[TS�Z.q�`hg�[�t�_ak9|PeA[�]�`¦]�mYZ\`h��XYk�X S9g�S%chk�[\X l�X�xR[._a[�Z�S�{Ye�`£g�k��RV�xRk�_a`g�S�l�X=`dc
g�]Bt�XYk�mYg�`hi=Z.k�_ak�r ��`9t k�X=`©[.lW_bkWo�_a`hpWXY`h]Rt�[�mYg�[\{Yg�S9XYe�S�g�S�U�V=X S�Z\XY[.�Re�k�q�S¤]�m�`h_a[.X S¦[.Xg�S�U�V=XY]�e�kWq�S¬U�S9]�Sbc
[.o=[._a`�t�VYoY[LX S�chk�l�S%ch` S�Z\qh`hgR[�t�_aS�X SbmYg�`�iYZ.kW_j| eA[ q�SbgRk���VdxRk�_a`Yr��£lWX S�XY[\_b[gR`hiYXY[\_a[�m�`hq�`9xR[�[.X�qhkW`h_akWt�gR[�xR`�`hiY_a`
U$x�S,]R[�Z.S�{Ye�`,m�`h_!S9q�S�_a`�mYgR[�[\l�i�`�Z�xR��S9X�xRV�VYU�[\XYe�`%c�[�t�`h]Bt�[S9Z.qh`�g�[�t�_aS=r
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� � � ����� % ��%  ������
��m�k�g�S9��[yx�S 0 Z\t�g�[\g�S�Xdx�Svt�`he�`%c�X=k�q�S�m�`hZ�x�S

u(~r, t)
xRk#o=k�0 X=[.g�S9X S�]�e�`hX�ch`hZ\VY��[yxR]�eA[._ [\XAt�k�qhg�S�Z.`�_

u(~x, t) =
∫

Ω
G(~r, ~x)u(~x− ~r, t)d~r,


 � �hr�� �
e�xRk�g�[.X�t�kWqhg�S�Z�t�kWU�kum�`���kWZ.`�t�XYk�_ `�iY_a`
U�xRV�t�`hedS

Ω
| 0 Z�t�kWg�X S � VYXYe��W[�x�S�m SwxRk(XY`hg�_a[.g�S�X S

∫

Ω
G(~r, ~x)d~r = 1.


 � ��r ���
��[\Z\t�k�gLxRk({Y`h_a`hqhkWX�|YU�k#XY[�`�o�c�[\]�kWXj`
o

~x



G(~r, ~x) = G(~r).

 � �hr � �

� k�l�[\oYV S�Z\XY`�m�`hZ�xRk�oYk�0 X=[.g�S9_b`�l
u′(~x, t) = u(~x, t) − u(~x, t).


 � ��r � �
¨ ]RmYZ.`h�RXYk�_ 0 Z�t�g�S9t�g�k�lW[.o=V S�Z.X=k�q�S�m�`�Z�x�S*XY[^kWX S�e¬XY[\U�


u′(~x, t) 6= 0.

 � ��r 2 �

��m�k�g�S9��[yxR[ 0 Z\t�g�[\g�S�Xdx�S*[\X `
o=c9Sdx�S�Xdx�S�m�`aU�S�]�V�e�`h_*V=t�[\g�S9t�S

∂u

∂t
=

(
∂u

∂t

)
,


 � �hr­� �
_ak�o=t�k�_ e�`a`
o=c�Sdx�S�X�xRk#m�`ae�`
`�g�oY[\X S9t�[

∂ui

∂xj

=

(
∂ui

∂xj

)
+
∫

Ω
ui(~x− ~r, t)

∂G(~r, ~x)

∂xj

d~r

 � �hr­� �

e�`h_*V=t�[.g�Sv])0YZ\t�gR[.g�S�X�xRkW_�]�S9_b`Y|=U�k�xRk*0 Z�t�k�g�{Y`�_b`�qhk�X 
 � �hr ����r
� � �



��� � �-g�[\Z.`�qhk
���������	���	
���
�������������������������
��
�zS9]Rt�XY`�]Rt�[Pg�S�lWZ.[\U�XY[\{ 0 Z�t�gR`dc¦]�[�XYS�xRZ.S�p�xRk¬`hq�Z.k�oYS�_b`�c¤k�XY[�oY[\_bkWXYlW[�xR[�r¤�(i=g�S%c
X S�c9S�Z\[Pi�`h_a`,X S �eAZyxRVYU�X=`a]Re�S�Z.S�g�X=` � VYX=e���[�xR`

u(x)
|YeA[�xRk(oYk�0 XY[\g�S�X S*l�S*c
]�k

x ∈ [−∞,∞]
r~«�k�xRk

G(r)
{=`h_b`�qhk�X0YZ\t�kWg�|Yo=`hiY[._a` 0 Z�t�gR[.g�S9XY` � VYXYe���[yxR`a]�e�`�XAch`hZ\VY��[yxR`�


u(x) =
∫ ∞

−∞
G(r)u(x− r)dr.
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��SdxRm�`hqh`h]Bt�k�xRkuV=m�`hg�S�i=Z�x�S�XYk*0YZ\t�gRk#]�_a`Y| ]Re
V=m S�xTluX�xR[.{=`dc
[._a[&mYg�kWXY`h]RXY[._a[ � VYXYe���[yx�S�_a[+|YXYS��Rt�k�Z.[�cm=g�k�q�Z.kWoYXY[.�W[ � ��r\�br! #g�S 0 UWXY`b]�` 0 Z�t�g�[^mYgR[.e�S9l�S�X=[LXYSb]RZ.[.eA[ � �hr��h| mYg�kWXY`h]RXYk � VYXYe��W[�xRknm SaX Sb]RZ.[\eA[
� �hr���r

�zS�]Rt�XY`h]Rt�[ 0 Z�t�g�S#oY`�Z.`
U�S#��[\g�[\X S*0 Z\t�g�S
∆
|
`hlW[.gR`h_bS#[\lTX�xRk�[\l�m�kWZ�x�S�XY`ueAgR[\t�[\U�XY`#c9S9Z.`%c�X=`n�Rt�k�c
[.Z.` 


kc =
π

∆
.
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��]Bt�k�g~]�m�k�e�t�g�S�Z\XY[ 0YZ\t�kWg~m�`�g�k�pWkTc�]�Suc9S�Z\`dc
X Su�Bt�k�c�[\Z�S#X S�obeAg�[�t�[.UWXY[._ r}��qhZ\k�xR_a`#]�[ Z.[\_a[�t�XY[YmYgR[._ak�glWk�Z\`#chk�Z\[.e�k��R[.g�[\XYk 0 Z�t�g�S�r}��`�xRk

∆
chkWZ.[\e�`#chkWU�x�Su`
oag�k�oYS#chkWZ.[.e�`�]Rt�[=t�VYgRiYVYZ\k�XY�Wk 
)oY`h_ak�X=k ��|�t�S�eAg�S9tq�g�kve
gR[\t�[.U�X=`!c�S�Z.`%c
XY`¬�Rt�k�c
[.Z.`!mYg�`9t�[ XY[\Uv[.X10 Z�t�gR[.g�S9XY`bm�`hZ�xRknmYg�`9t�[ m�`dc
mYgRk�UWXYk�_ m�`hZ�xRV&r � kWl�[\oYV �S9Z.XY[�X S9m�k�t�`�]Rt�XY[}t�k�XYlW`hg#m S m=g�`�t�[ � k��
XY`�Z.oY]R`dchkW_ X S9m�kWt�`�]Rt�X=k�_ t�k�XYlW`hg xRV&ra��` qhg�k

r/∆ → 0
|m�`�]Rt�S9XYk�xR` 0 Z�t�gR[

G(r)
e�`hXY]Bt�S�X�t�XY[^[.X `�m�k�g�S9��[�x�S 0 Z\t�g�[.g�S�X�xRS*mYSwxRk#m�`dc
mYgRk�UWkWc9S�XdxRk�r

d � � � � �#"%$�&'$�( l � � � + �����v� ��� ��) � * � � � 3 � �)�����
��� * � 0 � & � �������&� + �&�,+¯��� � ��� * � &.- �
���
� � 3 � �)� �/* �
∆ 6� �¯�
�)�+���&� & ��� � & �&�e.��$� & � � � � �

kc = π/∆
&

0 /#1 1&?�6�5�1�0 2z0�1�8A:%E$8
3�354�8�6�F�? C$3
E$<�67:%4�1�8�?�G�0B3�G G(r) Ĝ(k) ≡

∫∞
−∞ eikrG(r)dr

4�6%3�5$6�3�E$587A6�5�1�0 1
∆H(1

2∆ − |r|) sin( 1
2
k∆)

1
2
k∆

9 3:4AE�EB:�;;7A6�5�1�0 √
( 6

π∆2 ) exp
(
−6r2

∆2

)
exp

(
−k2∆2

24

)

:%E$5�1�0~E$<=1<6�5$0B3�6�8�?=7A6�5�1�0 sin(πr/∆)
πr H(kc − |k|)
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� ��r ��[\Z\t�g�[�g�S9X�xRk �h�h�

1 2 3 4 5
r�D

-0.25

0.25

0.5

0.75

1

1.25

DGHrL� � � �� � � �� � � �
� � � �� � � �� � � �

� �� �
� �� �

� �� �
� �� �
r/∆

∆G(r)

� � � ���#"%$�&'$�(�� � � �)�¯�
G(r) �

��	��&������� � + .��
�¯�
�&�
∆
& �

�
� � �&�����¯��� * �¬� !W� � �¯���©� + �$��� +

�
� � �)� ��� ���

3 � �$��� 6 +
�
� � � � + �$�¬���¯����. ��� � � � + � 3 � �$���#�
� + �����$� : � � � �	� � � + + � &$3 � �$��� &

2 4 6 8 10
k�kc

-0.2

0.2

0.4

0.6

0.8

1

G
`HkL
 
 
 
 

 
 
 
 

 
 
 
 

� � � �� � � �� � � �

� � �� � �� � �� � �� � �


 
 

 
 

 
 

 
 

 
 


Ĝ(k)

k/kc

� � � ���#"%$�& 9 ( l �����&� + �&�,+¯��� � ��� * � 3 � ����� &
Ĝ(k)

& �
�
� � ���,���¯��� * ���,!�� � ����� �

�
�����&� + � � +¯�
� � ��� * �� + ����� � � +

�
� � �)� ��� �&� � � 3 � �)� � 6 +

�
� � � � + ���v���¯��� . ��� � � � + � 3 � �$�����
� + ���¯��� : � � � � � � � �����&� + � � +¯�
� � ��� * �� � � + + � & � � � 3 � ��� ��&
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��� � �-g�[\Z.`�qhk
� � �  ������ � ( ��� � % ��� ��� (* � �  )( �  
� 
��
	�	
� ��	��	
 � ���
��Sdx�i�`

Ω
`hiY_a`
U�xRk l g�`hi�`�_

Γ
[\X

~F
chkWe�t�`hg�]Re�`¦m�`hZ�xRk9|�eA[�xRk oYk�0 XY[.g�S�XY`�X S,t�kW_³`hi=_b`
U$xRV�r

 #S�VY]R]�`%c��^]Bt�S%chkWe#m�`dchk9|�o S}xRk~]�eAVYm�kWX*mYg�k�t�`he(m�`hZyx�S
~F
]Re�`hl�[
l�S�mYgRtLg�`hi

Γ
k�XYS�e#m=g�`h]Bt�`hgRXY[.XY]Re�k�_*V[\XAt�k�qhg�S�Z.V¬m�`

Ω
oY[�chk�gRqhk�X=��k#t�k�q�S�m�`hZ�x�S 


∫

Γ

~F · d~Γ =
∫

Ω

~∇ · ~FdΩ,

 � ��r\� �

e�xRkWgT[\_!Sv[.X 0 X=[\t�kWl�[\_bS�Z�XY`�_bSdxR{Yk�X oYkWZzmYZ\`h]ReAchk
d~Γ = ~ndΓ

X=`hg�_bS�Z.X=`�]�_akWg�chk�Xj[\l(`hiY_a`
U�x�S
Ω
r

 #S�VY]R]�`%c�]Rt�S�chk�e�l�S�]�edS�Z�S�gRXY`�m�`hZyxRk
u
m S�]�kuq�Z�S�]R[
∫

Γ
ud~Γ =

∫

Ω

~∇udΩ.

 � �
r ���

� `�l�X S9_b`�chk�Uu[\l�m�kWZ�x�S�X=[.{�`hi=Z.[\e# uS9VY]�]R`dchkWq�Sa]Bt�S�c�edS=r�� `�]�k�i=XY`bmYg�[\g�`
UWX S�xRk#X S9]�Z.kWoYX�x�S�`hiYZ.[\e�S
∫

Γ

~F × d~Γ =
∫

Γ

~F × ~ndΓ = −
∫

Ω

~∇× ~FdΩ.

 � ��r � �

� � ������� ����� �,��	�� 
 �����
��Sdx-i�`h]Bt�S

u
[\X
u?

]Re�S�Z.S�g�XY[=m�`hZ�xR[=oYk�0 XY[\g�S�X=[ XYS
Ω
r-��`(c
]Bt�S%c
[\_b`

~F = u~∇u?
c  uS�V=]�]�`%c�]Bt�S%chkWe

� ��r��h|YoY`hiY[\_b`
∫

Γ
u~∇u? · d~Γ =

∫

Ω

~∇ · (u~∇u?)dΩ.��o=c�Sdx�S�_b` m�`
o£[\XAt�kWqhg�S9Z.`h_ XYS�oYkW]�XY[�]Rt�g�S�XY[�lWqh`hgRX�xRkakWX S�UWi�k�|�[\XAt�k�qhg�S�Z�S¬Z\`
U�[\_a`�[.X�l�S�mY[\��k�_a`
 (g�kWk�XY`%c���mYgRc
[^]Rt�S%chkWe

∫

Γ
u~∇u? · d~Γ =

∫

Ω

~∇u · ~∇u?dΩ +
∫

Ω
u∇2u?dΩ.


 � �
r � �
� � ������� �������
����	�� 
 �����
¨  #gRk�k�X=`dchkW_fmYgBchk�_f]Bt�S�c�eAV � ��r ��l�S�_ak�Xdx�S�_b`�m�`hZyxR[

u
[.X
u?



∫

Γ
u?~∇u · d~Γ =

∫

Ω

~∇u? · ~∇udΩ +
∫

Ω
u?∇2udΩ.

�&q�`hg�X�xR`�k�XYS�U�i�`�`
oY�Rt�k�xRkW_b`�`
o  #gRk�k�X=`dchkWq�S�m=gRchk�qhS�]Bt�S�c�edS � ��r � [.X�oY`�iY[._a`  (g�k�kWXY`%c,oYg�VYq�[]Bt�S�chk�e
∫

Γ

(
u~∇u? − u?~∇u

)
· d~Γ =

∫

Ω
(u∇2u? − u?∇2u)dΩ.


 � ��r 2��

��� »¯¸�� ��¸+¾ ¹�Á%¸�¾°Å"!$#}»�·�Ä�Ä&%('*)+),)�-.'�/+0,0,132�½d¹5476�¿�¾ 4�»�Ã+¹54�»�Ã+¾ ¿
8 #�¹BÂW¸:9W¹;#�¸+¹B¹R½<%='*)?>,@A-.'5/?BC'D132FEd¸+¾ Ã+»¯½9Ä)¿�¾ 4�»�Ã�¹�4�»�Ã�¾­¿�¾­½
GCHB¾­¿
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� ��r�� XY`�g�_bS�Z.[�[.X�t�S�XYq�k�XAt�[ �h� �
� 	 � ���"% �  ��� ��� �  ����� � � �

��`�g�_bS�Z�SaX S¬mYZ.`�]�e�k�caxRkvchk�e�t�`�g
~n
kWXY`�t�]Re�k�oY`�Z.p�[\XYk9|&VY]�_ak�g
xRk�X�mYg�S%ch`he9`�t�XY`�X S¬mYZ\`h]�e�k�c�chk�X�[\l`hiY_a`
U�x�S�r ¨ o=chk�{joY[\_bkWXYl�[yx�S�{�q�S�l�S9mY[.�Rk�_a`

~n =

∣∣∣∣∣
nx

ny

∣∣∣∣∣ ; |~n| =
√
n2

x + n2
y = 1.


 � �=r�� �
� S�XYqhkWXAt�SaX S�mYZ.`�]�e�kWcnxRk#kWXY`�t�]�eA[^chk�e�t�`hg

~t
mYg�S�ch`he�`�t�k�X�XY`hg�_bS�Z\[

~t =

∣∣∣∣∣
−ny

nx

∣∣∣∣∣ ; ~n · ~t = 0; tk = elknl.

 � �=r ���

¨ k�U�eAg�S�t�VYm�`hg�S�iYZ�x�S9_b`*[\l�g�S9l�S�l�S�`
o=ch`
ojm�`�XY`hg�_bS�Z\[
∂
∂n

[.X�t�S�XYqhkWXAt�[
∂
∂t




∂

∂n
=

{(
1
0

)
∂

∂x
+

(
0
1

)
∂

∂y

}
· ~n,


 � �=r ���
∂

∂t
=

{(
0

−1

)
∂

∂x
+

(
1
0

)
∂

∂y

}
· ~n,


 � �=r � �
`hlW[.g�`�_!Snc�e�`h_am�`hXYkWXAt�XYk�_ l�S�m=[.]�V

∂

∂n
=

∂

∂xk

nk,

 � �=r 2��

∂

∂t
= − ∂

∂xk

tk =
∂

∂xk

elknl.

 � �=r­� �

��S�c9SdxR`([\X�e�kWg-X S9_ mYgR[=[.lWm�k�Zyx�S%c
[�[\XAt�kWqhg�S9Z.]�e9k�`hiYZ.[\e�k�kWX S�UWi�k�eA[\XYk�_bS9t�[\e�k�m=g�[.o=kPmYg�S%c�|�o=`he�S�pW[._a`]�m�`
oYXdxR`bkWX S�e�`�]Rt 

∂vi

∂n
+ eijωnj = −eij

∂vj

∂t
.


 � �=r°���
¨ ]Rt�S%c
[._a`�oYk�0 X=[.�W[�xR[�`
o�ch`
oY`dc�m�`aX=`hg�_bS�Z.[ 
 � �=r 2 ��[.X�t�S�XYqhkWXAt�[ 
 � �=r ����c�k�XYS�e�`h]RtT[.X mY[\��kW_b`�


∂vi

∂n
+ eij

∂vj

∂t
=
∂vi

∂xk

nk + eij
∂vj

∂xk

elknl =

=
∂vi

∂x1

n1 +
∂vi

∂x2

n2 + eij(−
∂vj

∂x1

n2 +
∂vj

∂x2

n1) =

= (
∂vi

∂x1

+ eij
∂vj

∂x2

)n1 + (
∂vi

∂x2

− eij
∂vj

∂x1

)n2 = −eijωnj.

 � �=r � �

��S�oYXdx�S�kWX S�e�`h]BtnlWqh`hg�S�xwoYg�pW[-l�S9t�`Y|^e�kWg#e�`�[\l�i�k�gRk�_a`
i, j, 1, 2

c
[\oY[._a`Y|&o SnxRk�k�X�`
o�`�e
Z\k�m SdxRk�ck�XYS�e¬oY[\chkWg�qhkWXY��[^{Y[�t�g�`�]Rt�XYkWq�S�m�`hZyx�S
≡ 0

| o=g�VYqh[�m S�c
gRt�[.XYUWXY`h]Bt�[�r
¨ o�chk�{ oY[._akWXYl�[yx�S�{!Z�S�{=e�`*XY`hg�_bS�Z\XY`

vn

[\X!t�S�XYq�k�X�t�XY`
vt

{Y[�t�g�`�]RtP[.lWg�S9l�[._a`nl
vx, vy

t�S�e�`hZ\k�

vn = nxvx + nyvy, vt = −nyvx + nxvy,


 � �=r�� �
vx = nxvn − nyvt, vy = nyvn + nxvt.


 � �=r�� ���
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��� � �-g�[\Z.`�qhk
��� � � � � % # � �� ������ � ����� � ��� � ��� �

��iYg�S%c
X S�c9S�_a`ao=ch`
oY[._ak�X=l�[\`hX S�Z\XY`�`�iY_a`�U$xRk
Ω
luk�X=`
oY[._ak�X=l�[.`�X S�Z\XYk�_ gR`hi�`h_

Γ
r � `�i�xRkug�S�l �o=k�ZyxRk�X�c�gR`hiYXYk*kWZ.kW_bkWXAt�k9|�`�iY_b`
U$xRkvm S!c��Wk�Z\[.�Wk�r#¢wkWXY[._a`Y|�o S¬m�`hZyxRVYiYXY`!c�k�Z.[\U�[\XY`
f
m�`�l�X S�_a`]�S�_a`¬c�XYk�edS�xwt�`
U�e�S9{�l�XY`�t�g�Sdx�m�`�]�S�_ak�lWXYk�qhS�g�`hi=XYk�qhS�kWZ.k�_ak�X�t�S![.X,X=`�t�g�S�X�xRk*��kWZ.[\��k��
fi

r ¨ g�k �o=XY`h]Rt�c�oYg�VYq�[.{�t�`
U�e�S�{�oY`hiY[\_b`�l#[.X�t�k�gRm�`hZ�S9��[yxR`Yr-��S�x�i�`
o=`
Ni

t�S�e�k#[.XAt�k�gRm�`hZ�S��W[yxR]�e�k � VYX=e���[�xRk9|oYS�l�S9mY[.�Rk�_a`�c�gRk�oYX=`h]RtTchkWZ.[.UW[.XYk
f
c�m�`hZ�xRV=iYXY[&t�`
U¯eA[^k�Z\k�_ak�X�t�S�`hl9r���kWZ.[\��k�t�S�e�`�Z.k
f(ξ, η) =

∑
Ni(ξ, η)fi,


 � �Yr�� �
e�xRkWgz]R_b`Pc�k�Z\k�_akWt�V#`�l�rL��k�Z\[.�W[�mYg�[�c
l�kWZ.[�Z.`�e�S�Z\XY[9e�`
`hgRoY[.X S�t�XY[�]R[.]Bt�k�_�|%c�edS9t�kWg�kW_

η
[.X
ξ
l�S%c
l�kW_!S�t�Sc
gRk�oYXY`�]Rt�[&_ak�o

[−1, 1]
r�s�eA[.�Wk�e�`hX=]Rt�S9XAt�X=k�q�S�|YZ\[.XYk�S�g�X=k�q�Su[.X!mYS�g�S�i�`�Z.[\U�XYkWq�Sug�`hiYX=k�q�SvkWZ.kW_bkWXAt�S

� � � � � �

η = −1 η = 0 η = 1

� � � ��� "�� &'$�(
	 ������� � � �)� ��
 � �
�&� � �¯� �^�
�
�
� � ��) � � �+��� �&��� ) � ��� � ��	!��� � & � � �����
�����%������� � �����&����� � �&�

� ����"��&�����)� � � � �+���
�&� fi

&
]R`aX S�]RZ.[.eA[ � �Yr��hr �$XAt�k�g�m�`�Z�S��W[�xR]Re�k � VYXYe9��[�xRk#l�S�c
]�k#t�gR[�t�[.m�k(g�`�iYXY[\{ k�Z.kW_bkWXAt�`dc¬m S�]�`�


NR
1 = 1;


 � �=r � �
NR

1 =
1 − η

2
, NR

2 =
1 + η

2
;


 � �Yr ���

NR
1 =

1

2
η(η − 1), NR

2 = (1 − η)(1 + η), NR
3 =

1

2
η(η + 1).


 � �Yr ���

�wS,]�Z\[.eA[ � �Yr���]�`�]Re
[\��[\g�S�X=k X=`�t�g�S�X�xRk���kWZ.[\��k 
)`�l�[\g�`h_bS�g�`hi=XYk�|�c¤t�gR[.oY[\_akWXYl�[\`hX S9Z\XYkW_ mYgR[ �_akWg�V ��r �$X�t�kWg�m�`hZ.S���[yxR]�e�k � V=XYe���[yxRk#l�S�e�c9S9oYg�S9t�XY`aXY`�t�g�S�X�xR`��Wk�Z\[.��`�]�`

NO
1 =

1

4
(1 − η)(1 − ξ), NO

2 =
1

4
(1 − η)(1 + ξ),

NO
3 =

1

4
(1 + η)(1 + ξ), NO

4 =
1

4
(1 + η)(1 − ξ).


 � �Yr 2 �
�$X�t�kWg�m�`hZ.S���[yxR]�e�k � VYXYe���[yxRk#l�Sbs
k�g�kWXYoY[\mY[\t ��xRkWch`aXY`�t�g�S�XdxR`���k�Z\[.�W`�m S�]R`

NO
1 =

1

4
(1 − η)(1 − ξ)(−η − ξ − 1), NO

5 =
1

2
(1 − η2)(1 − ξ),

NO
2 =

1

4
(1 + η)(1 − ξ)(+η − ξ − 1), NO

6 =
1

2
(1 − ξ2)(1 + η),

NO
3 =

1

4
(1 + η)(1 + ξ)(+η + ξ − 1), NO

7 =
1

2
(1 − η2)(1 + ξ),

NO
4 =

1

4
(1 − η)(1 + ξ)(−η + ξ − 1), NO

8 =
1

2
(1 − ξ2)(1 − η).
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� �=r �$X�t�k�gRm�`hZ�S9��[�xR]Re�k � V=XYe���[yxRk �h� 2

� �

��

ξ

η

ξ = −1 ξ = 1

η = −1

η = 1

� � � ���/" � & � (�	 � � "�� � �)� � 
 ����������"�� � �
��� * � � � �
� ' � ��� � � �
��� � � �&���)� � � * � ��� � �+� ��& � � �����
��� �%�¬����� ��������&� ��� � �&� � ����"��&�����)� � � � �+���
�&� fi

&

�$XAt�k�g�m�`�Z�S��W[�xR]Re�k � VYXYe9��[�xRk#l�S �zS�qhg�S�XYqhkWkWch`aXY`9t�g�S9X�xR`���kWZ.[.�W`�]R`

NO
1 =

1

4
η(η − 1)ξ(ξ − 1), NO

5 =
1

2
(1 − η2)ξ(ξ − 1),

NO
2 =

1

4
η(η + 1)ξ(ξ − 1), NO

6 =
1

2
(1 − ξ2)η(η + 1),

NO
3 =

1

4
η(η + 1)ξ(ξ + 1), NO

7 =
1

2
(1 − η2)ξ(ξ + 1),

NO
4 =

1

4
η(η − 1)ξ(ξ + 1), NO

8 =
1

2
(1 − ξ2)η(η − 1),

NO
9 = (1 − η2)(1 − ξ2).
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���%� �-g�[\Z.`�qhk
��� � %  � � � �"% �  �����  ����� %
��� �& � ����� � � � � � � � (
�-gRk�]�Z\[.edS�xR_a`�e�S9gRt�kWl�[yxRkWc�e�`
`hgRoY[.XYS9t�XY[&]�[.]Bt�kW_ 


x, y
��c�e�`
`hg�o=[.X S�t�XY[�]R[.]Bt�k�_ 


ξ, η
�Pl

ξ = ξ(x, y),

 � 2�r�� �

η = η(x, y).

 � 2�r�� �

s�m�`�_b`
U$xR`�mYg�S%c
[.Z�l�S�`
o=c9Sdx�S�XdxRk#Z�S�{=e�`�mY[.�Rk�_a`
(
dx
dy

)
=

( ∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

)
·
(
dξ
dη

) 
 � 2�r ���
[\X

(
dξ
dη

)
=

( ∂ξ
∂x

∂ξ
∂y

∂η
∂x

∂η
∂y

)
·
(
dx
dy

)
.


 � 2�r � �
sbmYgR[._ak�g x�S�ch`vkWX S�UWi 
 � 2�r ���~[\X 
 � 2�r � ��VYqh`�t�`dc
[._a`Y|Ao Sv_b`�g�SniY[�t�[�mYgR`
oYVYe�t�`hi�kW{�_!S�t�g�[\e�`
o=ch`��o=`dc�[\oYk�X�t�[�t�kWt�S=|=l�S�t�`�


( ∂ξ
∂x

∂ξ
∂y

∂η
∂x

∂η
∂y

)
=

( ∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

)−1

=
1

J

( ∂y
∂η

−∂x
∂η

−∂y
∂ξ

∂x
∂ξ

)
,


 � 2�r 2 �
e�xRkWg}xRk��hS���`hi=[�xRkWc�S��ToYk�t�k�gR_b[\X S�X�t�S

J
k�X S9e�S

J =

∣∣∣∣∣

∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

∣∣∣∣∣ =
∂x

∂ξ

∂y

∂η
− ∂y

∂ξ

∂x

∂η
.


 � 2�r ���
��S�l�S�mY[\]#e�`
`hg�oY[\X S9t

x, y
c��Wk�Z\[.�W[-]ue�`
`hgRoY[.XYS9t�XY[\_ ]R[.]Bt�k�_a`h_

ξ, η
VYm�`hg�S9iY[._a` [\XAt�k�g�m�`�Z�S��W[�xB]�e�k

� V=XYe���[yxRk 
)mYgR[.Z\`hq�S � � ��r~�&XY`�t�g�SdxP�Wk�Z.[\��k�chk�Zyx�S

x =
∑

i

Nixi y =
∑

i

Niyi,

 � 2�r­� �

e�xRkWgP]R`
Ni

[.X�t�kWg�m�`hZ.S���[yxR]Re�k � VYXYe��W[�xRkw[.X
xi

t�kWg
yi

l�XYS�XYkwc
g�kWoYXY`h]Bt�[�cach`�q�S�Z\[.{b�Wk�Z.[\��k9r	�hS���`hi=[�xRkWch`o=kWt�kWg�_a[.XYS�XAt�`�[.lWg�S�UWVYX S9_b`�]�m�`h_b`
U$xR` 
 � 2�r­� ��[.X 
 � 2�r ����t�S9e�`hZ.k 


J =
∑

i

xi
∂Ni

∂ξ

∑

i

yi
∂Ni

∂η
−
∑

i

yi
∂Ni

∂ξ

∑

i

xi
∂Ni

∂η
.


 � 2�r ���
� S�l�ch`�x�m�`�[.X�t�k�gRm�`hZ�S9��[yxR]�eA[\{ � VYXYe��W[�x�S�{ 
 � 2
r°� ��V=m�`�g�S�i=[._a`*t�VYo=[^l�S�[\l�g�S�U�VYX _!S�t�g�[\e�k�
 � 2
r 2 � 


( ∂ξ
∂x

∂ξ
∂y

∂η
∂x

∂η
∂y

)
=

1

J

( ∑
i yi

∂Ni

∂η
−∑i xi

∂Ni

∂η

−∑i yi
∂Ni

∂ξ

∑
i xi

∂Ni

∂ξ

)
.
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� 2
r �Lg�S9XY] � `hgR_!S9��[�x�S*e9`
`hg�oY[\X S9t�XY[.{�]�[\]Rt�k�_a`dc �h�d�

- S�lWX S¬chkWe�t�`hg
x�S¬c�Z\`he�S�Z\XYk�_¡e�`
`hg�oY[\X S9t�XYk�_ ]R[.]Bt�k�_*V 

ξ, η

��l�S�mY[\��k�_a`�l*qhZ.`�i S�Z\XY[\_aSbi S�lWXY[._bSchk�e�t�`hg xRkW_!S 

~i,~j

��t�S�e�`�Z.k�


~iξ =
∂x

∂ξ
~i+

∂y

∂ξ
~j =




∂x
∂ξ
∂y
∂ξ

0


 ,


 � 2�r�� ���

~jη =
∂x

∂η
~i+

∂y

∂η
~j =




∂x
∂η
∂y
∂η

0


 ,


 � 2�r��h� �

~kζ = ~k =




0
0
1


 .


 � 2�r�� � �

�-g�`h]Bt�`hgR]�eA[�k�Z\k�_ak�X�t
dΩ = dxdy

l�S�mY[\��kW_b`�c©Z.`hedS�Z.X=k�_ e�`
`hg�oY[\X S9t�XYk�_³]�[\]Rt�kW_*V ]bm�`�_b`
U$xR`i S�lWXY[.{�chk�e�t�`�g xRkWc 
 � 2�r�� � ��| 
 � 2�r��h� ��[\X 
 � 2�r\� � � 


dΩ = dxdy = (~iξ ×~jη) · ~kζdξdη =

(
∂x

∂ξ

∂y

∂η
− ∂y

∂ξ

∂x

∂η

)
dξdη = Jdξdη
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��� � �-g�[\Z.`�qhk
��� � !7� � �"# � � % ��� ��� # � � � �
¨ chk�U�[\XY[-mYg�[\_bkWg�`%c�VYm�`hg�S9i�k�g�S�U�V=X S�Z.X=[.��e�k�oY[.XYS�_a[.e�kvt�kWe�`
U�[\X�X S g�k�S�Z.X=[.{�t�`he�`%c
[.{�[\��UWk�_a` g�k �lWVYZ�t�S9t�X S�g�S9U�VYXY]Re�k�_f`hi=_b`
U$xRV�|=e
[�mYgRk�eAg�[�c9S�Z\k�_!SdxR{YkWX oYk�Z���kWZ.`�t�XYk�qhS 0 l�[\U�XYkWq�S�`hiY_a`
U�x�S=r �L`o=`h]�kWp�kW_b`�]�m=g�k�o=mY[.]R`h_ t�r [�r£`
oYm=gRt�kWq�S,`�l�[.gR`h_bS�[\l�]Rt�`hmYXYkWq�S,gR`hiYXYkWq�S,m�`hq�`9x�S�r¦�(k�g*XY[._bS�_a`X=`hi�k�XY[\{�[\X � `hg�_bS9��[yx�`!t�`heAV�[.lWc�k�X�g�S�UWVYXY]Re�k�q�S¬`hiY_a`
U$x�S=|hxRkvm�`�t�g�kWiYXY`¬X Sb[.l�]Bt�`hm=XYk�_ gR`hiYV�X Sm�`
o=Z�S�qh[�Z.S�]Rt�XY`h]Bt�[ 0 lW[.edS�Z.XYkWq�Sv_a`
oYkWZ�S=|
eA[&q�Sv`hi�oYkWZ.VdxRk�_a`Y|�oY`�Z.`
U�[�t�[ mYg�[\iYZ.[\pWk�e�g�`�iYXYkWq�S*m�`hq�`9x�S�r

¨ mYg�[\_bkWg�[\{jt�`he�S!c�e�S9X S�Z.V,S�Z.[zt�`hedS�m=g�k�e�` `%c
[.g�knc�e�S�X S9Z.V 

c9S�ZyxW|&eAc�S�oYkWg ��xRk�q�Z�S%c
X S!]R_bkWgt�`he�S!XY`hgR_!S�Z\X SaX S¬[\l�]Bt�`hm�r#��g�Z�S9XY]�eA[ � � ����[.X���`hi S���S�]�{Y[ kWt#S�Z�r � � ���}]R`�X S¬[\l�]Bt�`hmYV�mYg�kWo=c
[.o=k�Z.[_a`hX=`heAg�`h_bS9t�[�U�XY`*c�S�Z.`%c9S�XdxRk(t�S�e�`hZ\k�

∂φ

∂t
+ c

∂φ

∂n
= 0,


 � ��r\� �
e�xRkWg^xRk

φ
k�X Sn[\l�_ak�o � V=XYe���[yx~m�`hZyx�S 
 e�`h_am�`hXYkWXAt�Su{Y[�t�g�`�]Rt�[�|�c
gBt�[.X=U�XY`�]Rt�|At�k�_am�kWg�S9t�V=g�S��¯|

t
xRk�U�S�]�|

∂
∂n

m Sa`
o=ch`
o�m�`bXY`hg�_bS�Z\[�X Sa[.l�]Bt�`hm=XY[zg�`hi�r��-g�[�c�l�S�_ak�_a`Y| o S�xRknm�`�t�`dc9S9Z.X S�{Y[�t�g�`�]Rt�c9S�Z\`dc9S9X�x�S
c
k�XYS�e�S�c
]Rt�`�mYXY[z{Y[�t�gR`h]Rt�[&t�kWe�`
U�[\XYk(c�e�S�XYS�Z

c = v∞
r���o=ch`
o�m�`aU�S�]�Vjo=[.]�eAgRkWt�[\l�[\g�S�_a` 


∂φ

∂t
=
φn+1

B − φn
B

∆t
,


 � �=r�� �
e�xRkWg xRk

φn+1
B

chk�Z\[.U�[\X S�X STg�`hi=VucuXYS�]�Z\k�oYX�xRkW_*VnU�S�]R`dc
XYkW_*V*e�`�g�S�eAV�|
φn

B

m S�c#]�kWo S�X�xRkW_*V�r-��o=ch`
om�`�XY`hg�_bS�Z\[�m S�]�m�`h_a`
U�xR`�kWX S�UWi�k 
 � ��r 2 ��l�S�mY[\��k�_a`�

∂φ

∂n
= nx

φn
B − φn

K

∆x
+ ny

φn
B − φn

K

∆y
,


 � �=r ���
e�xRkWg�xRk

φn
K

c
g�kWoYXY`h]BtTchk�Z\[.UW[.XYkwc¬ch`�l�Z.[\��UWV�lWXY`�t�g�Sdx�`�iY_b`
U$x�S=|=eA[�xRk#X SdxRiYZ\[.p$xRk�g�`hi=XYk�_*V�ch`hl�Z\[.�RU�V�|l�S�edS9t�kWg�kWq�S�gR`hiYXY`¤c
g�kWoYXY`�]Rt�g�S�U�V=X S�_a`Yr��-X S�UWiY[�
 � �=r�� �b[\X 
 � �=r ���aVYm�`hg�S�iY[._a`£c¥c9S�Z\`dc
XY[kWX S�UWiY[ 
 � �=r�� ��[.X o=`hiY[\_b`�


φn+1
B = φn

B − v∞∆t

{
nx
φn

B − φn
K

∆x
+ ny

φn
B − φn

K

∆y

}
.
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� �
r�s�Z\k�oYkWX�xRk#oYk�Z\��k�c�c!t�`heAV �h� �
� � ����� � � ��� � � � � ��� ( ( � � � �

¨ _aXY`hqh[\{�[.X=p�k�X=[.g�]ReA[.{,S�mYZ\[.e�S9��[yx�S�{j]�k�]Rg�k�UWV�xRkW_b`�l*oYk�Z\��[ c�t�`heAV�ru�wS!mYg�[\_bkWg�|�c�[\l�mYVY�RXY[���k�c�[_a`�t�`hg
x�S=r ¨ kWU¯eAg�S�t¬]�`¦oYkWZ.�W[Tl�kWZ.`£_!SdxR{YXY[�[.X¥Z�S9{Ye�`£X�xR[.{Y`%c�c
mYZ\[\c�XYS�t�k�e9`
U�[.X=`¦l�S�X=k�_bS�g�[\_b`=r��S�c
[\l�V S�Z\[.l�S���[yxR`*t�`he�`%c
XY[.{jm�`hZyxW| [\l�g�S�U�V=X S�XY[\{�c `he�c
[.gRVjt�k�q�SaoYkWZ�S=| ]�_a`b[.lWm�k�Zyx�S�Z.[�S�Z.q�`hg�[�t�k�_ l�S]�Z\k�oYkWX�xRk(oYkWZ.�WkWc�r~�-g�kWoYm�`h]Rt�S%c
[.Z\[�]�_a`Y|=o S*o=k�Z\��[&XY[\_!SdxR`n_!S9]�k�[\X�oYS*XY[._bSdxR`vm�`%c�g�S9t�X=k�q�Svc
mYZ\[\c9SX S�t�`he r
¨ XYS�U�kWZ.VaxRk*S�Z\qh`hgR[�t�kW_fmYgRk�mYgR`h]Rt�r � S�lWm�`hZ�S9q�S�_a`a]�t�`he�`%c
XY[._a[Lm�`hZyxR[+| eA[ ]�[ ]�Z\k�oY[yxR`!lvoY`%ch`hZ�x_bS�xR{YX=[._ U�S�]�`%c
XY[.{ªe�`hg�S9e�`h_�r �$l�g�S�U�V=X S�_a`©{Y[\t�g�`h]Bt X S�_ak�]Rt�VªoYk�Z\��S�[\XªqhS�X S�m�`
o=Z�S�qh[�t�k{Y[�t�g�`�]Rt�[Ll�S¬lWk�Z.`!_!SdxR{YkWX�U�S9]�`dc
XY[�e�`hg�S�e�m�`h_bS�eAXYk�_a`!X S�mYgRk�xWr(� `h]Bt�`hm�kWe�m�`�X S%c
Z�x�S9_b`=|�oY`heAZ.kWg]vU�S�]R`h_ XYk!mYg�[\oYk�_a`�o=`�X S�]RZ.k�o=X�xR[.{¦g�kWl�VYZ�t�S9t�`dc�|�X S�e�S�gnl�S�UWXYk�_a`�VYm�`hg�S�iYZ�x�S�t�[�XY`%ch`�t�`he�`%c
XY`m�`hZyxRk�r
�-oY[\X S�t�k�p�S%c9STmYg�[AXAVY_ak�g�[\U�X=[A[\lWchkWoYiY[Al�qh`hg�Sdxz`hmY[\]�S�X=k�q�STS�Z\qh`hg�[7t�_aS xRk�c#oY`�Z.`
U�S9X�xRVuk�Z\k�_ak�X�t�S=|cve�S9t�kWg�kW_�xRk�oYkWZ.kW��[.X*X S9t�`([.X�t�k�gRm�`hZ�S9��[yxR[
{Y[�t�g�`�]Rt�[�lWXY`�t�g�Sdx}kWZ.kW_bkWXAt�S�r ¨ t�kW_ o=k�Z.V�VYm�`�g�S�iYZyx�S�_a`chk�UW[.XY`�_!S¬oYk�chkWt#t�`
U�e�`dc
XYk�k�Z.kW_ak�XAt�k�|^eA[-[\_bS�xR`!]�S�_a`��Rt�[\g�[ t�`
U¯e�`%c
XY`�`hiYZ\[.e�`Yr � ` m�`h_ak�X=[+|�o S�Rt�[.g�[�ch`hlWZ.[\��U�S�Z\k�pW[�xR`�XYS�ch`hqhS�Z.[\{�|��Rt�[\g�[PX S�mYg�kW_b[\��S�{�_bkWo©ch`�q�S�Z\[+|�l�S9oYX�xR[�m S,c�k�Z.kW_bkWXAt�V�r s]Rt�S�Z.[\��U�S�`hiYZ\[.e�kwxRkat�`hg�k$xuoY`%ch`hZ�xW|LU�kbk�Z\k�_ak�X�tv`�mY[.�Rk�_a`j]n�Rt�[.gR[._a[�ch`hlWZ.[.�RU�[�r � Z�t�k�gRX S9t�[\c
XY`�Z�S�{Ye9`c
]�S�e ��t�`�U�e�`%c�X=[zk�Z\k�_ak�X�t�]�mYgRk�_ak�XY[\_b`*c��Rt�[.gR[��Rt�[.g�[�t�`
U�e�`dc
XYk9r
�$_bS�_a`�t�`hg�k$x �Rt�[\g�[At�`
U�e�kPm�`%chk�l�S�XYk�l�o S�ZyxR[.��S�_a[A[\X*l�S�XY[._bS�XYS�]-S�Z\[�xRk�m�`hZ�xRV=iYXY`w[.l�i=g�S�X S�m�kWt�St�`
U�e�S�c�Z.[.eAV�|YeA[zq�S�oY`�Z.`
U�SdxR`��Bt�[.gR[^o S9Z�xR[.�Wk#S�Z\[^X=k�rP��Sa]Re
[\��[ � 2�r���xRk#mYg�[\e�S�l�S�X S�t�g�S�XY] � `�g�_bS���[yx�S

ξ

η

����

�
ξ, η

���
x

y

x2, y2

x, y

x3, y3

x4, y4

x1, y1

� ��� ��� "���&'$�(!-���� � ��� �%� � � � � �
	 ��	 	 	 � ��� �,� *
	 �
� � � � � 	 � ��� ��� � � � � �%���R" � � ��� � � � � � ��	 	 ξ, η
&

k�Z\k�_ak�X�t�S=| oY`hZ.`
UWk�XYkWq�Sa]��Bt�[\g�[._a[�ch`hl�Z\[.�RU�[
(xi, yi)

| c Z.`�e�S�Z.kWX�e�`
`hgRoY[.X S�t�XY[^]�[\]Rt�k�_
(ξ, η)

r��L`
U�e�`l�X=`�t�g�S�x�kWZ.kW_bkWXAt�S
(x, y)

l�S�mY[.�Rk�_a`wcve�`
`hg�o=[.X S9t�XYk�_ ]�[\]Rt�k�_*V
(ξ, η)

]}m�`h_a`�U$xR`�[\XAt�kWg�m�`hZ.S��W[�xR]ReA[.{
� VYXYe��W[�x 
 � �Yr 2 � 


x(ξ, η) =
4∑

i=1

Ni(ξ, η)xi, y(ξ, η) =
4∑

i=1

Ni(ξ, η)yi.
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� ��� �-g�[\Z.`�qhk
��S9XY[._bS¬X S�]ug�S�c
XY`j`hiYg�S9t�X S�t�g�S�XY] � `hg�_bS��W[�x�S��zX S�m�`
oYZ�S9qh[}l�X S9XYkat�`
U�e�k

(x, y)
iY[-g�S�oY[-[.lWg�S�UWV �XYS�Z.[ze�`
`hgRoY[.X S�t�[zc�Z.`hedS�Z.XYkW_fe�`
`hg�o=[.X S9t�XYk�_¡]R[.]Bt�k�_*V

(ξ, η)
r(�£X�xR[._bSaZ.S�{Ye�`!X S�t�`![.l�g�S�U�V=X S�_a`c
gRk�oYXY`�]Rt¬e�S9t�k�g�kWq�S�e�`�Z.[�m�`hZ�x�S,c�t�`
U¯eA[

(x, y)
|PU�kjq�S£Z\k�m�`hlWX S�_a`£c�ch`hl�Z\[.�RU�[.{&rª«�kjc
]Bt�S%c
[\_b`[\XAt�k�g�m�`�Z�S��W[�xB]�e�k � V=XYe���[yxRk 
 � �Yr 2���c¬k�X S9U�iY[ 
 � �
r\� ��[\X [.l(`hi�kW{j[\l�g�S�l�[\_b`

η
|YoY`hiY[\_b` 


η =
{4x− (x1 + x2 + x3 + x4)} + ξ {x1 − x2 − x3 + x4}

{x4 − x1 + x3 − x2} + ξ {x1 − x4 + x3 − x2}
=
A+Bξ

C +Dξ
,


 � ��r�� �

η =
{4y − (y1 + y2 + y3 + y4)} + ξ {y1 − y2 − y3 + y4}

{y4 − y1 + y3 − y2} + ξ {y1 − y4 + y3 − y2}
=
E + Fξ

G+Hξ
,


 � ��r ���
e�xRkWg}]�_a`wl�chkWZ.[\e
[\_b[�U�gRe�S�_a[�`�l�X S�UW[.Z\[
Z\[.XYk�S�g�X=k�e�`h_*iY[\X S���[yxRk~e�`
`hgRoY[.X S�t ch`hl�Z\[.�RU�r��$lPkWX S�UWi 
 � ��r�� �[\X 
 � ��r ����[.l�g�S�l�[\_a`

ξ
r~¢w`�iY[._a`�eAc�S�oYg�S�t�XY`ak�XYS�U�i�`

(BH − FD)ξ2 + (AH +BG− ED − FC)ξ + (AG− EC) = 0.
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«�kTxRkvoY[\]�eAg�[\_b[\XYS�XAt�Sae�c9S�oYg�S9t�X=k�kWX S�UWi�k�XYkWq�S9t�[�c
X S!`hlW[.gR`h_!SwxRk*kWX S�UWi S!t�gR[\c
[�S�Z�X S=|�xRk*kWZ.kW_bkWXAtX=k�mYg�S%c
[.Z\k�X�r «�k�`�i�k,g�kW��[�t�c
[�l�S
ξ
Z.kWp�[�t�S¦[\lWchkWX�[.X�t�k�gBc9S�Z.S

[−1 . . . 1]
|�t�`
U�e�S

(x, y)
XYk,Z\k�pW[�ckWZ.kW_bkWXAt�V�r�«�kbm S�c
]�Sdxuk�X SjgRk���[�t�k�c�Z.kWp�[-c�[\XAt�k�gRc�S�Z.V&| xR`jVYm�`�g�S�iY[\_b` l�S�[.l�g�S�U�V=X

η
[\lak�XYS�U�i�k
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r � ��r � k���[�t�k�c�l�q�`hg�X�xRk�eAc�S�oYg�S�t�XYk�kWX S�UWi�k�X S�_ m�`
o S,t�`hg�k$x�`
oYqh`%ch`hg�S,XYS�o=c9Sc
mYg�S���S9X�x�S=rT«�k�xRkug�kW��[\t�kWc [._bS�qh[�X S�gRX S=|�xRku_bgRk�p�SaXYk�mYg�S%c
[\Z.X S=| U�k�xRkug�kW��[�t�kWc [.l�chk�X�`�iY_b`
U$x�S�m St�`
U¯e9kuXY[�c¬k�Z.kW_bkWXAt�V�r
� Z\qh`hgR[\t�k�_ l�S�]�Z\k�oYkWX�xRkui=g�k�l#_!S9]�XY[\_�oYk�Z\��kW_ c!t�`heAV*xRk#X S9]�Z.kWoYX�xR[ 

•
�$l�i�kWg�k�_a`al�S�UWkWt�XY[zm�`hZ\`hp�Sdx�oYk�Z\��S�c!t�`heAV�[.X l�S�U�k�t�XY`�t�`he�`%c
XY`am�`hZ�xRk9r

•
�¤l�S�XYe�`�m�`�t�V�xRk�_a`¬]�e�`�l�[�c
]Rk�k�Z\k�_ak�XAt�kvcj_bgRk�pW[+|�oY`heAZ\k�gwX S¬m�`
oYZ.S�qh[LgRk��R[\t�chk*e�c9S9oYg�S9t�XYkk�X S9U�i�k 
 � ��r � ��XYk#VYqh`�t�`dc
[._a`Y|
c�e�S�t�k�gRk�_ k�Z\k�_ak�X�t�V�_ag�kWp�k#]RkuX S�{YS�x�S�oYkWZ.kW��r

•
sjm�`h_a`
U�xR`bZ.`hedS�Z.X=[\{je�`
`hgRoY[.XYS9t

ξ, η
|�eA[ ]Rt�S!g�kW��[�t�kWc�eAc�S�oYg�S9t�XYkvk�X S9U�i�k�|&[.lWg�S�UWVYX S�_a`b{Y[ �t�gR`h]Rt�X S�_ak�]Rt�V�oYk�Z\��S=r

•
«PS�]R`dc
XY[(e�`hg�S�e _ak�o§t�`he�`dc
XY[\_b[�m�`hZ�xR[�g�S�lWoYk�Z\[._a`¤X S§� � �¤oYkWZ.`dc�r s�m�`h_a`
U�xR`�k�XYS�U�i�kk�X S9e�`h_ak�g�X=k�q�S*qh[.iYS�X�x�S

s = vt
[.lWg�S�UWVYX S9_b`vXY`dch`�Z.`�e�S��W[�xR`voYkWZ.��S=r���S9t�`*X S*XY`dc
[&Z.`�e�S���[yxR[m�`hXY`%c�X=`bl#[\XAt�k�g�m�`�Z�S��W[�xB`�[\l�g�S�U�V=X S�_a`�{Y[�t�gR`h]Rt�r

•
� `h]Bt�`hm�kWe�m�`hX S�c�Zyx�S�_a` �&e�`�]�U�S9]�`h_ mYgR[.oYkW_b`!oY`�XY`%chk�qhS�{Y[�t�gR`h]Rt�XYk�q�S!m�`�Z�x�S=|�q�S!VYm�`hg�S �iY[._a`Yr

¶�·d¸+¹-ºz»�¼�½d¾­¿�À�Á%Â�¿�Ã�ÂW¸+Ä�¿�»�Á%¾°Ä�¹B¸�Ã+»�ÅB¾ Æ)»



� ��r �LVYgRiYVYZ.kWXAt�XY` � k ��X=`hZ.oY]R`dch`a�Rt�kWc
[.Z\`
Reτ

� ���
��� � ��% � ������� � ��� � ��� � � ��� � � ( � � � � ( �����

Reτ��iYg�S�c
X S%c�S�_b`�t�VYg�iYV=Z.kWXAt�X=[}t�`�e�c�e�S�X S�Z\V�r ¨ [.�R[.X S¬e�S9X S�Z�S¬X Sdx(i�`
L
[.X
v = vx

e�`h_am�`hXYk�X�t�S{Y[�t�g�`�]Rt�[&c
l�oY`�Z.puedS�X S�Z.S=r�¢wk�0 XY[.g�S�_a` )�� � � � 	 � �%� � � � v0

| t�`(xRk#m�`dc
mYgRk�U�X=`!{Y[\t�g�`h]Rt�| eA[=xR`aoYk�0 XY[\g�SmYg�k�t�`�e¬]�e�`hlW[ze�S�XYS�Z 

v0 =

∫ L
0 v(y)dy∫ L

0 dy
=

1

L

∫ L

0
v(y)dy.


 � �=r�� �
� k��
XY`hZ\oY]�`%ch`b�Bt�k�c�[\Z.`�XYS�m�`
oYZ.S�qh[&m�`dc
mYgRk�UWXYkn{Y[�t�g�`�]Rt�[&oYk�0 X=[.g�S9_b`�l

Re =
v0L

ν
,


 � �=r ���
e�xRk�g�xRk

ν
c
[\]�e�`hlWXY`h]Rt�r-¢wg�VYq�S�_b`�p�XY`h]Bt-oYk�0YXY[.�W[�xRk � k��
XY`hZ\oY]�`%chk�qhS#�Bt�k�c�[\Z�S�xRk�X S�m�`
oYZ�S�q�[�{Y[\t�g�`h]Bt�[c�]�gRk�oY[\XY[^edS�X S�Z.S

v1/2




Re1/2 =
v1/2L

ν
.
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�LVYg�iYV=Z.k�X�t�XY` � k��
XY`hZ\oY]�`%ch`a�Rt�kWc
[.Z\`

Reτ

xRk#oYk�0 XY[.g�S�XY`�t�S�e�`�Z.k 


Reτ =
vτ

1
2
L

ν
=

1

2

√
ReL|ω|
v0

,
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e�xRk�g�xRk
vτ

]Rt�gR[.pWX S�{=[\t�gR`h]Rt�oYk�0YXY[.g�S�X S�e�`�tTe�c9S�o=g�S9t�X=[ze�`�g�k�X�]Rt�gR[.pWXYk#X S�m�k�t�`h]Bt�[^`hi�]Bt�kWXY[
τs



vτ =
√
τs.
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s
t�gR[.pWX S�X S�m�k�t�`h]Bt�X S�]Rt�kWXY[ 

c ��¢ [\X mYg�[�]Rt�kWXY[�c�]�_ak�gR[

x
�zxRk

τs = ν
∂vx(y)

∂y
= ν|ω|,
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e�xRk�gPxRk

ω
c
gRt�[\XYU�X=`h]RtuX S ]Rt�k�XY[�rb�(k�g�xRk�X S ]Rt�kWXY[�{Y[�t�g�`�]Rt#XY[.U9|=xRk�c,oYk�0 XY[\��[yxR[}c
gBt�[.X=U�XY`�]Rt�[

ω =
∂vy

∂x
− ∂vx

∂y

`
o=ch`
o
∂vy

∂x
≡ 0

[.o=k�XAt�[.UWXY`�k�XYS�e¬XY[.U9r � `�g�k�x xRk(c
gRt�[.XYUWXY`h]BtTX S�]Rt�k�XY[ 


ω = −∂vx

∂y
.
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¨ [\]�e�`hlWXY`aoY`hZ\p�[\XY]�e�`�]Re�S�Z.`

Lτ

oYk�0YXY[.g�S�_b`�l
Lτ =

ν

vτ

.
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�&[.o=XY[�e�`
`�g�oY[\X S9t�X=[�]�[\]Rt�kW_ 

x+, y+, z+

�PoYk�0 XY[.g�S�_a`�]�m�`h_a`
U�xR`*c
[.]�e�`�l�XYkuoY`�Z.pW[.XY]Re�k#]�edS�Z.k
y+ =

y

Lτ

=
yvτ

ν
= Reτ

y
1
2
L
.
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x+, y+, z+
��oYk�0 X=[.g�S9_b`�]�m�`h_a`
U�xR`�]Bt�g�[\p�XYk({Y[\t�g�`h]Bt�[�X S�]Rt�kWXY[

~v+ =
~v

vτ

.
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� � � �-g�[\Z.`�qhk
��� �   *% � (�� (* ���
���
��q�Z.k�xR_a`�]�[=oYgRVYp�[\XY` � ShS�gR`dc
[.{��-c�S�Z.U�e�`dc 
 � ShS�g � �A��� ��|h]}e�S�t�k�gR[._a[
]�_a`wc�m�kWZ�x�S9Z.[
oY[.]ReAg�kWt�XY`�c9S�Z\U�XY`t�g�S�X=] � `hgR_!S��W[�xR`#l�SuchkWeAt�`hg xRk�m�`hZ�xRV=iYXY[.{aoY`�Z.pW[.X�r � ShS9g�`dc�_bkWg�[.Z\XY[=c�S�Z.UWk�ewxRkTe�`hXY]Bt�S�X�t�X S � VYX=e���[�x�SXYS�[.X�t�kWgRc9S�Z\V

[0, 1]



φ0,1(x) =

{
1
0

0 ≤ x ≤ 1
sicer

.
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� ShS�gR`dc¬_bS9t�kWg�[\XY]�eA[&c9S9Z.U�kWe¬m SwxRk(_bkWo�XY[\U#[\X
1/2

k�X S�e¬kWX S=| _ak�o
1/2

[.X
1
m S�_a[.XAVY]�kWX S 


ψ0,1(x) =





1
−1
0

0 ≤ x ≤ 1/2
1/2 ≤ x ≤ 1

sicer
.
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�$l#X�xRkWq�S�]�m�`h_a[.edS�X�xRkW_ [\X eAg�U�kWX�xRk�_f[.lWm�k�Zyx�S�XY[ � S�S�g�`%c
[�c9S9Z.U�eA[�c
[.� xR[\{ g�kWoY`%c mYS�]�`

ψk,l(x) =





2k/2

−2k/2

0

2−k(l − 1) ≤ x ≤ 2−k(l − 1/2)
2−k(l − 1/2) ≤ x ≤ 2−kl

sicer

0 ≤ k ≤ ∞
1 ≤ l ≤ 2k ,
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e�xRkWg}xRk
k
gRk�o�c9S�Z\U¯edS=|
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k
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l
]Bt�Sa�Wk�Z\[z�Bt�k�c�[\Z.[�r �$luo=k�0 XY[\��[yxRk(c�[\oY[\_b`Y|oYSbg�kWo�c�S�Z.U�e�S

k
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l
Z�S�{Ye9`�l�S%c
l�S9_bk�c
g�kWoYXY`h]Bt�[^_bkWo��#[\X

2k
r � ShS�gR`dc
[&c�S�Z.U�eA[]R`a`hgRt�`hXY`hgR_!S9Z\XYk�i S�lWXYk � V=XYe���[yxRk#l�S�mYgR`h]Rt�`hg

L2(0, 1)
r�wS¦]�Z.[\eA[ � �=r\��mYgR[.e�S�lWV�xRkW_b` � ShS�gR`dc¥_ak�g�[\Z\XY[�c�S�Z.UWk�e¥[\X c9S�Z\U¯e9k,mYgBc
[.{§�Bt�[\g�[.{ gRk�oY`%c�r ¨ [ �o=[._a`Y|�o Suc
]�k�c�S�Z.U�e�k�oY`hiY[\_b`#l�`hp�S9X�xRk�_ 
 m�`dchkWU�kWc�S�X�xRkW_

k
��[\XbmYgRk�_a[.e�S9X�xRk�_ 
 ]�mYgRk�_a[.X�x�S9X�xRk

l
�m=g�`�t�`�t�[\mYXYk�qhS*c�S�Z.U�e�S

ψ0,1

r
�	��
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f(x) ∈ L2(0, 1)
1��2I�'2"KJL�2���H�+*�!M" 
ON "7( "P�H- �<GQ* �SR ��� � JT.��21H3U-��H!#�VG��2JU-6��!#�
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f(x) = c0,1φ0,1(x) +
∞∑

k=0

2k∑

l=1

dk,lψk,l(x) c0,1 = 〈f, φ0,1〉, dk,l = 〈f, ψk,l〉.
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� DB& "
c0,1

��-
dk,l

'2"�* 0 9���*�-),+�>.��21H3U-�*P,+(5�2-�& � "7(+!M�29��;: *�XY"2'�1H*U�Z�[:+� 〈, 〉 ���\"7JU-��23UD0: *],?�%-6"2,5(+�2-0: �
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dk,l = 〈f, ψk,l〉 =
∫ 1

0
f(x)ψk,ldx.

ck,l = 〈f, φ0,1〉 =
∫ 1

0
f(x)φ0,1dx.
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'2"�* 0 9���*U-C,5"=.

dk,l
�H-

c0,1
@�� ,5*�! ��(+�H!M*�(+D 1��2I�'2" �H-),+* F (+�21 .E-6"2,5(+�2-0: *U! ��( "�$�D�'C,5D�� ���6@ 2��

-��2$�"7!#*U&
,5�H!M"TJ .�& "2,5" 


dk,l =
1√

2km+1

2km+1∑

i=1

fiψk,l

(
i

2km+1

)
,

c0,1 =
1√

2km+1

2km+1∑

i=1

fiφ0,1

(
i

2km+1

)
.

� ���6@ R��

�<��&+')( *�,5-��_.0�21�3�-Z�T,5(5�2-6&�� "7( !8��9U�;:+� ,+(5�2-�&�� "7(+!#�H(5� .7*U'C,+"7( ~f . .7*�'C,5"7(>'2"�* 0 9���*�-),+"[.
f̂
@�� (5�2-�&�� "7(��

!M�29��;:+�>: * 1��H-�*L��(+-Z�

~f → f̂ =

∣∣∣∣∣∣∣∣∣∣

c0,1

d0,1@@@
dkm,2km

∣∣∣∣∣∣∣∣∣∣

,
� ���6@�� �

JU��,5"�: "T1 ��I�'2"TJU�2����� *U!#"TJ !M��,+(+��'2"
W

@! �Q*�(5�29��;:+� .0�21�3�-�*g,+(5�2-6&�� "7( !8�29��;: *>.7*U'C,5"2( :+� ~f
.
f̂

&+*g.
.7*�'C,5"7( &+')� "7G61���')� JU�2���H�+*

W ~f = f̂ .
� ���6@#" �

� *U'C,5"7( :+� ~f
��-
f̂

�H!M��,?�
2km+1 3�1�*U-6"[.QX !8��,+(+�H'0�

W
�Z�K�H!8�8$6��!#*U-�J��;: *

(2km+1, 2km+1)
@%$ 1�*�-��

!M��,+(+��'�* & "#*U-Z�2')�

W1,i =
1√

2km+1
φ0,1

(
i

2km+1

)
,

Wj,i =
1√

2km+1
ψk,l

(
i

2km+1

)
,

j = 2k + l, 0 ≤ k ≤ km, 1 ≤ l ≤ 2k.
� ���6@#� �

� (
.�� ��-\$�( D F �K.�(+& ,5� !M��,+(+��'�*_&
,?� �Q"71H-��OX ,+" : * . 9�*U1�"�,5� (+�2JU1H��3U-6� "�$%-��H32X JU��,5" '2*U( & ,5�P.��21H3 '[�
φo,1

�H-
ψo,1

-Z�_9U*�1�"�,5-�*�! "7G�!#"�3�: DP(5��JU1H��3U-�� "�$ -6��3&� F 1H*�:a& 1��H'2" �'�6@6� � @ � ( ��.��21H3 ')�HI ( *U$Z�
k = 1� .�(+& ,+��9�� � ��- ��� : * �Q"71�"=.���9U"#3U1H*U-�"=.P. !M��,5( ��')� *U-Z��'2" -��H32XQ��( �

k = 2
�Z� : * ,5( � 3�*�,5(
,5�H-�* 3U1H*U-�"=.

*�-Z�2')�HI -6��32@V^<�g&+1��H')� ����@(�<& " �6(+��'[�2JL��-���3�1�*�-���. !8�0,5(+�H')�
W

X7')��&+" �Q"7J��H,5� .�-��AX0-�* F ��,5� .�-���"7J���( "7!8�
*�-Z�2')�V-���3�@�$ *T. *U-Z�23�G��)� ���6@#� � D��Q"7�
,5*].��2!#"K$�* 0 -6��9U�W: "��g�2�2(+"=.���I .���1�3?'2"[.*� ����@ ��� X��Q"�,5*U! JL�
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����@ �<�7�2(+"=.���.0�21�3?')� � � 2

(a) (b) (c)

� ��� ��� " � & � ( � ���E+ � � 	
W

� ��� ���
km = 1


 ��)��
km = 2

�92��	�
�
km = 3

& � � 2 ���@- / ��� - � �9+.- / � �
� -F- � 2 �=4 	12 �

�
- � � ��� � 2 � �92 2 	 � � � � � 2 � 4 ��	12 � � / ���f+ � � � 
 �

+ � � 	12
�
+.- � �8- +

�
�0- � 2 �=4 � *
	 4 ��	12 	 	12 ��� 	

2 �M4:&

!M��,5( ��'2*
W

-Z� &+1��H')� �'�6@(� .7*U1W:+�

W =





2
k−km−1

2

−2
k−km−1

2

0

+
−

sicer

� ���6@ ��� �

� �H$���!#"6X $Z� &+"`��G�&+"71HD6,5-6*#.�(+*�$�-�"7&
,5�Y3U1H*U-�"=. .\!M��,+(+�H'��
W

"�$6.���& -�*M&5�2!#" "�$ (+*�$Z� .��21H3 '[�
k
@


 ,5*].���1H" "�$ -��H3K(5�2J�1��H3U-��HI/3U1H*U-6"[.4.4!8��,+(+�H'�� : *
(km + 2) · 2km+1 X � ,5*].���1�" -���3�*U1 ���

(2km+1 −
km − 2) · 2km+1 @����2JU!#*U( : * !M*�$ � ,+*�.���1H"7! -���3�*U1���-P�
,5*�.��H1�"7! -�*�-���3�*U1�-6��IP*�1�*�!M*�-),5"=.8.K!M��,+(+��')�
��(+*�&+* �U* �6@#� R ��( �

km = 7
�H- �6@#��� ��(+�

km = 9
@

 !#*U-�� ,5� .7*�1;:+� �+*M$6.7*81��2& ,+-�"7&
,5��!M��,5( ��'2* .��21H3U-�*_,5(5��-�&�� "7( !8��9U�W: *2@ � ��,5( ��'0�T: *#"7( ,+"7-�"7( !M� �
(5��-Z�6X6,?�2'2"_$Z� .7*�1;:+�

W TW = I.
� ����@6� � �

� ��,+(+��'[�#��$�*�-),+�H,+*�,?�
I

��!M�_-��M$�� � F "7-Z�21H��*U-6'2*2X .�& � "7&
,?�21H� 3�1�*U-6� �Z�#&+"8-���3�X
W T ��� : * ,5(+�2-�& �Q" �

-��H(5�2-Z�T!8�0,5(+�H'0�
W

@
� *U-Z��3UGQ" � ���6@#" � &+!#"%.0�21�3�-�"%,+(5�2-6&�� "7( !M�H(5�21 � .7*U'C,5"7( ~f

.�.���1�3�-�"%,5(+�2-�&�� "7(+!#��(+�2-�.7*�'C,5"7(
f̂
@  G�(5�0,5-�"%,5(5��-�&�� "7( !8��9U�W: "%$�"7& * ��*U!#"�X>3U*`&M,5(+�2-�&+�Q"2-���(+�2-�" !8�0,5(+�H'2"%$�*�1�D0: *�!M" -Z�%.0�21�3�-�"

,5(+�2-�&�� "2(+!#��(+�2-��Q.7*U'C,5"2(
W T f̂ = ~f.

� ���6@ � � �
� -Z�23�GQ" � �'�6@ � � � J�1 ��I�'0� ��J��Q*U1;: *�!#"�X 3�*_-Z� "7GQ* &
,5(5��-�� *�-Z�23UGQ* ���6@#"K$6*U1�D[: *U!#"KJ

W T ��- D��Q" �
� ,+*�.���!M"#"2( ,5"2-�"7(+!#�H(5��-�"7&
, !M��,5( ��'2*g.��21H3U-�* ,5(5��-�&�� "7( !8��9U�;: *%� *�-Z�23UG�� �'�6@6�,� � @

H1IKJMLONQP<RTSKUWVYX[Z]\1V>^E\_JM`EV7PaZ]Ub`ELcJE^MP1dcU efP



��� R � (+�H1�" F *

� ��� � � � �& � � � �  ���& % � � � � � ( �  # �  ����� ( � � �  � � �

�>*U� �H,+*�./$�� � *U( *U-�9�� �21H-�* *U-Z��3UGQ* -Z� -�*�"7!M* : *U-6*U! "2G�!#"�3�: D�JL� *�-�"2,5& ')�>,+"�3?'2"[.�-��>�HJ�.���(T��!#*U-)D �
: *�!#" � D�-6$Z�2!#*U-C,?�21H-Z�#(+*��+� ,5*�. *�-Z�23�G *�@ � "7& ,5�=.���!#"M*�-�"2,5& ')� ,+"�3 '2"=.�-�� ��J].��H(>. ��J].7"7(+-6"M,5"�3?'2" ~ξ @� ��,5*�!8�0,5��3�-�" ��J�.7"2(>"2����� *U!#"_J �g�H(5�29�"[.7"���$�*U1 ,?� � D�-�'29��;: "

∆(~ξ, ~r)
X�JL�_'[��,5*�(+"_.7*U1W:+� 


∆(~ξ, ~r) = 0; ~ξ 6= ~r
� � ���6@ � �

∫

Ω
u?(~r)∆(~ξ, ~r)dΩ = u?(~ξ).

� � ���6@�� �

��������� ��!#"�� �2��1��29�*U"[.7"���*U-Z��3UGQ"MJU�%� D�-�$��2!M*�-),5�21�-�" ( *U�+� ,5*].
u?(~ξ, ~r)




∇2u?(~ξ, ~r) + ∆(~ξ, ~r) = 0; ~ξ, ~r ∈ Ω∞,
� � ���6@ ���

'U: *�( : *
Ω∞ 9�*U1H"2,5*�-8��(+"2& ,5"2( ._,+(+*UI8$��H!M*�-�JU�W:+�2I#"7J���( "7!8� 9U*�1�"�,5-Z� (5�L.�-���-Z� .#$�.7*UI�@ � D�-�$Z��!M*�- �

,5�21�-�� ( *U� �H,5*].
u?(~ξ, ~r)

.8,5"�3?'��
~r

: * "�$6.���& -Z�_"�$P�Q"71�"��L�[:+�T*U-�"�,5&+'2* F �#�HJ�.7"7(+�6X6,U@ :�@ ��J].7"7(+-6* ,5"�3?'2*
~ξ
@ ���<I6"7!M" F *U- �H- �HJU"2,+(+"7�Q*�-T!#*�$��;: GQ" JU�2(5��$���& ��!#*�,+(+�;:
* � D�-�$��2!#*U-),5�21�-���(+*U� �H,+*�. "�$�.��H&+-Z�<&5�2!#"

"�$P(5�2J�$Z�21W: *
r

"�$ !#*U& ,5�_"7���2JU"=.��2-0:+�
~r

$�"#�HJ�.7"7( -�* ,+"�3 '2* ~ξ
�
r = |~ξ − ~r| @^g�[: ��( *�: �Q"7�H�+3U�H!M" �Z�2(
,5��')D�1��2(+-6" (+*��+�H,+*�.8*�-Z�23�GQ* � � ����@ ��� @ � -��23UGQ" ��(+*������ *U!#"T.8'2"�"2(+$��H-Z� �

,+-�*U! & ��&
,5*U!TDPJ ��J�I�"�$���� 3U*�! . ~ξ . "�$6.���& -�"7& ,+� "�$ "�$�$Z��1;: *U-6"7& ,+��"�$ ��J�I�"�$���� 3L�
r



∇2u?(r) = 0.
� � ����@ ���

��������� *U!#" ∇2 .`')(+" F *U1H-���I`'2"�"7(+$6��-Z��,5�2I �H- D��Q"7�
,5*�.0�2!#"�X $Z� : *T(+*U� �H,+*�.`')(+" F *U1H-�"K&+�H!M*],5(+�H3U-Z��@
�>*U� �H,+*�.K�Z��( ,5�H')D�1 ��(+-�* *U-Z��3UGQ*a: *

d2u?(r)

dr2
+
α

r

du?(r)

dr
= 0,

� � ���6@ 2��
'U: *�( : *

u?(r) =
K

r
; (3D),

� � ����@ R��

u?(r) = K ln
1

r
; (2D).

� � ����@(� �

 GQ*g( *U�+� ,+.�� � � ����@ R�� ��-	� � ���6@�� � G6� 1 ��I�'2" ��!#*�1��Z��( ��� ,+*�,+"T�Q"21;: D�G�-6" '2"7-�&
,?�2-C,5"�@ N "2-�& ,5�2-),+� & !M"
�Q"2& ,?�L.���1H��-Z� -���3�X)'2*�(Y�6(+*U$6& ,?�L.�1;:+��,5� &+!#" J].7*UJU*�- ��( *U!#��' (+*��+� ,+.7*�X�'0�2(��Z� JL� -Z�2& -6��!M� �Q"2!M*�-Z�6@
N "7-�& ,5�2-),5�

α
.K*�-Z�23�G�� � � ���6@ 2�� : *

α = 1
. ��� ��-

α = 2
. � � @

� (+� $�"21�"�3U�2-0: D '2"7-6& ,?��-),
K

&+� �Q"7!M� F ��!M"_J 1��2& ,+-�"7&
,5!#� �<��(5��9U"=.7* � D�-�'29��;: *�@<���2!#�H&+1H�H!_"_&+�
!M�[: I�-�"T"7G�!#"�3�: *

Ωε

"7'2"21�� �HJ�.7"2(+-�* ,+"�3 '2* ~ξ @
� -),+* F ( ��(5�[: !#"T*�-Z�23�GQ" � � ���6@ ��� �Q" ,+*U! "7G6!M"�3 : D 


∫

Ωε

∇2u?(~ξ, ~r)dΩε = −
∫

Ωε

∆(~ξ, ~r)dΩε = −1; ~ξ, ~r ∈ Ωε.
� � ���6@#" �

�
	 P1I � c Z]JEUWLcS�� P IKJMUbdGL�
 UWJMP_d?2 %('�> ���D-.'�>,/?B+1 2FEKJMU ^ P S `EVTU,^MLc\_JELG^MU��GSKU GCH U V
� 	 UWLcJMJELcX��TU 4:\1S 2�� P1J��>IKUb` Z]L��=P�� �bP1dGL7%='*)AB+>A-.'�/��+)?132Ud J P S dc\_`EV>U 4:P ^EL�4:P ^EUWV UWS P1`f^EJM\1SK\+4
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� � �6@ � D�-�$Z�2!#*U-C,?�21H-Z�T(+*��+� ,5*�. � ����1 ��9U*U"=.7* *�-Z�23UGQ* � ���

� (+�g.�(+*�$�-�"2,+*U-0: D ��-),+* F (+�21 �%-Z�/$�*�&+-�� &+!#"/D��Q"7� ,+*�.���1�� 1 ��& ,5-6"7& , �g��(+�29U"=.7* � D�-�'29��;: * � � ���6@�� � @, �Q"2(5�2G��H!M"  �2D6&+&+"=.	&
,?�L.7*U' � ����@ � � -Z�4�H-),+* F (+�21�DB-��/1H*�.��%� � ����@�" � @ � � � ��@ � � � "2& ,?�L.���!#"
~F = ~∇u? ��-P$�"2G���!#"

∫

Ωε

∇2u?(~ξ, ~r)dΩε =
∫

Γε

~∇u?(~ξ, ~r) · d~Γε = −1; ~ξ, ~r ∈ Ωε,
� � ����@�� �

� -),+* F (+�21��Q" ( "7G�DB"7G�!#"�3�:+�
Γε

: * . � � ��-C,5* F (5�21 �Q" &�� *�(+��"�$�$Z�21W: *U-��
ε

"�$B��J].7"7( -�* ,5"�3?'2* ~ξ X"7J���(+"2!8� '�( " F &>�Q"71�!#*U( "7!
ε
"7')(+" F ~ξ . � � @ N *U(>& ,5�_�Z�2( ,+��')D�1��2(+-�� ( *U� �H,+.��!� � ���6@ R�� �H- � � ����@(� �

"�$6.���& -�� &5��!M" "�$ "�$�$Z��1;: *�-�"7& ,+�Q"�$ ��J�.7"2(+-�*<,+"�3 '2*�X�&
,?� ,5D6$�� -0: D�-Z� F (+�2$��H*U-C,?� "�$6.��H&+-Z� &+�2!M" "�$
"�$�$Z��1;: *U-6"7& ,+�AX)JL��,+"T1��2I�'2" ~∇u?(~ξ, ~r) ·~n = ∇u?(r)

�HJ�.�JL��!M*�!M" �HJ<��-C,5* F (5�21�� ��- F � "[.�( *U$�-�"�,5��!#"
��(+�

r = ε



∂u?(r)

∂r

∣∣∣∣∣
r=ε

∫

Γε

dΓε = −1,
� � ���6@ ��� �

'U: *U( & !M" D��Q"2(5�2G��H1��Q(5��$�� ��1�-��Q$�*�1�"7�Q*�(5��,5"2( :+� ∇ .8'�( " F *�1�-��HI '2"�"7(+$��H-Z��,5�2I ∇ = ∂/∂r
@ � -C,5* F (5�21

∫
Γε
dΓε = 4πε2

: * . � � �Q"[.�( �+��-��M')( " F 1�* &<�Q"71H!M*�(+"7!
ε

�H- "7G6&+* F ')(+" F � 2πε
. � � @ � *U-��23UGQ"

� � ���6@ ��� � .�& ,?�L.���!#"M�Z��( ,5�H')D�1 �2( -���(+*U� �H,+.�� � � ���6@ R�� �H- � � ���6@�� � ��- $�"2G���!#"#'2"2-�& ,5�2-),+�
K

JL�#"7GZ�
��(+�H!#*U(5��@ N "7-�3�*U- �HJU(+�2J JL�%� D6-�$Z�2!#*U-C,?�21H-�" (+*U� �H,+*�. � �2��1��29U*�"[.7* *U-Z�23�GQ*a: *

u?(~ξ, ~r) =
1

4πr
; (3D),

� � ����@6� � �

u?(~ξ, ~r) =
1

2π
ln

1

r
; (2D),

� � ����@6� � �

'U: *U(V: *
r

(5��JU$Z��1;:+�T"�$ !#*U& ,5�_"7���2JU"=.��2-0:+�
~r

$�"#�HJ�.7"7( -�* ,5"�3?'2* ~ξ
�
r = |~ξ − ~r| @
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����" � (+�H1�" F *

� �"� � � � � � %  �� � �����  # �+��� � � � � ��� � ( � � �& � � ���  � � � ��� � % � ���
����� ������� � � � � (

� � "2��&+& "7-�"=.7"#*U-��23UGQ"
∇2u(~r) = b(~r); ~r ∈ Ω

� � � �7@ � �
1��2I�'2" "7���H&+D0: *�!M" � ,5*].���1�-6* 0 JU�H'0�21H-�*K��(+"7G61�*U!#* ./(5��JU1��H3U-6��I/�Z�2-6" F �2I @ � �2'2"\��(+*�-�"7&_,+"7��1�"�,5*2X
,+"7' �Q"�$�J�*U!#-�* .7"�$�*�X *U1H*U'C,5( "7& ,5��,5& '2* ��( "7G�1H*U!#* '2"2,>,5D�$�� -�*].�(
,5�H-�3U*�- ,+"7' -�*�& ,5�H&+1W: �H.7* ,5*�'2"�3U�H-�*2@
� I��H,+(+"7&
,5-�" �A.�( ,5�H-�3U-6*U! JU�2���H&+D%&+�H!TD�1 ��9U�W: * .7*U1H��')��I .�( ,5�H-�9U*].8: * 0 1H,+(+�H(5�2-��K*�-Z�23UG�� ')��-�*�!8�0,5��'2*
� ��@ R � � X�')���Q"[.7*�JUD0: * I�� ,5( "7& ,5-6" �H- .�( ,5�H-�3U-6"_�Q"71W: *2X � "7��& &+"7-6"[.7* "7G�1H��'2*�@ ^g�T$�*U& -�� &
,5(5��-�� � "2��&+& " �
-6"[.7* *U-Z�23�GQ* � � � �7@ � � &+"#��( "7& ,+"7(+-6��-�& '2"#�Q"7(5��JU$�*�1;: *U-6* &+��1H*

b(~r)
@

� D��Q"7(5��G "_!#*�,+"�$�* (+"7G�-6��IP*�1�*U!#*�-),5"=. 1��2I�'2" � "2��&+& "7-�"=.7"#*U-��23UGQ" � � � �7@ � � D�3���-6'2"[.��H,+"_-�D �
!#*�(+��3�-�"_( *U�+D[: *U!#"�XZ3�*a: "_��(+*].7*U$6*U!#"M��J $�� � *U( *U-�9�� �21H-�* "7G�1H��'2*g.K��-C,5* F (5�21H&+'2"�@

^g�[: GQ"
u(~r)

& '0�21��2(+-6"`�Q"71W: *M$�* 0 -���(+�2-�" -Z� "7G�!#"�3�: D
Ω

J8(+"2GQ"7!
Γ
@`^<� (+"7G�D

Γ
$�* 0 -�� �

(+�[: !M" *U-�"�,5&+'2"_-�"7( !8��1�"
~n
X6'�� -Z�[: '0����* .7*U-P��Jg"7G�!#"�3�:+�

Ω
�H-K�H!8� $6"71 ����-�" *U-��6@!�<� � *�(+*U-69U� ��1�-��

$6*U1H3U*U'K( "7G�D ~dΓ
�H!8�T&+!#*U(>*U-Z�2'2"M'2"2,�-�"7(+!M�21��6@ � "2,+*U-�9�� �21

u(~r)
-Z�[:>JL��$�"7�+3U� � "2��&+& "7-�"=.�� ���2(��

9�� ��1�-���$�� � *U(+*�-�9U���21H-���*U-Z��3UG�� � � � �2@6� � @ �>"7G�-�� �Q" F "0: �AX�'��6: ��I �Q"�,5(+*�G�D0: *�!M"MJU�M( *U� �H,5*].P�Z�2(+9�� ��1�-�*
$6� � *�(+*U-69U� ��1�-�* *U-��23UGQ*�X &+" F 1H*U$�* -Z�_( *U$ "7�Q*U(+��,5"2( :+�T.K*�-Z�23�G�� 1��2I�'2" 


• ��(+*�$����H&>�Q"2,5*�-�9U���21 �
u(~r) = ū(~r); ~r ∈ Γ

�21��

• ��(+*�$����H&>"�$6.7"�$Z� .K& !M*�(+��-�"7(+!M�21H* ~∇u(~r) · ~n = q̄(~r); ~r ∈ Γ
@

� "2��& &+"7-�"=.7" *�-Z�23�GQ" � � �,�7@6� � GQ"7!#"/JL�2�6��&5��1���. �H-),+* F (+�21�& '��g"2G�1��H')�A@ ���23U-�*�!#"�J  (+*�*U-6"[.���!
$6(+D F �H! & ,5�=.�'2"7! � ����@ 2�� X ')�V&+!#" F �8��J��Q*U1W:+�21���. �6(+��1H" F � � �M-Z�8&
,5(5�2-6� �,� ��@ ^g�8"7G6!M"�3 : D

Ω
J

( "7GQ"7!
Γ

�H!8��!#" &+'[�21 ��(+-�� �Q"71W: �
u(~r)

��-
u?(~ξ, ~r)

@ � J�GQ*U(+*�!M" -��0: GQ"
u?(~ξ, ~r)

� D�-�$��2!M*�-),5�21�-��
( *U� �H,5*]. � �2��1��29U*�"[.7*#*U-��23UGQ*�X ')��: *M"7�6��&5��-Z�P. ��(+�H1�" F � � ��� -Z� & ,+(5�2-6� � � R @ � -6"2,5& '�� ��J].7"7(UX -Z�
�Q"�$61 � F � '0��,+*U(+* F �P�HJU(5��3UD�-Z��!M" � D�-6$Z�2!#*U-C,?�21H-�"K(+*��+�H,+*�.QX &+!#"P�Q"7& ,5�=.��H1�� .`��J].7"7(+-6"K,5"�3?'2" ~ξ X ')�
: * . "7G�!#"�3�: D ~ξ ∈ Ω

@ � '0�21��2(+-�"M�Q"71W: *
u(~r)

�Z�M-Z�[:>. "7G�!#"�3 : D
Ω

JL�2$6"7�+3U� � "2��&+& "7-�"=.�� *U-Z��3UG��
� � � �2@6� � J#D�&
,5(+*�JU-��H!#� (+"7G�-6��!#� �Q" F "�: �O@M���K,?�P$�.�� &+'0��1 �2( -Z�P�Q"71W:+�K&+*  ( *U*�-�"[. $�(+D F ��&
,?�=.7*�'
� � ��@ 2�� JU�2����� *

∫

Ω−Ωε

[
u(~r)∇2u?(~ξ, ~r) − u?(~ξ, ~r)∇2u(~r)

]
dΩ =

∫

Γ−Γε

[
u(~r)~∇u?(~ξ, ~r) − u?(~ξ, ~r)~∇u(~r)

]
· d~Γ;

~r, ~ξ ∈ Ω.
� � � �7@�� �

� '0�21��2(+-�"\� "21;: *
u?(~ξ, ~r)

: * .���J].7"7(+-�� ,5"�3?')��&+��- F D�1 ��(+-�"6X JU��,5"%&+!#" �H-),+* F (+�29U�W: "\& ��- F D61 �2( -�* F �
�H-),+* F (+�21 �gJU�2����&+�21H��,?�2'2"�XC$Z� &+!#" &+��- F D�1 ��(+-�"7&
, "7G�')(+"��U��1H�6J>!M�[: I�-���! "7G�!#"�3�: *�!

Ωε

J (+"7GQ"7!
Γε� &+1H��'0� � �,�7@6� � @ ��D��Q"7� ,+*�.���-0: *U! &+�H- F D�1��2(+-6"7& ,+� �H-),+* F (+�21�"=. ��(+*������ *U!#" $�( D F �  ( *U*U-6"[. &
,?�=.7*�'

� � � �2@(� � ,?�2'2"�X�$Z�_�Q"2�+1;: *�!M" "7G6!M"�3 : *
Ωε

.K1��H!#� ,5� ��( "2,5��-���3 


lim
ε→0

∫

Ω−Ωε

u(~r)∇2u?(~ξ, ~r)dΩ − lim
ε→0

∫

Ω−Ωε

u?(~ξ, ~r)∇2u(~r)dΩ
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� �,�7@ � -),5* F (5��1�&+')��JL�2���H& � "2��&+& "7-�"=.7* *�-Z�23�GQ* JL�_!#*�,5"�$6"_(+"7G�-6��IP*U1H*U!#*U-C,5"=. � � �

Ω

Γε

~ξ~r

Γ

Ωε

� ��� ��� "%$�$�&'$�(�� ) / -]4 *
	 �92 ��	 � +�� � � *
	 � � � -����9+��,2 - � �92 � � � �,+ 2 - � � � - + 2 - �8-]4 �@-
~ξ
&

=
∫

Γ

[
u(~r)~∇u?(~ξ, ~r) − u?(~ξ, ~r)~∇u(~r)

]
· d~Γ

+ lim
ε→0

∫

Γε

[
u(~r)~∇u?(~ξ, ~r) − u?(~ξ, ~r)~∇u(~r)

]
· d~Γε;

~r ∈ Ω − Ωε, ~ξ ∈ Ω.
� � �,�7@ ���

� ( .��>"7G�!#"�3U-6� ��-C,5* F (5�21a-��\1H*�.�� & ,+(5�2-�� *U-��23UGQ* � � � �2@ ��� : *P-���3�XY'2*U(#"7G6!M"�3 : *P��-C,5* F (5�29��;: * -�*
.�&+*�G�D0: * ��J].7"7(+-6*g,+"�3 '2* ~ξ @�� �2��1��29U*].M"7�Q*�(5��,+"7( -���� D�-�$Z�2!#*U-C,?�21H-�" ( *U� �H,5*]. : * JU� 9U*U1H"2,+-�"T"7G6!M" �
3�: *�XZ')��-�* .�&+*UG6D0: * ��J].7"7(+-6* ,5"�3?'2*2XZ*�-Z�2'8-���3 � *U-Z�23�GZ� � � � �6@6� � . ��(+�H1�" F � � ��� � @ �g(+D F ��"7G�!#"�3U-6�
��-C,5* F (5�21 -Z�_1H*�.���& ,5(+�2-�� *�-Z�23�GQ* � � �,�7@ ��� ��(+*������ *U!#"#J D6�Q"7(5�2GQ" � "7��& &+"7-6"[.7* *U-Z��3UGQ* � � � �7@ � � .

lim
ε→0

∫

Ω−Ωε

u?(~ξ, ~r)∇2u(~r)dΩ = lim
ε→0

∫

Ω−Ωε

u?(~ξ, ~r)b(~r)dΩ

=
∫

Ω
u?(~ξ, ~r)b(~r)dΩ.

� � � �7@ ���

���2$�-[:+� *�-Z�2'2"7&
, $6( �U� JL��(5�2$�� ( *U$Z� &+�H- F D�1��2(+-�"2& ,5� �Q"71;:+�
u?(~ξ, ~r)

�
ln r

. ��� �H-
1/r

. � � � X ')�
$�"=.7"71;: D0: * ��JU(+�23UD6- 2 	

�
+�� � 	 � � �H-),+* F (+�21 ��@� ( .��V$�*�1V$�( D F * F � �H-),5* F (5��1 �#-Z�8$�*�&+-��V& ,5(+�2-�� *U-Z��3UGQ* � � � �7@ ��� ��(+*������ *U!#"8,?�2'2"6X�$�� ��( ���
,5* �

: *U!#"_�H-P"�$�� ,+*�: *U!#"
u(~ξ)




lim
ε→0

∫

Γε

u(~r)~∇u?(~ξ, ~r) · dΓε =

lim
ε→0

∫

Γε

[u(~r) − u(~ξ)]~∇u?(~ξ, ~r) · d~Γε + lim
ε→0

u(~ξ)
∫

Γε

~∇u?(~ξ, ~r) · d~Γε.
� � � �2@ 2��

 F 1�* : !M"P& � -Z�[: ��( *�: $�(+D F � �H-),+* F (+�21 -Z� $�*�&+-�� & ,5(+�2-���*U-Z��3UGQ*	� � � �2@ 2�� @  g.�(+*�$�-�"2,+��1H� F � GQ"2!M"
JL� ��� ��( ��!#*U(�@ � D�-�$Z��!M*�-),5�21�-Z� (+*��+�H,+*�.M: *_. $6.7*UI%$���!#*U-6JU�;:+��I

u?(~ξ, ~r) = − 1
2π

ln r
� *U-Z�23�GZ�

� � ���6@ � � � .T��( ��1�" F � � ��� � @
��*�'),+"7(
d~Γε

'0����*��HJa"7G�!#"�3�:+� � ,+"7(+* :V.T')(+" F &��Q"21�!#*U( "7!
ε
� @ ^ : * F "[.��

.7*U1H��'2"2& ,<& * .P�Q"71��2(+-6*U! '2"�"7( $���-���,5-�*�! & ��&
,5*U!TD JL�2�6���+*
dΓε = εdθ

X 'U: *U(���(+� ��-),+* F (5�29��;: � θ ,+*U3�*
!#*U$ � ��-

2π
@ � JU(5��JU�H!M"

~∇u?(~ξ, ~r) · d~Γε =
∂

∂r
(− 1

2π
ln r)

~r

|~r| · d
~Γε =

−1

2πε
εdθ(−1) =

dθ

2π
,

� � � �2@ R��
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� � � � (+�H1�" F *

εdθ
d~Γε

Γε

ε

~r
|~r| θ

~ξ

Ω

� � � ��� ";$�$�& � (�� � �92 � 	 � +�� � � *
	 � � � � 	 �8-C- ) / -]4 *
	
Γε

&�� 	 � �8- +'* �
~r/|~r|

�92
d~Γ

���]D 	 � � � 2 � �
�
+.- �f2 �5?

� / 	1+ 	7? 
 � ���G-,*
	 2 * �=2 � ����� �,+ 2 �
�
+.->; � � � 2 	 � ����� � 	12 &

'U: *�(K& !M" ~∇ JL������&+�21��>.B�Q"71��2(+-�*�! '2"�"7(+$6��-Z�0,5-�*�! & ��& ,+*U!TD &+�2!#"/JU�
r
X�&5�[: � D�-�$Z��!M*�-),?��1�-Z�

( *U� �H,5*]. � � ����@6��� � -��Y"�$6.���&+-��`"�$4'2"2,5�
θ
@ � '0�21��2(+-�� ��( "�$�D�'C,

~r/|~r| · d~Γε

: *8*U-Z��' −εdθ X JL��,+"
'2*�(

~r/|~r| '0����* .7*�- �HJ ')(+" F �6X d~Γε

�Z�_-�"�,5*U(�@ � J].��[:+�2-0: * � � � �2@ R�� .�& ,?�L.���!#"_.K$�( D F � ��-C,5* F (5�21 -Z�
$6*U&+-6� & ,5(+�2-�� *�-Z�23�GQ* � � �,�7@ 2�� ��-P$�"2G���!#"

lim
ε→0

u(~ξ)
∫

Γε

~∇u?(~ξ, ~r) · d~Γε = lim
ε→0

u(~ξ)
∫ 2π

0

dθ

2π
= u(~ξ).

� � � �7@�� �

� ,5(+*�I $���!#*U-�J��;:+��I : * ��J�(5�23�D�- ��-Z�21�" F *U-�X6( *UJUD61H,?�0,>�Z�_*U-��2' @
N "8��J].7*U$�*�!M"81��H!#� ,+"�X�: * ��(
.�� ��-),+* F (+�21 -Z�M$�*U& -�� � � � �7@ 2�� *U-Z�2' -6��32@ � �Q"2,+��& '0�2-0: *�!

ε → 0�6(+*U!#�H'0�2!#" ,+D�$��
~r → ~ξ

"2JU��( "7!M�
u(~r) → u(~ξ)

X�JU��,5" : *�(5�2J�1��H'0�
u(~r)−u(~ξ)

._1��H!#� ,+��*�-Z�2'0� -��H32@
� "=.�JU*�!M�H!M" � �6( .�� $�*U1 $�( D F * F �_��-C,5* F (5�21�� -Z�_$�*�&+-�� � � � �2@ ��� : * *U-Z�2' 


lim
ε→0

∫

Γε

u(~r)~∇u?(~ξ, ~r) · dΓε = u(~ξ).
� � � �7@#" �

� " F 1�* : !M"_&+� �+* $�(+D F � $�*U1 $6(+D F * F �M�H-),+* F (+�21 � -��M$�*�&+-�� � � � �7@ ��� @ , �Q"7(5��G���!#"  �2D6&+&+"=. &
,?�=.7*�'
� � ��@ � � �H-

lim
ε→0

∫

Γε

u?(~ξ, ~r)~∇u(~r) · d~Γε = lim
ε→0

∫

Ωε

u?(~ξ, ~r)∇2u(~r) · dΩε = 0.
� � � �7@#� �

� -C,5* F (5�21�: * *U-��2'B-���3�X<'2*�( : * ∇2u(~r) = 0
@ N "2-�3U-�"/.B*U-Z�23�GQ" � � � �7@ ��� .�&
,?�=.��H!M"/*�-Z�23�GQ*

� � � �2@�� � X � � � �2@�" � ��- � � � �7@ ��� �H-\��J������ *U!#"P��-C,5* F (5�21H&+'2"P*U-Z��3UGQ" JU� ��J�(5�23�D�-%�Q"21;:+�
u

. ��J�.2"7(+-��
,+"�3 ')� ~ξ




u(~ξ) =
∫

Γ

[
u?(~ξ, ~r)~∇u(~r) − u(~r)~∇u?(~ξ, ~r)

]
· d~Γ −

∫

Ω
u?(~ξ, ~r)b(~r)dΩ ~ξ ∈ Ω.

� � �,�7@ ��� �

� "21;: * . ��J�.7"2(+-�� ,5"�3?')�
u(~ξ)

X�'��Q: *TJU-�"2,+(5�[: "2G�!M"�3 :+�6X ,+"7(+* : 1 ��I�'2"K�HJU(5��3UD�-Z��!M" J ��-C,5* F (5�29��;: " u�H- ~∇u �Q"P(+"7G6D\"7G6!M"�3 :+� ,+*U( J_��-C,5* F (5��9U�;: " ��( "7& ,+"7(+-6��-�& '��HI &+�H1
b(~r)

�Q" "2G�!M"�3 : D�@_�/(+"2G�-���!#�
�Q" F "0: �Y�Q"7J�-Z�2!#"`$�*�1

u
��- ~∇u -Z� $�*U1HD4(+"7G�D X .7*U-6$Z�2(T-�* -Z� 9U*�1�"2,+-�*U! ( "7G�D�@ � "2,5( *UG�D[: *U!#"
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� �,�7@ � -),5* F (5��1�&+')��JL�2���H& � "2��&+& "7-�"=.7* *�-Z�23�GQ* JL�_!#*�,5"�$6"_(+"7G�-6��IP*U1H*U!#*U-C,5"=. � � �

*U-��23UGQ"%�Q"�$�"7G�-6"%*U-��23UG���� � � �7@ ��� � XY')�>GQ"\�Q"[.7*UJ�"[.0�21 � �Q"2,5*�-�9U���21 -Z� (+"7G�D J ��-C,5* F (5�21H"7! �Q"
(+"2G�D�@

� J��Q*U1W:+�=.7"T-Z��$Z�21W: D0: *U!#" ,?��'2"�X�$Z� �HJ�.7"2(+-�" ,5"�3?'2" ~ξ �Q"7!M�2')-�*U!#" -�� (+"7G8"7G�!#"�3�:+��@�� "7�Q*], : *
�Q"2,5( *UG�-6" ��J].7"7(+-6" ,5"�3?'2" �HJ�.�JU*],5�Z�HJ �H-),5* F (5��9U�;: *�@V^<� & 1���')� � � �7@ � : * ��(+�H'0�2JU�2-�"�XC'[�2'2" ��J].�JL�2!#*U!#"

~ξ

Ω

d~Γε

ε
α

Γε

� ��� ��� ";$�$�&���( � ) / -]4 *
	 �92 ��	 � +�� � � *
	 � � � - � �9+ �,2 - � �92 � � � �,+12 - � � � - +12 - �G-]4 �@-
~ξ
2 � +.- )�� &

��J].7"7(+-6" ,5"�3?'2" .#$6.7*UI $��H!M*�-�JU�W:+�2I�@ $ *�: *<(+"2G8(5�=.2*U-�X���J].�JL�2!#*U!#" �HJ�.7"7( -�" ,+"�3 '2" &Y�Q"71�')(+" F "7! @
� (+*�"7G�1��H'2"[.0�2-0: * *U-Z�23�GQ* � � � �2@ ��� -�� ( "7G �Q"2,+*U'0� *U-Z��'2"B'2"2, J F "7(5�[:�X 1H*\!#*�:+���H-),5* F (5��9U�W: * .
��-C,5* F (5�21HD � � � �7@�� � & * &+�6(+*U!#*�-�� F 1�*U$6*P-Z� 1�"7'[�21�-6" F *�"7!M*],5( �;: "`.4-�*U�Q"2&+(+*�$�-��>"7'2"71H��9U�Y��J�.7"2(+-�*
,5"�3?'2*2@!�g* 0 -���(+�0: !#" ��(+"7&
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∫ α
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dθ

2π
=

α

2π
,

� � � �7@ � � �
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α
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u?(~ξ, ~r)~∇u(~r) − u(~r)~∇u?(~ξ, ~r)
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·d~Γ−

∫

Ω
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� � � ��@ � �
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∫
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%'&)(=ÊÌË³ÍVÎ�7B.�AÏÎ�<>350�,�3�7'359\:;.=<>350�Ð5140�9�Ðe<�.=<�C�387�C��T3�Ñk<�1v<>35ÒB0�ÓY.�7�Í5A�Î-<F3��ÔÐ51v<>Õ�7B.�7'3>Î�<�Ö
�4× KMIONTØ P N=ROJ�Ù�ÚuÛ\Ü�Û ShÝ J¼Ø ¹ E5G8H2I�J¼Þ-ßvà[Ú ×Lá�â ß ÝM_ Û ¾�â UvÚ6ã4ä â ßvà[ä S>å Û\ã;æ\Ú åoâ�ç Û\ã�ß4ã4è â Úuä ÝMç ã4Úuè�è ç ã�ä ÝMç�� Úuà�ÚuãMé
â[ç ä S�Sh_ UvÚuä â Ú Ý Úuã åoS Û-è�ßvà�Úeßvã Ý Úuà S ä\à { Ú â Ú Z Ü¼Úuà[ä â ßvà[Ú { àkä Ývç Úuã â è × E w�á H�E ¹ Ie¶5ê ¹ ØeJ á/× ê ×F© ßvà ×yª¥×Vë à�Û å ÚYÚYé
ÝMç ã { èQÛ ¾ H �Q� N á�q-~ J4ì5Ú å Ú ZÇ} ÚYà D é | J¼í q-q-~ JvH�ã ÝMç ä]ã�H�ã4è â�ç�â ß â ÚÇÛ ¾ RFÚ å Uvã4Û S Û {\_ J4ê�ä Ý àkä\èuJ � UvÚYã4ã4ä ç J4H�ã Ývç ä ×î mg±gdga�ïkno°Ç�ðañïkjgp8��lM­�dg­¯�)j]a�d]f�ò�n[ó¥�4no®¥�ðp@nYa4­�dgf'noa;b]�ða/n[nY®¥�ða�b�d]a�m
°Yïo�)nYa�ïkno°�ôL�/®�juï[nkn[m]�ða;bg°@j2õ ög÷V÷>`T��ø É\ùgú
û�n[ïknop@ikno®@²gü�ýÁúQÈ�É\É-ùÁúÇ÷>þvnYa4a�d]�ÿúTö¥a�m]�)dg×

[
á/× S¯×

]
w RFÚ å U áMåoç ÚYã å Ú ë à[Úuè[èuJBí q\q�~ J r;� | é r;� í ¾2×

[ �Q��� H ává/×yá H�é�H2ìD q\q��]q í �]r
]

%'&)(��ÌË³ÍVÎ�7B.�AÏÎ�<>350�,�3�7'359\:;.=<>350�Ð5140�9�Ðe<�.=<�C�387�C��T3�Ñk<�1v<>35ÒB0
D qv× Ø ¹ E5G8H2I�JvÞ-ßvà�Ú-JMIeØ ¹ Þ-G � JM¶8à�Û�� × � ä Shç�} àkä â[ç Û-ã
Û ¾ ä { à[Û\ß4ã ÝMW ä â ÚYà Z Û Ý Ú S ß4è ç ã {�å Û\ã â�ç ã�ßvÛ-ß4èLà ç æ\ÚYà S ÚYæ\Ú SZ Úuä-è�ß4à�Ú Z Úuã â è × E w�«V®�juï[nkn[m]�ða;bg°�j2õ6­ðþ4n��4­ðþ��ða¼­�nY®¥a/dg­¿�Àj]a�d]f�ï[j]auõonY®�noa/ï[n�j]a·ïkdgf �)iY®�dg­¿�)j]añdga/m�®�nofÏ�)d\iY�ðf �À­��
�ða

b\®�jglMa/m	�=dg­�nY®Çp�jum-nofÀf �ða�b\×8ë à[ä { ßvÚ w Ieä\à S Ûgægä�¶8ã ç æ\Úuà �uçÏâ ävJ�G8ä�
 S ä Ý ä â Ú S è â æ
�>Ieä\à�Û S�ç ã�ß Z J�í q-q íMJvæ\Û S¯× D J¼è â à ×í |vD é2í |\t ×
[ �Q��� H ává/×yá H�é¿H2ì s\q í | �\q í

]

Þ\ßvà[ÚeØ�ä æ;ã ç 
@é Ý Û�
 â Û-à[è�
gä ÝMç è�ÚYà â ä åYç � ä
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D\D × Ø ¹ E G�H2I�J�Þ-ßvà[Ú\J/KMION=Ø P NTROJ/Ù�ÚYÛ-Ü�Û SÿÝ J¼Æ5ØQH � N=Ø8K;N=I�J/ê�ä â � ä ½\× ì ç è 
;à[Ú â ã4ä@ægä S�� ã¼ä â àkä]ã4è ¾ Û\à Z ä åYç � ä � äZ Ú â Û Ý Û à�Û } ã ç UÄÚ S Ú Z ÚYã â ÛÁæ æ Z ÚYU4ä\ã ç 
 çQâ Ú 
\Û �oç ã × E w I � Ø�N=Ù � J=Þ\Û ½ Ú © ßvà × ª J º ¶ ëB¹ G6JTì5Ú � ä\ã © ßvà × ªo×IOßvU S � ÚYæ ç>Ý ãvÚuæ ç í q-q]r J � â Û � Ú å J t q4× è�ÚYÜ â Ú ZÇ} ÚYàQé D × Û 
 â Û } Úuà�í q\q\r4× ��ikjg®¥a¼���¬m-nof × Ù � ß }vS � ä]ã¼ä wTá;S Ûgæ\ÚYã4è�
\ÛÝ à�ß¼� â æ\Û � ä Z ÚuU4ä]ã ç 
\Û4J4í q\q\r J;è â à × í-í � é�í t\| ×
[ �Q��� H ává/×yá H�é�H2ì �\q | � t]t r ]

D í × �/¶8G8H��5J º Û-à[ä\ã�J/Æ8Ø�H � NTØ8K;N=I�J�ê�ä â � ä ½ J>KMION=Ø P N=ROJ�Ù�ÚuÛ\Ü�Û SÿÝ JBØ ¹ E5G8H2I�JBÞ-ßvà�Ú × � Û-ßvã Ý ä\à _ Ú S Ú Z ÚYã âé ¸ ã çÏâ Ú�Ú S Ú Z Úuã â¬Z Ú â UvÛ Ý!¾ Û\à ç ã å Û Z Üvà[Úuè[è çh}vS Ú�æ ç è å Û-ß4è ^ ß çÿÝ!^ Û We× E w Ie¶5Æ8GÇJ P"! ã â UvÚYà © ßvà ×yª J�ØQN=GÇJ
º Û\àkä]ã © ßvà ×yª J�KMION=Ø P NTROJ>Ù�ÚuÛ\Ü�Û SÿÝÄ© ß4à ×yª JFÆ5ØQH � N=Ø8K;N=I@J>ê�ä â�� ä ½�© ß4à ×yª¥× í ×�# Û\à 
Mè�U4Û\Ü�Û-ã ¹QÝ ægä\ã å Ú Ý
� Û Z Üvß â ä â�ç Û-ã4ä S N�ã {-ç ã4ÚYÚYà ç ã { ê�Ú å U4ä]ã çÿå èuJ;N�à S ä]ã { ÚYã�JMÞ-ßvãvÚ t q é�Þ\ß Sh_ íMJ4í q\q�~M× î mg±gdga/ï[nkm
ïkjgp8��lM­�dg­¿�)jga�d]fnoa;b]�ða/n[nY®¥�ða�b p�nkï[þ4dga¼�)ï¥°�ôX��®�juïkn[nkmg�Àa�b]°�j�õX­ðþ4n�È;c%$�jg®��g°�þvjk�¼úÇ`L®of�dga;b-nYavú'&�no®¥p@dga �Áú)(-lMa/n+*-É³ü)(�lMf �
È]ú8È;É\É\ù]× N�à S ä\ã { ÚYã w � U4ä ç àOÛ ¾L¹ ÜvÜ Shç Ú Ý ê�Ú å U4ä]ã çÿå èuJ � à ç Ú Ý à çÿå Uvé ¹8S Ú z ä\ã Ý ÚYàe¶�ã ç æ\ÚYàkè çÏâ2_ J å Û\Ü × í q-q-~ J�è â à ×� t é s í ×

[ �Q��� H ává/× á H�é¿H2ì � | �]s t ~]s
]

Dut × KMION=Ø P N=ROJ�Ù�ÚuÛ\Ü�Û SÿÝ J�Æ8ØQH � N=Ø5K;N=I�J�ê�ä â � ä ½ J�Ø ¹ E5G8H2I�JFÞ-ßvà�Ú-J'�/¶8G8H��5J º Û\àkä]ã × Ù ç ãvÚuä\àÇä]ã Ý ãvÛ\ã Shç éãvÚuä\àeè�Û S ß â[ç Û-ã4èOÛ ¾T^ Û W ä]à[Û\ß4ã Ý�åo_;Shç ã Ý à çÿå ä S Û } è â ä åoS Ú × E w Ie¶8Æ5G6J P"! ã â UvÚYà © ßvà ×yª JFØQNTG6J º Û-à[ä\ã © ßvà × ª JKMION=Ø P N=ROJBÙ�ÚuÛ\Ü�Û SÿÝ³© ßvà ×yª JBÆ5ØQH � N=Ø8K;NTI�JBê�ä â�� ä ½�© ßvà × ªo× í ×"# Û\à 
;è�UvÛ-Ü�Û\ã ¹QÝ ægä\ã å Ú Ý � Û Z Ü4ß â ä â�ç Û]éã4ä S N�ã {-ç ãvÚuÚYà ç ã { ê�Ú å U¼ä]ã çÿå èuJ�N=à S ä]ã { ÚYã�JMÞ\ßvãvÚ t q é�Þ-ß S�_ íMJví q-q-~v× î mg±gdga/ï[nkm�ïkjgp8��lM­�dg­¿�)jga�d]f>nYa;b]�ða/n[nY®¥�ða�bp�nkï[þ4dga¼�)ï¥°�ô£��®�juïkn[nkmg�Àa�b]°�j�õ@­Àþvn¬È�c,$�jg®��g°�þvjk�¼ú5`L®¥f�d]a�b�nYavú�&�nY®¥p@dga �Áú-(�lMa�n.*�É�ü/(�lMf ��È\ú È�É-É\ù]× N�à�é
S ä\ã { Úuã w � U4ä ç à@Û ¾e¹ ÜvÜ Shç Ú Ý ê�Ú å U4ä\ã çÿå èuJ � à ç Ú Ý à çhå UMé ¹�S Ú z ä]ã Ý ÚYà@¶�ã ç æ\ÚYàkè çÏâ2_ J å Û-Ü × í q\q�~ JTè â à × í D ~ é2í\í r4×
[ �Q��� H ává/×yá H�é�H2ì � | �]s |vD r ]

D r¼× Ø ¹ E G�H2I�JTÞ-ßvà�Ú-JQKMION=Ø P NTROJTÙ�ÚuÛ\Ü�Û ShÝ JVÆ8Ø�H � NTØ8K;N=I�JLê�ä â�� ä ½\× RFÛ W ä]à Ý è�æ\Ú S Û åYçÏâ2_ é¿æ\Û-à â[çhåYçÏâ2_ñ} ä\è�Ú ÝS ä\à { Ú�Ú ÝvÝM_ è ç�Z ß S ä â�ç Û\ã WQç�â U } Û\ßvã Ý ä]à _ Ú S Ú Z Úuã â�Z Ú â UvÛ ÝB× E w Ie¶5Æ8G6J P"! ã â UvÚYà © ßvà ×yª JTØQN=GÇJ º Û\àkä]ã© ßvà ×yª J�KvION=Ø P N=ROJ�Ù�ÚuÛ\Ü�Û SÿÝ!© ßvà ×yª J�Æ8ØQH � N=Ø8KMN=I�JFê�ä â � ä ½�© ßvà × ªo× í ×0# Û-à�
Mè�UvÛ\Ü�Û-ã ¹QÝ æ]ä]ã å Ú Ý � Û Z éÜvß â ä â�ç Û\ã4ä S N�ã {\ç ãvÚuÚYà ç ã { ê�Ú å U4ä]ã çÿå èuJ8N�à S ä]ã { ÚYã>J8Þ\ß4ãvÚ t q é�Þ-ß Sh_ íMJ í q\q�~M× î mg±gdga�ïkn[m ïkjgp8��lM­�dg­¿�)jga�d]f
noa;b]�ða/n[nY®¥�ða�b p�nkï[þ4dga¼�)ï¥°�ôX��®�juïkn[nkmg�Àa�b]°�j�õX­ðþ4n�È;c%$�jg®��g°�þvjk�¼úÇ`L®of�dga;b-nYavú'&�no®¥p@dga �Áú)(-lMa/n+*-É³ü)(�lMf �
È]ú8È;É\É\ù]× N�à S ä\ã { ÚYã w � U4ä ç àOÛ ¾L¹ ÜvÜ Shç Ú Ý ê�Ú å U4ä]ã çÿå èuJ � à ç Ú Ý à çÿå Uvé ¹8S Ú z ä\ã Ý ÚYàe¶�ã ç æ\ÚYàkè çÏâ2_ J å Û\Ü × í q-q-~ J�è â à ×í ~ t é�í |vD ×

[ �Q��� H ává/×yá H�é�H2ì � | �]� D í | ]
D ~v× �/¶8G8H��5J º Û-à[ä\ã�J¼KMION=Ø P NTROJ�Ù�ÚuÛ\Ü�Û SÿÝ J¼Æ8ØQH � N=Ø5K;N=I�J�ê�ä â � ä ½ J¼Ø ¹ E5G8H2I�J¼Þ-ßvà[Ú × � Û\ß4ã Ý ä]à _ Ú S Ú Z ÚYã â é¸ ã ç�â Ú�Ú S Ú Z ÚYã â�Z Ú â UvÛ Ý£¾ Û\à�æ\Ú S Û åoç�â2_ é¿æ\Û-à â�çÿåoç�â�_e¾ Û\à Z ß S ä â[ç Û-ã£Û ¾ G5ä æ ç ÚYà�é á�â Û�
\Ú è�Ú21�ß4ä â[ç Û-ã4è × E w � ØQN � � H ¹ J

� ä]à S Û�è ¹�Sh} ÚYà â Û © ßvà × ª J � ¹ Ø�Ù � ê ¹QP G � J P�× ê ×�© ßvà ×yª¥× D í â UXH�ã â ÚYà[ã4ä â�ç Û\ã4ä S � Û-ã ¾ ÚYà[ÚYã å ÚeÛ\ã � Û Z Üvß â ä]éâ�ç Û\ã4ä S ê�Ú â UvÛ Ý è ä]ã Ý N z Ü�Úuà çhZ ÚYã â ä S ê�Úuä-è�ßvà[Ú Z ÚYã â è
[
ä S è�Û

] � ê�N=ê435H�H¥J/ê�ä SÏâ ävJBí q-q-~M×�÷'j]p��/lM­�d]­¯�)j]a�d]f
p�nY­Àþvjumg°�dga/m n�óo�vnY®¥�ðp�nYa¼­�d]fQp@n[dg°klM®�nYp@noa¼­)°�58ö�ö J ©6# H2R â àkä]ã4è[ä åoâ�ç Û\ã4è�Û\ã Z Û Ý Ú S�Shç ã { ä]ã Ý è çhZ ß S ä â�ç Û\ã�JE'Û S¿×'r D ªo×�á Û\ß â U4ä Z Ü â Û\ã�7 � Û-è â Û-ã w�# çÏâ J å Û\Ü × í q\q�~ JMè â à ×T�g� t é s\q í × [ �Q��� H ává/×yá H�é�H2ì � | �]q]r í]í ]

Du| × KMION=Ø P N=ROJ'Ù�ÚuÛ\Ü�Û SÿÝ J áv¹ ê�N � J�G ç 
\Û4J�Ø ¹ E G�H2I�J'Þ\ßvà[Ú × �
N=ê ¾ Û-à â UvÚXè�Û S ß â[ç Û-ã³Û ¾ ã4ä â ßvàkä SLå Û\ã�æ-Ú å é

â�ç Û\ãñÚuã åoS Û-è�ßvà�Ú WQç�â U S ä\à { Ú â Ú Z Ü�ÚYàkä â ßvà�Ú { àkä ÝMç ÚYã â è × E w�8 � Æ á G�NTØeJ ¹ ã Ý à�Ú ä\è © ßvà ×yª J P Ø:9 � H � J�Þ-Û-è<;© ßvà ×yª J � ¹ Ø�Ù ¹ ROJ � à[Ú Ý Úuà çÿåX© ß4à ×yª¥×X«L®�juïkn[nkmg�Àa�b]°¬j�õ�­Àþvn�²Á°¥­Vöoa4­�no®¥a/dg­¿�)jga�d]f�÷�jgauõonY®�nYa�ïkn�j]a·û6� =�l;°k�)j]a �ða�/j]f �)mÁ°¬dga/m¬§��6>YlM�)mÁ°@?)û6�M§'ü�È�É-É\ù�?�ô
[
ýgü�A�j�õ�(�lMf �Áú8È�É-É\ùgú î ±gno®¥�)j�ü8«Qj]®¥­¯l\b�dgf

]
×¬¹ æ\Ú ç à[Û w � ÚYã â à�Ú ¾ Û\àÇê�Úoéå U4ä\ã çÿå ä S/â Ú å U4ãvÛ S Û {-_ ä]ã Ý�¹ ß â Û Z ä â�ç Û\ã w ì8ÚuÜ4ä]à â�Z ÚYã â Û ¾ ê�Ú å U4ä]ã çÿå ä S N=ã {\ç ãvÚYÚuà ç ã { J4í q\q-~ J;è â à × | � D é | �]sv×

[ �Q��� H ává/×yá H�é�H2ì � | s | s\q | ]
D �M× Ø ¹ E G�H2I�JBÞ-ßvà[Ú\J�KMION=Ø P NTROJBÙ>ÚYÛ-Ü¼Û ShÝ J/Æ5ØQH � N=Ø8K;N=I�J�ê�ä â � ä ½-× G8ä-è�Üvà[Û â[ç U ç�â à[Û-è â ã4Û
æ;à â[ç ã � ã çF¾ Û-à Z ßvéS ä åoç �2ç è çhZ ß S ä åoç � Ú@æ\Ú Shç 
 ç U æ;à â�ç ã å ÚYæ �@Z Ú â Û Ý Û�à�Û } ã ç U·Ú S Ú Z Úuã â ÛÁæ × E w I � ØQN=Ù � J>Þ\Û ½ Ú © ßvà × ª J º ¶ ëB¹ GÇJì8Ú � ä]ã © ßvà ×yª¥× IOßvU S � ÚYæ çTÝ ãvÚYæ ç í q-q-~ J ë Û ÝB� Ú â à â Ú 
/J�í\í × é2í t × è�ÚYÜ â Ú ZÇ} Úuà£í q-q-~M×+��i[j]®¥a4���·m\nYf × Ù � ß }vS � ä]ã4ä wá;S Ûgæ\Úuã4è 
\Û Ý à[ß4� â æ\Û � ä Z ÚYU4ä\ã ç 
\Û4J4í q-q-~ JMè â à × í rM� é2í ~grv×

[ �Q��� H áváB× á H�é�H2ì �\� D q\s\q |
]

%'&)(DCÌË³ÍVÎ-7B.�A�Î-<F380�9-:M1v�=C��>.�380�Ð8140�9-Ð6<B.=<�C 3�7�C��=3�Ñk<�1v<F38ÒB0
D s4×£á ê ¹ I ¹ é�IeH2G � Ù�JFE�Úuè�ã4ävJ'ê�Ø ¹ E5ÙFÞ\N8J � Sh{ ä4J ë Ø ¹ Þ-G � ë � RQØQ�5J á ß � ä\ã4ävJ � ¹ E8N � J'ê�ä]à â�ç ã4ävJ � ¹ éE8N � J � àkä]ã å J º ¹ ì5Ø ¹ E8N � JVì5àkä { ä4J � ØV¶8ê�N=GÇJ á�â ä]ã 
\Û¼JQÙ ¹�ëB¹ Þ-G8N�J á;S äÁæ

\Û4J � Ù ¹ ��NTI ¹ JV��Ú S � 
\Û¼JØ ¹ E G�H2I�JMÞ\ß4à�Ú\J;I � ëB¹ �5J�H�à�Úuã4ä × Ø�ÚYU4ä }4ç�Shç�â ä â[ç Û-ã�Üvà[Û { à[ä Z�Z Ú ¾ Û\à â UvÚ5Ü4à�Û â Ú åoâ�ç Û\ã�Û ¾>{ à[Û\ßvã ÝMW ä â ÚYàTä\èLäè�Û-ßvà å Ú8Û ¾�Ý à ç ã 
 ç ã {£W ä â ÚYà ç ã â UvÚOê�ä\à çh} Û\àLä\à�Ú ä ç ã Shç�{ U â Û ¾ ã4Ú W NT¶+à[Ú { ß S ä â�ç Û\ã4è ¡ á ä\ã4ä åYç � è�
 ç Üvà�Û { àkä Z

� ä � ä\� �oç�â Û�Ü�Û Ý;â ä S ã çÿå 
\Û â æ ç à[ÛÁæ Ü ç�â ãvÚXæ\Û Ý Ú¬ã4ä�Û }vZ Û � � ß Z ä]à çh} Û\àkè 
\Ú
à�Ú {\ç � Ú¬æ S ß �oç ãvÛgæ ç UÄÚYæ;à�Û-Ü4è�
 ç U

Þ\ßvà[ÚeØ�ä æ;ã ç 
@é Ý Û�
 â Û-à[è�
gä ÝMç è�ÚYà â ä åYç � ä
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Üvà[Ú Ý Ü ç è�Ûgæ × E w��/þvn >ol4d]f �ð­ �@j�õ lMa�m\nY®¯b\®�j]lMa�m �=dg­�nY®edg° ­ðþ4nO°oj]lM®�ï[nÇj2õem]®¥�ða;�]�ða�b �=dg­�no®Yc �=jg®��g°�þ4j[� �ða
	�dgü
®¥�)ikjg®kú��£jg±gnYp�ikno®
È\È-a�mgü�È *]®�m�È;É\É-²g× ê�ä\à çh} Û\à w ê�ß4ã çhåYç Ü4ä ShçÏâ2_ Û ¾ ê�ä]à ç�} Û-àuJFN�ã;æ ç à[Û\ã Z ÚYã â ä S=ë à�Û â Ú å¥â�ç Û\ã
¹8{ ÚYã åo_ J4í q-q D J

[
r í

]
¾2×

[ �Q��� H ává/×yá H�é¿H2ì �g�-q]r í �gs
]

D �v× Ø ¹ E5G8H2I�J4Þ-ßvà[Ú × E'Ü Shç æ
ã ç æ\Û � ä {\S ä ÝMç ãvÚeì5à[äÁæ\ÚOã4ä â Û�

Ü�Û ÝM� Ú Z ãvÚeæ\Û Ý Ú × E w Dut × ê ç � ç � ÚYæ
æ\Û Ý ä\à[è�
 çBÝ ä]ã>Jê�ä\à çh} Û\à J�í �v× ãvÛÁæ\Ú ZÇ} ÚYàOí q\q í × ��i[jg®oa4����®�n)õonY®�dg­�jg± J © ê ç � ç � ÚYæXæ\Û Ý ä\à[è�
 çFÝ ä]ã ª¥×
[
ê�ä\à çh} Û\à w E'Û Ý ãvÛ { Û-è�Ü�Û]é

Ý ä\à[è�
 ç/}vç à�Û
]
J4í q\q íMJMí q\q íMJMè â à ×'� íÁé �\sv×

[ �Q��� H áváB× á H�é�H2ì s-q í r�~]�\s ]
%'&�%�
Ô�V7����T9\:M��Î;380�9-:;14��C��>.�350�9�<>9-:;7�.=<�C�.��Ô�=38����1v7���Î�0
í qv× ��H�E5�TH��5J'ê S ä Ý Úuã�J=Ø ¹ E5G�H2I�J�Þ\ß4à�Ú × ì8Ú â Ú åoâ ä }vç�Shç�â�_ ä]ã Ý Úuä\à â U 1�ß4ä 
\Ú S Û å ä â�ç Û\ã ä åYå ß4à[ä åo_·Z Û Ý Ú Shç ã { Û ¾è�Ú ç è Z�çÿå ãvÚ â2W Û\à 
Mè w8ç ã ¾ Û-à Z ä â[ç Û\ã�è�UvÚYÚ âu× E w �Q� Ø8ê ¹ G5G6J ë Ú â Úuà © ßvà ×yªo×��£n �+p@dga¼l4dgf�j2õÇ°Yno�ÿ°¥p@jgf�j[b]�¯ï[d]fj-i¥°YnY®¥±Ád]­�j]® �V��®�d\ïY­¿�)ï[nY×�ë Û â è Ý ä ZXw�P ÚYÛ � Û\àkè å U�ß4ã { è º ÚYã â à�ß ZXw H ¹5á;ë N=H¥J-í q-q íMJ çðá��;× r J t è â à × J { àkä ¾2× Üvà ç 
gä �Yç¿×

[ �Q��� H ává/×yá H�é¿H2ì s\q í �\���Ár
]

� � � ��������� ����� ��� � ���Â� � !"� � � � � 
 �Å� � ��� � �
#V&)( C%$�7��T0�9-:M149�C���Õ�<>A��
í D × Ø ¹ E5G8H2I�JvÞ-ßvà�Ú c'&¼dgf)(Ya�d@­¿®�d]av°Àõojg®¥p@d-ïo� ¤Yd
±£p�j m\nYf lX®�j-ioa¼��þ�nYf�nYp�nYa4­�jg±+* d�m]�ða�d]p£���-j�­�n[�-j,(Y�ða·ô8p�dub]�ÿ°¥­¿®¥ü

°��-j
m-nofhjg× ê�ä]à ç�} Û-à w
[
Þ × Ø�ä æ;ã ç 


]
J¼í q\q t × E8H¥J D |\t è â à × J ç�S ß4è â à × J { àkä ¾2× Üvà ç 
gä �Yç¿×

[ �Q��� H ává/×yá H�é�H2ì s í ~ D � í | ]
#V&�%�%.-Å02Ð5A�����9-C��ÔÕ�<>A��
í-í × Ø ¹ E5G8H2I�JQÞ\ßvà[Ú c �¼� �vd]aY¤Yn·°YnY�)*Yp£�/(Ya4��þ ±Ád]f�jg± a�d j\iYp@j,(À¤¥l+�¼fhjg±gnoa¼� ¤Yn³ô mg� ��fhjgp£°��-j m-nofhjg× Ù � ß }4S � ä\ã4ä w

[
Þ × Ø�äÁæ;ã ç 


]
J D �-���;×'~ í ¾2× J { àkä ¾2× Üvà ç 
gä �Yç¿×

[ �Q��� H ává/×yá H�é¿H2ì ~ D | r;~ í
]
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í t × I � ëB¹ �5JLH�à[ÚYã4ä4J8Ø ¹ E G�H2I�JQÞ-ßvà[Ú\J8I6Ù�N ë N � J á Ú } ä\è â � ä\ã4ä c5	�jga4�ð­�jg®¥�ða;b a�d-m\j]p�no°¥­¯a/n¿b�d��4jga4���-dgfÏa4���-d6£j,([n�ô��-jga�(Ya�j��vj]®�j,(Y�ðf�j³ô³¦�j m ²\cÀý]chÈ;É-É-²³m\j�*-²\cÀý\chÈ;É-É]ÈY¨Á× ê�ä\à çh} Û\à w H�ã4è â�ç�â ß â�� ä�Ú 
-Û S Û-��
 ç=ç ã ½ ÚYã ç à ç ã { Jí q\q í × D � æ × J ç�S ß4è â à ×

[ �Q��� H ává/×yá H�é�H2ì ~\~ t q-s\~gr�~
]í r4× I � ëB¹ �5J/H�à[ÚYã¼ävJ�Ø ¹ E5G8H2I�J�Þ\ß4à�Ú-J�ê�N º ¹ G P é�G5I � ì � J P ä } à ç Ú S J�IeÙ>N ë N � J á Ú } ä\è â � ä\ã4ä c�«Qjg®�j7(o�ðf�j·jj-io®�d]­�j]±Ád]f a�nYp p�j]a4�ð­�jg®¥�ða;b]l8* d³jumMf�dYb�d]f �:9;(kn<*udña�nYa�nY±gdg®¥a�n�jum[�vd-m �\n�«Qj-io®�n>=)¤Yn·ôñf�nY­�jñÈ�É\É-²Äô�þ;�)m]®�j]f�j]ü

9��-n£�ða�p@nY­�nkjg®�jgf�j?9��\n�p�nY®¥�ð­¿±ÁnoúVj ï[nYa�d@�\j]f �/(Y�ÿa/n��ða�±���f �ð±gd��)*uïkn[m]a4��þ�±Áj mÁú>�/®¥�ðp�nY®ð¤Ydg±gd��-du�-jg±gjÁ°¥­¿a4��þ dga/dgf �)*Y×
[
ê�ä]à çh} Û\à w H�ã4è â[çÏâ ß â�� ä�Ú 
\Û S Û�� 
 ç/ç ã ½ ÚYã ç à ç ã { J4í q-q í

]
× D � æ × J çhS ß¼è â à ×

[ �Q��� H áváB× á H�é�H2ì ~\~ t q��gq\q]�
]í ~M× I � ëB¹ �5JBH�à�Úuã4ävJ>Ø ¹ E5G8H2I�J�Þ-ßvà[Ú\J>IeÙ�N ë N � J á Ú } ä\è â � ä]ã¼ä c�«Qj]®�j7(o�ðfhj�j�j\iY®�dg­�jg±gdgf a/nop�p@jga¼�ð­�j]®¥�ða�b\l@* d

j m;f�dub-d]f �:9A([n+* d�a�nYa/no±gdg®¥a/nÇjum[�4d\m �-nO«Qj-io®�n>=)¤Yn�ô8f�nY­�j�È;É\É]ÈXôLþM�)mg®�jgfhj?9��-n£�ða�p@no­�n[j]®�jgf�j?9��-nÇp@no®¥�ð­¿±ÁnoúTjuï[nYa/d
�-jgf �/(Y�ða�n£�ða�±���f �ð±gd��)* ïkn[mga¼��þ�±gjumÁúB��®o�ÿp@nY®ð¤Ydg±gd��\d �\j]±Ájg°¥­¯a¼��þ�dga/dgf �)*Y×

[
ê�ä]à ç�} Û-à w H�ã4è â�ç�â ß â�� ä£Ú 
\Û S Û-��
 ç�ç ã ½ ÚYéã ç à ç ã { J4í q-q t

]
× D � æ × J çhS ß¼è â à ×

[ �Q��� H ává/×yá H�é�H2ì ~-~ t q\s\s]q D
]
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í | × I � ëB¹ �5JMH�à[ÚYã4ä4JMØ ¹ E5G�H2I�J4Þ-ßvà[Ú\JvIeÙ�N ë N � J á Ú } ä\è â � ä\ã4ä cL�Çn¿b�d]­¯�ð± a4�'±gjum]aY¤Ydu�]�Lj\i�ïkn¥°¥­¿��	 *�ô'�vjg°ka/nY­�nk�* dM(knY­¯a/n¿b�d þM�)mg®�jgfhj?9��-n�b�dÇ°¥­�dgaY¤Yd�j\iN* dYb�jga¼l@a/n¿b�dg­¿�ð±ua¼��þ�±gjumgau¤Ydu�-jg±£j\iOïkn¥°¥­¿��	 *�ô

[
�4jg®�j,(Y�ðf�j@j£jk��®�d]±uf ¤unoa/nop

(Y®¿�vd]f a�nYpÔ�/®�nY�ÿ°��gl;°¥l
]
× ê�ä]à ç�} Û-à w H�ã4è â[çÏâ ß â � ä@Ú 
\Û S Û-��
 ç�ç ã ½ ÚYã ç à ç ã { J�í q\q í × D � æ × J çhS ß4è â à ×

[ �Q��� H ává/×yá H�é�H2ì~-~ t q;�]~ í D
]í �;× I � ëB¹ �5J]H�à[ÚYã4ävJ-Ø ¹ E G�H2I�J-Þ-ßvà�Ú-J\I6Ù�N ë N � J á Ú } ä\è â � ä]ã¼ä cJO¼­¿l4mg� ¤Yd�j\iY®�nop@nYa4�ð­¿±ÁnN* dK* d,*Y�)m\d]f a4�Fa/dM(Y®¥­��4nuùô juïknoa/d�j\io°¥­�j2¤YnP(kn¿b�d@°¥­�d]aY¤Yd5�4jumg­�dgf a¼�)ï[nÇ�ða�j\iY®�nYp�nYa4�ð­�no±uú��]���)*kþvd2¤Yd2¤Yj��)*Q*ud �\j]av°��]��þX�ða���®�jÁ°¥­�jg®k°��]��þ£�vj m;f�dub

ô
[
°¥­¿®�j �\j]±ua/d�j ï[nYa�d

]
× ê�ä]à çh} Û\à w H�ã4è â�ç�â ß âe� ä
Ú 
\Û S Û�� 
 çFç ã ½ ÚYã ç à ç ã { J�í q-q í × D � æ × J çhS ß4è â à ×

[ �Q��� H ává/×yá H�é�H2ì~-~ t q;�\�]�\�
]

Þ\ßvà[ÚeØ�ä æ;ã ç 
@é Ý Û�
 â Û-à[è�
gä ÝMç è�ÚYà â ä åYç � ä
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í s4× IeØ ¹ Þ�G � J>¶8à�Û��YJ �Qº ¶8Ø�ì ¹ J�ì8ß4��
gä4J � Ù ¹ ��N=I ¹ J���Ú S � 
\Û¼J P ��� N � J á;çhZ Û\ã4ä4J�� ¹ Þ ¹ J á ä }vç ã4ävJ�Ø ¹ E8éG�H2I�JÁÞ-ßvà[Ú\JÁH P G5Þ ¹ R � E8H��5JÁê�ä-��ä4JgKv¶8ê ¹ G6J á;S äÁæ

\Û4J á RVN=Ø P N=ØeJ � Û\à[ß â J]IeØ ¹ ÙFÞ4J ë Ú â àkä c &¼j m\jujg°��]®Yikd°kfhjg±gnoa4°��\n6j\ikdgf�nO�ða *ud]f�nkmga�n�b�d6�g®�d?9��-n¿b�d@j-iop@j,()¤Yd@ô���®�nY±ÁnY®¥�ð­¯±gnOp@j,=Ya4��þ
±gjum]a4��þ¬± �ð®�jg±e° ïo�ðf ¤onYp m-jgf b�jg®�j7(oa/n
�ða+®�n¿b\�)jga/dgf a/j *udg°¥a�jg±gd]a�n�®�n;9k�ð­¿±gno× ê�ä\à çh} Û\à w H�ã4è â�ç�â ß â�� äñÚ 
\Û S Û-��
 ç�ç ã ½ ÚYã ç à ç ã { J8í q\q í × | � æ × J çhS ß¼è â à ×
[ �Q��� H ává/×yá H�é�H2ì ~ í �\~ D s�� t

]

#V&�%�����14�FÎ�<�CL:v3�7�Õ��=CN1H�Ô<>3T:;7'ÒB0�Î-7 Ó 0�Õ8<\Î;380£Ð81v��Î�<�CL:FEO02,/.=<FÕ�Íe<>350£Ð814�FÎ�<�CL:�Ö
í �4× � Ù ¹ �/N=I ¹ J���Ú S � 
\Û¼J/Ù ¹ G P N=Ø8Æ � Ù � JBê�Û ��å ävJ/Ø ¹ E5G8H2I�J/Þ-ßvà[Ú c�÷>`���� ÷�nYf ¤Yn
ô�9¥­¿l4mg� ¤Yd�±gdg®¥�)d]a4­�­�n[þMü

a�j]f�j�9��]�Ïþ��4jÁ°¥­�jk�v�-jg± × ê�ä]à ç�} Û-à w H�ã4è â�ç�â ß â5� ä@Ú 
\Û S Û-��
 ç�ç ã ½ ÚYã ç à ç ã { J
[
í q\q D

]
× D � æ × J çhS ß¼è â à ×

[ �Q��� H á4á/× á H�é¿H2ì~\~ t r\r-s\���
]

t q4× � Ù ¹ �/N=I ¹ J8��Ú S � 
\Û4JO� ¹ Þ ¹ J á ä }vç ã4ävJ5Ù ¹ G P NTØ�Æ � Ù � JQê�Û ��å ävJ5Ø ¹ E5G�H2I�JQÞ-ßvà[Ú\J5IeÙ�N ë N � J á Ú } ä]éè â�� ä]ã4ä c¬÷�`���� ÷�nof ¤Yn
ô6­�nkþ;a¼�/(oa/n@jÁ°¥a�j]±Án�j\i)¤Yn[�]­�jg± × ê�ä\à çh} Û\à w H�ã4è â�ç�â ß â � ä@Ú 
\Û S Û-��
 ç�ç ã ½ ÚYã ç à ç ã { J
[
í q-q D

]
×

D � æ × J çhS ß4è â à ×
[ �Q��� H áváB× á H�é�H2ì ~-~ t4Dut r-q]�

]

tvD × � Ù ¹ �/N=I ¹ J4�/Ú S � 
\Û4JMÙ ¹ G P N=Ø�Æ � Ù � Jvê�Û ��å ävJMØ ¹ E5G8H2I�JMÞ-ßvà[Ú\JMIeÙ�N ë N � J á Ú } ä\è â � ä\ã4ä c6÷>`��	��÷'nYf ¤Yn
ôL­�n[þMa�j]f�j�9��-nQ±gdg®¥�)d]a4­�no× ê�ä]à ç�} Û-à w H�ã4è â�ç�â ß â�� ä�Ú 
\Û S Û�� 
 ç\ç ã ½ ÚYã ç à ç ã { J

[
í q\q D

]
× D � æ × J çhS ß¼è â à ×

[ �Q��� H á4á/× á H�é¿H2ì~\~ t r |\| s\�
]

t í × � Ù ¹ �/N=I ¹ JT��Ú S � 
\Û¼JTÙ ¹ G P N=Ø�Æ � Ù � J=ê�Û ��å ä4JV� ¹ Þ ¹ J á ä }vç ã4ävJTØ ¹ E5G8H2I�J�Þ-ßvà�Ú c!ö¥a õk®�dÁ°¥­¯®¥l-�]­¿lM®�d@* d®�dg± a�dgau¤Yn *�jumk�vd\m �]�e±�
�jg®�j?9��]�O®�n¿b\� ¤¥�6ô·�)m-nÀ¤¥a/d"* dÁ°¥a/jg±gdg× ê�ä]à çh} Û\à w H�ã4è â[çÏâ ß â@� ä�Ú 
\Û S Û�� 
 çLç ã ½ ÚYã ç à ç ã { J
[
í q\q D

]
× D � æ × J ç�S ß4è â à ×

[ �Q��� H ává/×yá H�é¿H2ì ~\~ t r;�Ár�~-�
]

t\t × � Ù ¹ �/N=I ¹ J���Ú S � 
\Û4J8I � ëB¹ �5JTH�à�Úuã4ävJ�H º Ù ¹ I ¹ ØeJ á ä Z Û4J8Ø ¹ E G�H2I�JVÞ-ßvà�Ú c��8d7*o�ÿ°��-jg±gdgf a/j³�\dk��­�d,=Ya4�±Áj mgaY¤Yd � �v®¥a�jg±gnkï
ô�­�nkþ;a4�/(Ya�n
jg°ka/jg±gnY× ê�ä]à ç�} Û-à w H�ã4è â[çÏâ ß âe� ä
Ú 
\Û S Û-��
 ç�ç ã ½ ÚYã ç à ç ã { J>í q-q í × D � æ × J çhS ß¼è â à ×
[ �Q��� H ává/×yá H�é�H2ì ~-~]q t ~ Dut �

]

t r¼× � ¹ Þ ¹ J á ä }vç ã¼ävJ � Ù ¹ ��NTI ¹ JF��Ú S � 
\Û4J �Qº ¶8Ø8ì ¹ J>ì8ß4��
gä4J�IeØ ¹ Þ�G � JB¶8à[Û-�uJBÙ ¹ G P N=Ø�Æ � Ù � J>ê�Û ��å ävJØ ¹ E G�H2I�JTÞ-ßvà[Ú\JQKMRVN=Ù � N=ØeJ � àkä]ã å�c
�8d,*Y±Áj2¤¥a4�V��®�j[b]®�dgp ®�dg± a�d]aY¤Yn
*�j m[�vd-mu�]�Oû£j]f�noau¤k°��\nY× ê�ä\à çh} Û\à wH�ã4è â[ç�â ß â8� ä�Ú 
\Û S Û�� 
 ç/ç ã ½ Úuã ç à ç ã { J
[
í q-q í

]
× D � æ × J çhS ß4è â à ×

[ �Q��� H ává/×yá H�é�H2ì ~-~ t r;�\� DYt
]

t ~v× I � ëB¹ �5J'H�à[ÚYã4ä4J=Ø ¹ E5G8H2I�J�Þ-ßvà�Ú-JTIeÙ�N ë N � J á Ú } ä-è â�� ä]ã4ä c �4nkþ;a¼� (kn�jg°ka/jg±gn * d³m\j]f�j,(Y�ð­�no±·±gdg®k°¥­¯±gnYa4��þ�vdÁ°Yj]±¬±Áj mga4��þñ±u�ð®�jg±¬­�no®8��®�nkm;fhj�b�­�nk�Á°¥­�d�jum;fhju�-d�jX±gdg®k°¥­¯±gnYa4��þ
�4dÁ°Yjg± ��þñ�ðañl-�]®�n��/��þ@* d *ud]±gdg®�jg±gdgau¤Yn * dgf�j�b
���ð­¿a�ne±gjum-n6±���iP(Y�ða4���BnofÏa4�)ïkd�j-i8ûÇ®�dg± ��ô

[
­�n[þMa4�/(Ya�nÇjg°¥a�jg±gn

]
× ê�ä]à ç�} Û-à w H�ã¼è â[çÏâ ß âQ� ä£Ú 
\Û S Û�� 
 ç¼ç ã ½ ÚYã ç à ç ã { Jí q\q í × D � æ × J çhS ß¼è â à ×

[ �Q��� H áváB× á H�é�H2ì ~\~ t q\s\q t]t
]

t\| × I � ëB¹ �5J�H�à[ÚYã4ävJFØ ¹ E G�H2I�J>Þ-ßvà[Ú\JFIeÙ�N ë N � J á Ú } ä-è â�� ä]ã4ä c �4n[þMa4�/(Ya�n�jg°¥a�jg±gn * d�m-jgf�j7(o�À­�nY±X±gdg®k°¥­¯±gnYa4��þ�vdÁ°Yj]±+* d2¤Yno­¿� ¤e±gjum\j]±Áj m]a�n�b-d�°¥�ÿ°¥­�nYp�d0(MdgaM�\d��Bno®¥a/ï[d�­�no®T��®�n[mMf�j�b¬aY¤¥��þ4jg±gnÇ±o�gf ¤¥l (Y�ð­¯±gnÇ±�jumMf�ju�¬j@±gdg®k°¥­¯±gnYa4��þ
�vdÁ°Yj]±u��þÅ�ða+l-�g®�n�����þ * d * dg±gdg®�j]±Ád]aY¤Yn@* d]f�j�b����ð­¿a�n�±gjum\n�±���iP(Y�ða4� 6Çj7([nYü��¼f �ð± a4�)ïkd!ô

[
­�n[þMa4�/(Ya�n·jÁ°¥a/jg±gn

]
×

[
ê�ä\à çh} Û\à w H�ã4è â�ç�â ß â8� ä�Ú 
\Û S Û-��
 ç�ç ã ½ ÚYã ç à ç ã { J¼í q\q í

]
× D � æ × J ç�S ß4è â à ×

[ �Q��� H ává/×yá H�é�H2ì ~\~ t q;� í | ~
]

t �M× I � ëB¹ �5J=H�à[ÚYã4ä4JVØ ¹ E5G�H2I�JLÞ-ßvà�Ú-JVIeÙ>N ë N � J á Ú } ä\è â�� ä\ã4ä c �4n[þMa4�/(Ya�n jÁ°¥a�j]±Án<* dñlM®�nkmg�ð­�no± f�ju�-dgf a/n¿b�d±Áj m\jg±gjum-d (Md]a;�-d@�Bno®¥a/ï[d¬ô
[
­�nkþ;a¼�/(oa/n�jÁ°¥a�j]±Án

]
× ê�ä\à çh} Û\à w H�ã4è â�ç�â ß â8� ä�Ú 
\Û S Û�� 
 çBç ã ½ Úuã ç à ç ã { J�í q\q í × D � æ × J

ç�S ß4è â à ×
[ �Q��� H ává/×yá H�é�H2ì ~\~ t q-s í s\�

]

t s4× � Ù ¹ �/N=I ¹ J4��Ú S � 
\Û4JMI � ëB¹ �5J;H�à�ÚYã¼ävJ;Ø ¹ E5G�H2I�JMÞ-ßvà[Ú\J;IeÙ>N ë N � J á Ú } ä\è â � ä]ã¼ä c��8d,*Y�ÿ°��\j]±Ád]f a�j��\dk��­�d,=Ya4�±Áj mgaY¤Yd � &¼nof�nYa¼����ô
­�nkþ;a¼�/(oa/n¬jg°ka/jg±gno× ê�ä\à çh} Û\à w H�ã4è â�ç�â ß âÇ� ä�Ú 
\Û S Û�� 
 ç�ç ã ½ Úuã ç à ç ã { J�í q-q t × D � æ × J çhS ß¼è â à ×
[ �Q��� H ává/×yá H�é�H2ì ~-~ t q\�\q-~\�

]

t �4× I � ëB¹ �5JvH�à�Úuã4ävJvØ ¹ E G�H2I�J4Þ-ßvà[Ú\JvIeÙ�N ë N � J á Ú } ä-è â�� ä]ã4ä cQ�¼­¿®�ju�-jg± a�nQ�vjumMf�dYb�n�*ud¬m\jk�vjgf a¼�ð­�no±
jum;fhju�-d * d*ud?9A(o�ð­�j£±Ájum]a4��þ¬±u�ð®�j]±e±Q	�n¥°¥­¿a4�Fj-iP(Y�ða4��	�dg®¥�)ikjg®��\j]­¼�vjumMf�dYb�d8�/f�dga4°��g�ðp�m-ju�]lMp�nYa¼­�j]p£× ê�ä]à ç�} Û-à w H�ã4è â[ç�â ß â
� ä�Ú 
\Û S Û�� 
 ç/ç ã ½ Úuã ç à ç ã { J4í q\q t × D � æ × J ç�S ß4è â à ×

[ �Q��� H ává/×yá H�é�H2ì ~-~ t q-� tvDut
]

Þ\ßvà[ÚeØ�ä æ;ã ç 
@é Ý Û�
 â Û-à[è�
gä ÝMç è�ÚYà â ä åYç � ä
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r�qv× Ù ¹�ëB¹ Þ�G�N8J á;S äÁæ 
\Û¼J � á E ¹ Ù>ì£JQÙ>Û �2� 
gä4J8E � GO�TH2G ¹ JVN=à�ãvÚ è â J � ¹ � H��5JQê�ä\à � ä]ã¼ävJ KMR ¹ Þ�G � ¹ Æ8N=ØeJì ä]à ç ã 
gävJ � NTG � H��=é�I � ì � ¹ J º Ý Úuã 
gä4J4Ø � KvION=ØVé2K ¹ Þ�ROJ ¹ ã Ý à[Ú � ävJ�Þ\N=Ø�N=RVH2G6J � Û {-Ý ä]ã¼ävJvØQN ë J ë�ç � ä4J

�
Ù ¹ ��N=I ¹ J\��Ú S � 
-Û4J]I � ëB¹ �5JÁH�à[ÚYã4ä4J]Ø ¹ E G�H2I�J]Þ-ßvà[Ú cL	�nY®¥�ð­¯±gn8±2�/f �ð±gjg±�b\®�d\m\iY� 9A([d î ÷���f �ð± a4�)ï[d]ü¯«L­¿l¥¤k°��-dïkn¥°¥­�d a/d��g±gdgf �ð­�nY­�jX�vjum]­�d]f a4�)ïkn��ðañ�vjg± ®>9¥�ðav°��]��þ ±gjumñ­�no®X±Áj mga4�e®�n>=Y�ðp£× ê�ä]à çh} Û\à w º�º EÇJTí q\q-qv× t � è â à ×

[ �Q��� H ává/×yá H�é¿H2ì r-s D ~ | � ]
r D × Ù ¹�ëB¹ Þ�G�N8J á;S ä æ

\Û4J4E � G �TH2G ¹ J¼N�à[ãvÚ è â J � ØL¶8ê�N=G6J á�â ä]ã 
\Û¼J � ¹ � H��5J¼ê�ä]à � ä]ã4ä4J � á E ¹ Ù>ì£J�Ù>Û �2� 
gä4J

�
Ù ¹ ��N=I ¹ J���Ú S � 
\Û4JFI � ëB¹ �5JBH�à[ÚYã¼ävJ>ê�N º ¹ G P é�G8I � ì � J P ä } à ç Ú S JFØ ¹ E5G�H2I�JFÞ\ß4à�Ú-J º ¹ ì Ø ¹ E5N � Jì5à[ä { ä4J � ¹ E5N � J]ê�ä\à â[ç ã4ävJ\KMIONTROJgH�ægä]ã�J ë � P Ù ¹ Þ-N=G6J\ê�ä]à ç � ä c�ö¥p��ÿ°¥� ¤k°��]��p@jga¼�ð­�j]®¥�ða�bÇa�de±Áj m\jg±gd]®k°k­¿±gnoüa¼��þ�j-iop@j,()¤¥��þ��4jumg­�dgf a¼�)ï"&v®Yi[d]av°��]�¼��f�d]­�jgúFûÇ®�dg±u°��\j �vj]f ¤Yn¥ú=�/nYf a4�)ïkdgü �5l 9YnO�ða³÷�nY®>9Ydu�
ôJ* du�]f ¤¥l (Ya�j �vj]®�j,(Y�ðf�j]×ê�ä\à çh} Û\à w º�º E£J4í q\q í × í � è â à × [ �Q��� H ává/× á H�é¿H2ì r-�\r D\D\D ]

r í × Ù ¹�ëB¹ Þ�G�N8J á;S äÁæ 
\Û¼J � ¹ � H��5JÁê�ä]à � ä]ã¼ävJ � á E ¹ Ù>ì£JgÙ�Û �2� 
]ävJ � Ù ¹ ��NTI ¹ J]��Ú S � 
\Û¼JgI � ëB¹ �5J H�à[ÚYã4ävJgØ ¹ E�éG8H2I�JFÞ-ßvà[Ú\J�ê�H2Ø�I � E5H��5JFG8ä â ä\�[ävJ º ¹ ì Ø ¹ E8N � J'ì8àkä { ävJ � ¹ E8N � J�ê�ä\à â[ç ã¼ävJ ë � P Ù ¹ Þ\N=GÇJ�ê�ä]à ç � ä cöop£�ÿ°¥� ¤k°��g� p@jga¼�ð­�j]®¥�ða�b a�d�±gjum-jg±gdg®k°¥­¯±gnYa4��þ j-iop@j,()¤¥��þ��vjum7* nop�a4��þ!±Áj m\d.&v®Yi[d]av°��]�'��fhdg­�jÁú5û6®�d]±Y°��-j��vj]f ¤Yn¥ú
�Bnof a¼�)ï[d]ü �8l 9Yne�ða³÷�nY®>9Ydu�
ôJ* d �gf ¤¥l (Ya�jO�vjg®�j7(o�ðfhjg× ê�ä]à ç�} Û-à w º>º EÇJ4í q-q t × | íÇè â à × [ �Q��� H á4á/× á H�é¿H2ì ~ Dut-tvD\D ]

r t × ��NTØ�Þ ¹ Ù�J�N Z�ç�S J'��H P N=ØeJ>ê ç U4ä\Ú S J>ÙF¶8I ¹ G6J � Úuã � ä Z�ç ã�J áM¹ Þ�I � JBê�ä]à � ä]ã�J P Ù ¹ E8H��5J>ê�ä\à � ä\ã4ävJ � ¹ é
�
H��5JÁê�ä]à � ä\ã4ävJ ë � PO¹ � ¹ Ø6J ¹�S ÚYã 
gävJ]I��O� ¹ G6JgÙFä ÝMç è S äÁæ/JÁI � ëB¹ �5J H�à[ÚYã4ä4JgØ ¹ E G�H2I�JgÞ-ßvà[Ú\JgIeÙ>N ë N � Já Ú } ä\è â � ä\ã4ä cN	�j]a4�ð­�jg®¥�ða�b�jumMf�dub-d]f �:9;(kd
a/noa/no±gdg®¥a¼��þ�jum[�vd-m �\j]±Ç«Qj-io®�n>=)¤Yn�ô8f�no­¿a�j �vjg®�j,(Y�ðfhj�È;É\É]È\× ê�ä]à ç�} Û-à w
º�º EÇJ¼í q\q t ×'~ í£è â à × [ �Q��� H ává/×yá H�é�H2ì ~ D r�~\� D

]

r-r4× Ù ¹�ëB¹ Þ�G�N8J á;S ä æ

\Û¼J � ¹ � H��5J>ê�ä\à � ä\ã4ävJ>ê�H2Ø�I � E5H��5J�G8ä â ä-��ä4J � Ù ¹ ��N=I ¹ J���Ú S � 
\Û4JFI � ëB¹ �5J�H�à[ÚYã4ävJØ ¹ E5G8H2I�J¼Þ\ßvà[Ú\J º ¹ ì Ø ¹ E5N � J�ì5à[ä { ä4J ë � P Ù ¹ Þ\N=GÇJ¼ê�ä]à ç � ä cVö¥p��ÿ°¥� ¤k°��g�Tp�j]a4�ð­�jg®¥�ða;b
a/d�±Áj m\jg±gd]®k°k­¿±gnoüa¼��þ�j-iop@j,()¤¥��þ��vj m,* nop�a¼��þ�±gjum\d &v®Yikdgav°��]�/�/f�dg­�jÁú'ûÇ®�dg±u°��-je�vj]f ¤YnoúT�BnofÏa4�)ïkdgü �5l 9onÇ�ða!÷�no®>9Ydu� * d
f�no­�j
È�É-É *]×ê�ä\à çh} Û\à w º�º E£J4í q\q]r¼×�~ D è â à × [ �Q��� H ává/× á H�é¿H2ì ~gr D � í �
]

r;~M× Ù ¹�ëB¹ Þ�G�N8J á;S ä æ

\Û¼J � ¹ � H��5J>ê�ä\à � ä\ã4ävJ>ê�H2Ø�I � E5H��5J�G8ä â ä-��ä4J � Ù ¹ ��N=I ¹ J���Ú S � 
\Û4JFI � ëB¹ �5J�H�à[ÚYã4ävJØ ¹ E5G8H2I�J¼Þ\ßvà[Ú\J º ¹ ì Ø ¹ E5N � J�ì5à[ä { ä4J ë � P Ù ¹ Þ\N=GÇJ¼ê�ä]à ç � ä cVö¥p��ÿ°¥� ¤k°��g�Tp�j]a4�ð­�jg®¥�ða;b
a/d�±Áj m\jg±gd]®k°k­¿±gnoüa¼��þ�j\iYp�j7(À¤¥��þ��4jum,* nYp£a¼��þX±gjum-d &v®Yi[d]av°��g�¼��fhdg­�jgúFûÇ®�dg±u°��-j5�4jgf ¤Ynoú��/nYf a4�)ïkdgü �5l 9YnO�ðañ÷�nY®>9Ydu� * d�f�no­�j�È�É-É *¬ô
�4jg±;*unY­�nk�]× ê�ä]à çh} Û\à w º�º EÇJ¼í q-q]r4× t � è â à × [ �Q��� H áváB× á H�é�H2ì ~ t\| q\�-~

]

� !  "� �$�Å� � �$� � � � � � � � �$�����
BV&�%B����1v<>Õ87B.�7'3>Î�<�3�7�: 1FÎ;0 18350�.=<�14,�0
r | × Ø ¹ E5G8H2I�J5Þ-ßvà�Ú c �/þvn i[jglMa/m\d]® �ÅnYf�nYp�nYa4­¬p�nY­Àþvjum+d]a�m ­Àþvn³±gnYf�juïY�ð­��gü�±gjg®¥­¿�)ïY�ð­ ��õoj]®¥p£lMf�d]­¯�)j]av° j�õ ­Àþvn
�£dg± �)no®¥ü���­�j �\no°Ln >Yl4dg­¯�)j]av°VôTf�nkïY­¯lM®�n>��®�no°onYa4­�n[medg­B­ðþ4n'ö¥av°¥­¿�ð­¯lM­Áõ
	M®���­¯®��gp�lMa�b]°¥p@n[ïkþvdga¼���5lMa�mL6 �\mg®�dglMf �ÿ°Yïkþvn
��­¯®��]p£lMa;bg°¥p@dÁ°Yï[þM�ða�nYavú£¢Fa4�ð±gnY®k°k�ð­�
g­V�¼­¿lM­¯­ðb�dg®¥­¯ú (Mdga¼l4dg® �
È�²g°k­QÈ;É\É\ù]×Oá�â ß â�â�{ ä]à â JBí q\q�~M×

[ �Q��� H ává/×yá H�é�H2ì�\r D í D\D s
]

rM�;× Ø ¹ E5G8H2I�JBÞ\ßvà[Ú c $�dg±gnofhno­5ïkjgp8��®�no°k°onkm�ikjglMa/m\dg® ��nof�nYp@noa¼­Qp@no­Àþvjumeõojg®�­Àþvn�°YjgfÏlM­¯�)jga j�õ£�ða�ïkjgp8��®�no°[°¥�)iYf�n
± �ÿ°Yï[jgl;°��TlM�)m��Qj �Ôô�fhn[ïY­¯lM®�nÇ��®�no°Ynoa¼­�nkm d]­e­ðþ4n@ûÇ� �vdg®¥­¿�ðp�nYa4­�jñmg�Q`Va�nY®¯b-nY­¿�Àïkdñn 	�d-ï[ïkþ;�ða/n¥ú�¢Fa4�ð±gnY®k°k�ð­��
m-n¿b\f �'��­¯l4m]��mg�e¢�m]�ða�noúTj]a ��ïo­�j\iknY® �4­ðþ;ú�È;É\É-ùg× ¶ Ývç ãvÚ-J¼í q\q-~v×

[ �Q��� H ává/×yá H�é�H2ì �\�-q\q tMD q ]
BV& #��%- 1 1���7Ô02,/.=<>Õ8<>3�7�Õ8<>A27
r�sv× Ù ¹�ëB¹ Þ�G�N8J á;S äÁæ 
\Û¼J � ØV¶8ê�N=GÇJ á�â ä]ã 
\Û¼J � á E ¹ Ù>ì£JBÙ�Û �2� 
gä4J � ¹ � H��5J/ê�ä]à � ä]ã4ä4J � Ù ¹ ��N=I ¹ J��/Ú S � 
\Û4JI � ëB¹ �5J�H�à[ÚYã¼ävJVØ ¹ E G�H2I�JTÞ-ßvà[Ú c��¼­�dg­¯l;°�j[b]®�j7=unYa�jg°¥­¯�V�vj m,* nYp£a/n�±gjum-n�ü5�4jumg®�j,()¤un��-jga¼­�d]p��ÿa/dga¼­�j]± ô

°¥­¿®�j �\j]± a�nQ�vjumMf�dub-n�* d �/®�n[mk���ÿ°Ç±uf�d-m\n � ��× ê�ä]à ç�} Û-à w º>º E w H�N�H¥J¼í q\q í × |4D è â à × [ �Q��� H ává/×yá H�é¿H2ì ~ D-D ~ D �
]

Þ\ßvà[ÚeØ�ä æ;ã ç 
@é Ý Û�
 â Û-à[è�
gä ÝMç è�ÚYà â ä åYç � ä
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��1v<B.�7>Î-7'A�<>Ò
r-�4×@�¼f�j]±ÁnYav°��]�=±Áj m\dg®¥× Ø8ä æ;ã ç 
/J4Þ-ßvà[Ú © Ü4à�Úuægä � ä S Ú å í q-q]r é�í q\q | ª¥×

[ � Ú S � Ú ] w ì8à[ß4� â æ\Û�æ\Û Ý ä]à � ÚYæ á;S ÛÁæ\Úuã ç � Ú-J D �\��~ é ×H ává G D tvD s é | q-~ D ×
[ �Q��� H áváB× á H�é�H2ì ~ Dut � t q-~ |

]~]q4×�`��-jgf �ÿ°¥­¯× Ø�äÁæ;ã ç 
/J'Þ-ßvà�Ú © Ü4à�ÚYæ]ä � ä S Ú å í q-q-~-ª¥× ê�ä\à çh} Û\à w H�ã4� â�ç�â ß â�� ä�Ú 
\Û S Û�� 
 ç=ç ã ½ ÚYã ç à ç ã { J�í q\q�~ é × H ává G
D s-~]r é t �]~]sv×

[ �Q��� H ává/×yá H�é¿H2ì�í\í t í ~\~ í � |
]

� �':M����147�Ñ
~ D ×@�¼f�j]±ÁnYav°��]�V±Áj m\d]®¥× Ø�ä æ;ã ç 
/J�Þ-ßvà�Ú ©ð¾ Û â Û { à[ä ¾ í q\q | ª¥×

[ � Ú S � Ú ] w ì8à[ß4� â æ\Û�æ\Û Ý ä\à � Úuæ á;S ÛÁæ\Úuã ç � Ú-J D �\��~ é × H ává GDutvD s é | q-~ D ×
[ �Q��� H ává/×yá H�é¿H2ì ~ D t � t q-~ |

]

Þ\ßvà[ÚeØ�ä æ;ã ç 
@é Ý Û�
 â Û-à[è�
gä ÝMç è�ÚYà â ä åYç � ä
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